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High Performance Computing 
for Science and Engineering II

6.3.2023 - Uncertainty Quantification and Optimisation in Applied Sciences

Lecturer: Dr. Athena Economides



Motivation: Why UQ in CSE? 
- Examples of CSE applications 
- Should we trust CSE predictions? By how much? 

Uncertainty Quantification 
- Bayes' rule 
- Parameter Estimation, Model Selection 
- Parameter Optimisation 

Stochastic Optimisation 
- Introduction of CMA-ES for optimisation of "black-box" functions.

Today's Lecture (HPCSE)
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UQ and Optimisation as ideal applications for massively parallel HPC -> Next lecture
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Examples of Applications in 
Computational Science & Engineering



CSE in academia

UNDERSTAND A PHYSICAL PROCESS

PREDICT
MODEL A SYSTEM

PATTERN RECOGNITION

ANSWER PRACTICAL QUESTIONS

PARAMETERS

MATHEMATICAL MODELS
COMPUTATIONAL MODELS

(*) examples from RESEARCH in CSElab, ETHZ & Harvard University.

(*) (*)

(*)
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CSE in hospitals

Low dose

High dose

mean size density
pvalues: microglial increase
pvalues: microglial decrease 0

0 0.05
0.05

Image Processing for evaluation of Drug accumulation
raw segmented overlay & zoom-in

F. Catto, A. Economides, P. Koumoutsakos, A. Aguzzi, et al., In preparation.
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CSE in industry
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Why Uncertainty Quantification 
in Science & Engineering?

based on lectures by Prof. Petros Koumoutsakos



Should we trust Algorithms?

Sir David Spiegelhalter, on Harvard Data Science Review : “Should we trust algorithms?”  

The 7 rules of Spiegelhalter: 
1. Is it any good when tried in new parts of the real world?  
2. Would something simpler, and more transparent and robust, be just as good?  
3. Could I explain how it works (in general) to anyone who is interested?  
4. Could I explain to an individual how it reached its conclusion in their particular case?  
5. Does it know when it is on shaky ground, and can it acknowledge uncertainty?  
6. Do people use it appropriately, with the right level of scepticism?  
7. Does it actually help in practice? 
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Human Quest for Knowledge: Data
Knowledge driven design of a series of experiments : Account for all sources of uncertainty in the 
experimental campaign. Have a full description of the system state and its evolution.  

The Classic view 
• Not sufficient just to detect patterns in events. 
• Describe events with few fundamental, deterministic, causal principles.  
• Describes well “simple” deterministic systems.  
• The number of facts (data, observations) used to derive such knowledge is usually small. The cost of 

collecting or generating these observations is high. The principles may not be “useful” (i.e. non-
predictive).  

Empirical knowledge: useful dependencies (i.e. predictive) estimated from data / derived from experience.  
• In contrast to first- principle knowledge, empirical knowledge Describes properties of “complex” systems 

that lack credible first-principle models (‘complexity’ refers to a large number of observed parameters/
variables) 

• is statistical, i.e., allows to make non-deterministic predictions 
• highly facilitated by the digital processing and acquisition of knowledge.
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CREDIT: Vladimir Cherkassky 



Models

SYSTEM – The real world problem to be analysed  

MATHEMATICAL MODEL – A collection of laws and mathematical equations introduced 
to describe the behaviour of the actual system (usually based on physical laws or 
observations). It is based on theory and assumptions often used to construct a model. 
Examples: algebraic equations, ODEs or PDEs, discrete equations  

COMPUTATIONAL MODEL – A numerical approximation or discretisation of the 
mathematical model in a form that can be implemented in computers. Most 
mathematical models are too complicated to solve them exactly and numerical 
approximations are most of the time introduced to solve the problem in available 
computers.  
Examples: discretization of PDEs, numerical integration, truncation of infinite sums  
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Real world VS Model world

11

REAL WORLD vs MODEL WORLD 

REAL WORLD

Uncertain 
Inputs

Uncertain 
Outputs

MODEL WORLD

Stochastic 

for system modelling 
uncertainty

for Uncertainty propagationfor Input uncertainty

Predicted Output
Stochastic 

Input



THE IMPERFECT PATHS TO KNOWLEDGE

VERIFICA
TION

VALIDA
TION

OBSERVATIONS

NUMERICAL 
ERRORS

DECISION

MODEL  
ERRORS

DATA ERRORS

THEORY COMPUTATION

KNOWLEDGE

DECISION

EXPERIMENTS

PHYSICAL	REALITIES

OBSERVATION 
ERRORS

EXPERIMENTAL 
ERRORS

ADAPTED FROM : R. Moser, T. Oden, O. Ghattas, UT Austin12



Sources of Uncertainty
Modeling Uncertainty 

• Arise from assumptions used to build a mathematical model for representing the physical system (the real thing), 
and representing the interactions of the system with the environment. 

• Lack of knowledge for underlying true physics, leading to discrepancies (model bias) between model predictions and 
observations (measurements). 

• Model inadequacy is always present and the question is how to select the best models over a family of alternative 
models introduced to model the same physical phenomenon.
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Parametric Uncertainty 
• Arise from lack of knowledge of the appropriate values of the parameters of a mathematical model. 
• Examples: the material properties of a continuum such as solid or fluid, the properties involved in constitutive laws, 

the boundary conditions, etc.

Computational (or Algorithmic) Uncertainty 
• Linked to the numerical uncertainty arising from the numerical approximations introduced to implement the analysis 

in a computer. 
• Examples: spatial and temporal discretization of PDEs using finite element methods, finite difference methods or 

particle methods.

Measurement uncertainty 
• Arises from the variability in the values of the experimental properties due to variability in experimental set up, 

errors in the measuring equipment, and inaccuracies in the data acquisition system.
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EXAMPLE: Sources of Uncertainty in Water-Graphite Systems

 MODELLING
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K. Osborne III  (2009)

 PARAMETRIC  COMPUTATIONAL  MEASUREMENT

Example 1: UQ for Parametric Estimation
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Why Uncertainty Quantification? UQ for Decision Making
- Example: hurricane forecasting

Example 2: UQ for Decision Making
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Example 3: UQ for Optimisation in Medicine
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Why interested in blood?

CTC detection High throughput - mL Samples

Isolation of rare circulating tumour cells in cancer 
patients by microchip technology, Nagrath et al., 
Nature, 2007

CTC-chip

Isolation of circulating tumor cells using a microvortex 
generating herringbone-chip, Scott et al.,Proc. Nat. Acad. Sci., 2014

HB-chip

Cell separation based on size and deformability using 
microfluidic funnel ratchets, McFaul et al., Lab on a Chip, 
2012

Funnel 

Goal: Microfluidic device optimisation to capture CTCs

Example 3: UQ for Optimisation in Medicine



18

Example 3: UQ for Optimisation in Medicine
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WORST ORIGINAL BEST

Flow

φ

Optimizing angle φ

x

y

Increase Separation
of CTC and RBCs

Y (um)

Example 3: UQ for Optimisation in Medicine
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2.1 Mesoscopic modeling of RBCs

2.1.1 Membrane modeling

Following Fedosov et al.19 we discretize the RBC membrane on a triangulated mesh, composed of Nv vertices and Ns
links (springs). The elasticity of the spectrin cytoskeletion is decomposed into two terms: a shear energy modeled by
in-place elastic forces between the springs, and a stretch energy modeled by a local area constrain. The presence of
the lipid bilayer is modeled through three different terms: (i) resistance to bending, incorporated through an energy
potential whose magnitude depends on the angle between neighboring triangles, (ii) viscosity, modeled through
viscous dissipation on the springs, and (iii) membrane incompressibility, represented by a global area constraint.
Finally, the incompressibility of the enclosed hemoglobin is represented by a volume constraint term. The latter is
necessary in the cases where the solvent is not strictly modeled as an incompressible fluid. The total potential energy
on the RBC membrane is therefore composed of four terms:

U = Uin-plane +Ubending +Uarea +Uvolume , (1)

Uin-plane accounts for the energy of the elastic spectrin network of the RBC membrane, modeled by an attractive
wormlike chain potential and a repulsive potential such that a nonzero equilibrium spring length can be obtained,

Uin-plane =
Ns

Â
j=1

2

64
kslm

⇣
3x2

j �2x3
j

⌘

4(1� x j)
+

kp j

l j

3

75 , (2)

where ks is a spring constant, l j is the length of the jth spring, x j = l j/lm, lm is the maximum spring extension, and
kp j is computed such that the total spring force on each spring is zero at equilibrium (l j = l0 j ). The bending energy
term, Ubending, accounts for the bending resistance of the lipid bilayer and is modeled as

Ubending = kb

Ns

Â
j=1

⇥
1� cosq j

⇤
, (3)

where kb is a bending coefficient and q j is the angle between two adjacent triangles. Uarea and Uvolume represent the
area and volume conservation constraints respectively,

Uarea =
ka(A�A0)2

2A0
+

Nt

Â
j=1

kd(A j �A0 j)
2

2A0 j

(4)

Uvolume =
kv(V �V0)2

2V0
, (5)

where A j and A0 j are the current and initial area of the jth triangle, A and A0 are the current and initial total membrane
area, V and V0 are the current and initial volume enclosed by the membrane and ka, kd , kv are coefficients for the
global area, local area and volume, respectively.

The viscous dissipation of the membrane is modeled through the addition of a dissipative force term on the springs.
We use the membrane viscosity formulation presented in Fedosov et al.19 and set the non-central part of the force to
zero (gT = 0), as this term does not conserve the angular momentum. In this case, the dissipative force on a spring
connecting the vertices i and j is

FFFD
m,i j = �gC �vvvi j · eeei j

�
eeei j (6)

where eeei j is the unit vector along the membrane vertex centers, eeei j = rrri j/krrri jk, and rrri j = rrri � rrr j, with rrri being the
positional vector of vertex i.
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Unknown parameters.

μ0R2
0
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bending:
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Q1 = x0 =
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Q2 =
μ0R2
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η2
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μ0R0ρ
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ηm

ηHb

μ0

scaledimensionless quantities

Example 4: UQ for Parameter Estimation



buckling. However, this feature seems to be less pronounced for
higher Nv. Other membrane models yield similar shapes.

Despite the demonstrated success of the RBC models, several
problems remain due to the fact that the membrane is not stress-free.
Fig. 6 shows the RBC response of the WLC-C (Nv=500) model for
different stretching directions (left) with energy relaxation triangu-
lation and the RBC response for models with different triangulations
(right). While the RBC triangulated through the energy relaxation
method gives satisfactory results with differences in the stretching
response on the order of 5–8%, RBCs triangulated by other methods
show a much greater discrepancy with the experiment.

Fig. 7 shows the RBC shapes at equilibrium and at the stretching
force of 100 pN for point charges, advancing front triangulations
(WLC-C model), and for a “stress-free” model introduced in the next
section. The RBCs triangulated by point charges and advancing front
methods show pronounced buckling and a non-biconcave shape for
realistic bending and elastic RBC properties due to stronger local
stresses arising from more irregular triangulation when compared to
the energy relaxation mesh. In order to obtain a smooth biconcave
shape the membrane bending rigidity has to be set to about 500(kBT)P

and 300(kBT)P for point charges and advancing front methods,
respectively, which is much higher than the bending rigidity of the
real RBC of about 56(kBT)P. Local buckling features are less pro-
nounced for stretched cells since the membrane is subject to strong

stretching stresses. Moreover, Fig. 6 shows that these models have
higher effective elastic moduli than those measured as they are
subject to a higher membrane stress at equilibrium due to triangu-
lation artifacts. Also, they appear to give a stronger stretching ani-
sotropy (10–15%) compared to the free energy relaxation method.
The effect of local stresses on the membrane equilibrium shape
appears to be a drawback for existing models [19], which is often
compensated by setting arti!cially high values for the bending
rigidity. Fig. 7 also shows the corresponding RBC shapes (advancing
front triangulation) with a “stress-free” model which proves to be
independent of triangulation and will be proposed next.

4.2. Stress-free membrane model

To eliminate the aforementioned membrane stress anomalies we
propose a simple “annealing” procedure. For each spring we de!ne l0i

i=1...Ns which are set to the edge lengths after the RBC shape
triangulation, since we assume it to be the equilibrium state.
Accordingly we de!ne lmax

i = l0i !x0 and A0
j j=1...Nt for each triangular

plaquette. The total RBC area Atot
0 = !j=1:::Nt A

j
0 and the total volume

V0
tot is calculated from the RBC triangulation. Then, we de!ne the

average spring length as, l!0 = 1
NS
!i=1:::Ns l

i
0, and the average-

maximum spring extension as l-max=l-0!x0; these are then used in
the linear elastic properties estimation using Eqs. (14c,d) and (17c,d).

Fig. 4. Computational results for different Nv (left) and spring models (right) compared with the experiments in [4] and the spectrin-level RBC model in [14].

Fig. 5. RBC shape evolution at different Nv and total stretching forces for the WLC-C model.
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Fedosov et al., "Systematic coarse-graining of spectrin-level red blood cell models", 
CMAME, 2010.

Fig. 8. Stress-free RBC model for different triangulation methods with Nv=500 (left) and number of vertices with the energy relaxation triangulation (right) compared with the
experiments in [4].

Fig. 9. RBC shapes for highly coarse-grained models (Nv=100,250) and the spectrin-level model (Nv=27,344).

Fig. 10. The stretching response of the stress-free RBCmodel for different ratio x0 (left) and number of vertices in percents which are subject to the stretching force (right) compared
with the experiments in [4].
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Stretching

the modeled RBC is attached to a solid surface, where the
wall-adhesion is modeled by keeping stationary 15% of
vertices on the RBC bottom, although other vertices are
free to move. The adhered RBC is filled and surrounded
by fluids having viscosities much smaller than the membrane
viscosity, and therefore, only the membrane viscous contri-
bution is measured. The microbead is simulated by a set of
vertices on the corresponding sphere subject to a rigid
body motion. The bead attachment is modeled by including
several RBC vertices next to the microbead bottom into the
rigid motion.

A typical bead response to an oscillating torque measured
in simulations is given in Fig. 2 b. The bead displacement
has the same oscillating frequency as the applied torque

per unit volume, but it is shifted by a phase angle f depend-
ing on the frequency. The phase angle can be used to derive
components of the complex modulus according to linear
rheology as

g
0!u" # DT

Dd
cos!f";

g00!u" # DT

Dd
sin!f";

(14)

where g0(u) and g00(u) are the two-dimensional storage and
loss moduli (G0 and G00 in three dimensions), and DT and
Dd are the torque and bead displacement amplitudes. Note
that under the assumption of no inertial effects, the phase
angle satisfies the condition 0 % f < p/2.

Fig. 3 presents components of the complex modulus
compared with the experimental data of Puig de Morales-
Marinkovic et al. (6). A good agreement of the membrane
moduli in simulations with the experimental data is found
for the bending rigidity kc # 4.8 $ 10%19 J and the mem-
brane viscosity hm# 0.022 Pa $ s. Note that this corresponds
to a bending rigidity that is two times larger than the widely
accepted value of 2.4 $ 10%19 J. In general, simulations for
various Young’s moduli and bending rigidities showed the
dependence of g0(u) ~ kc

0.65Y0
0.65. In Fig. 3, only the

membrane bending rigidity is varied, as the Young’s
modulus was obtained in the RBC stretching tests above.

The loss modulus appears to be independent of the RBC
elastic properties and is governed by the membrane
viscosity. The modeled g00 exhibits the exponent 0.85 with
respect to frequency, while the exponent 0.64 was observed
in the experiments. This discrepancy may result from both
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rigid motion.
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where g0(u) and g00(u) are the two-dimensional storage and
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Dd are the torque and bead displacement amplitudes. Note
that under the assumption of no inertial effects, the phase
angle satisfies the condition 0 % f < p/2.

Fig. 3 presents components of the complex modulus
compared with the experimental data of Puig de Morales-
Marinkovic et al. (6). A good agreement of the membrane
moduli in simulations with the experimental data is found
for the bending rigidity kc # 4.8 $ 10%19 J and the mem-
brane viscosity hm# 0.022 Pa $ s. Note that this corresponds
to a bending rigidity that is two times larger than the widely
accepted value of 2.4 $ 10%19 J. In general, simulations for
various Young’s moduli and bending rigidities showed the
dependence of g0(u) ~ kc
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membrane bending rigidity is varied, as the Young’s
modulus was obtained in the RBC stretching tests above.

The loss modulus appears to be independent of the RBC
elastic properties and is governed by the membrane
viscosity. The modeled g00 exhibits the exponent 0.85 with
respect to frequency, while the exponent 0.64 was observed
in the experiments. This discrepancy may result from both
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RBCs (Fig. 2a). Shaded areas denote s.d.

contributes to both bending and stretching fluctuations, whereas
metabolic shear modulus fluctuations µlm(t) in an isolated network
generate direct active forces both in the tangential and normal
directions. When the network is coupled to the bilayer, however,
we predict the local bilayer incompressibility to systematically
cancel the direct active normal force and we end up with an
additional active source of noise for the stretching modes only,
ZA

lm(t) = (0,⌦A
lmµlm(t)). This is, therefore, in contrast to previous

phenomenological active models based on the existence of a direct
active normal force16,42. Tangential metabolic noise nevertheless
perturbs normal membrane motions via the curvature-mediated
coupling between bending and stretching modes (non-diagonal
components of the matrix Wlm). This e�ect is dampened by the
friction between the bilayer and the network, and therefore depends
critically on the tangentially fluid character of the bilayer. The
membrane shape fluctuation spectrum for each spherical harmonic
(l ,m) can be calculated in Fourier space as a sum of the dissipative
part of the response function � 00

lm(f ) and this active contribution

Clm(f )= 2kBT
2⇡f

� 00
lm

�
f
�+ 2 hnai(1�hnai)⌧a

1+�
2⇡f ⌧a

�
��Nlm(f )

��2 (3)

where Nlm(f ) captures the complex mode- and frequency-
dependent propagation of tangential active noise into membrane
shape fluctuations. The deviation from FDT is characterized by an
active timescale ⌧a =(ka +ki)�1, which controls the frequency below
which a departure from equilibrium is observed for a specific mode

(l ,m): for active timescales much lower than the typical membrane
relaxation frequency |Wlm|, the membrane does not have time to
move and the metabolic activity is ine�ective, whereas for larger
active timescales the FDT violation increases and finally saturates
at a value set by the maximum energy input in the system (see
Supplementary Fig. 6). We calculate the fluctuation spectrum C(f )
as a sum over the relevant modes (l �2,�l m l) and predict a
violation of FDT for non-zero metabolic activity hnai(1�hnai)>0
and for a prestressed spectrin network ⇠ >1,S>0, in agreement
with previous hypotheses42,43. In contrast, we find here that the
violation vanishes for flat membranes (R! 1). The membrane
curvature is therefore a key feature for propagating tangential
spectrin activity into normal shape motions, and we predict an
increase of active fluctuations with membrane curvature, which
may explain the higher fluctuations recently measured along
the rim of the RBC compared to its central region15,24. To fit the
experimental data for rheological tests we use typical mechanical
parameters for the RBC that have been either experimentally
measured or estimated in simulations, and four fitting parameters
(see Supplementary Table): the active rates ka = 1.12 s�1 and
ki = 5.6 s�1, leading to a mean fraction of active sites hnai ⇡ 17%,
the network prestretch ⇠ =1.04, controlling both passive and active
spectrin mechanics, and the lipid bilayer excess area 1 ⇡ 1.9%,
which determines the bilayer tension56,57 (see Supplementary
Information p29–31). Our model shows excellent agreement with
the passive response of the membrane and can reproduce the active
fluctuation spectrum (Fig. 3d). A broader distribution of active
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Equilibrium fluctuations

with our DPD model for RBC traversal across a 4 lm
wide channel. Three time scales can be identified:

! (Frames 1–2) the time required for the cell to go
from its undeformed state to being completely
deformed in the channel;
! (Frames 2–3) the time it takes the cell to tra-

verse the channel length, and
! (Frames 3–4) the time for complete egress from

the channel.

Here, the cell undergoes a severe shape transition
from its normal biconcave shape to an ellipsoidal
shape with a longitudinal axis up to 200% of the
average undeformed diameter. Figure 2c illustrates
how the longitudinal axis of the cell, measured at the
center of the channel, changes with different channel
widths. Experimental and simulated longitudinal axes
typically differ not more than 10–15%. During such
large deformation, the RBC membrane surface area
and volume are assumed to be constant in our DPD
model. However, the model allows for local area
changes during passage through the channel. The
contours presented in Fig. 2b show the evolution of
such local gradients in area expansion. These results
indicate that, for the smallest length scales, the leading
edge of the cell deforms significantly as the cell enters

the constriction and deforms further as the cell tra-
verses the channel. As expected, little area expansion is
seen during flow through the 2.7 lm high 9 6 lm wide
channel. The local stretch of the underlying spectrin
network scales with the square root of local area
expansion. Therefore, this information may be used to
estimate the maximum stretch of the spectrin network
at any point during this traversal process. This result is
shown in Fig. 2d for the channel widths used in the
experiments. For the smallest width channels, the
maximum stretch increases to k " 1:6:

In Fig. 2e, we compare these shape characteristics to
the results of other meso-scale modeling approaches,
such as the multiparticle collision dynamics (MPC)
models presented by McWhirter et al.15 Here, the
deviation of the RBC shape from that of a sphere is
quantified by its average asphericity Æaæ, where Æaæ = 0
for a sphere and Æaæ = 0.15 for an undeformed disco-
cyte. In larger vessels, the asphericity approaches 0.05
as the cell assumes its well-known parachute-like
shape.15 Our DPD scheme, when used to model flow in
larger vessels, indicates a similar trend as shown in
Fig. 2e. However, in the narrowly constricted chan-
nels, the average asphericity increases significantly
greater than previously known. Thus, our computa-
tional model is capable of capturing a range of shape
deviations in large and small vessels, which correlate
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well with experimental measurements for the smallest
length scales.

Pressure–Velocity Relationship

Figure 3a shows pressure–velocity relationships for
RBC flow across channels of different cross-sectional
dimensions. Local average pressure differences are
inferred from the velocity of neutrally buoyant beads,
which are mixed with our RBC suspensions. The
experimentally measured average bead velocities are
translated to pressure differences using known ana-
lytical solutions for flow in rectangular ducts as well as
the results of a computational fluid dynamics study.
(Complete details of these steps are provided in the
Supplemental Material.) Average cell velocity mea-
surements are taken between the point just prior to the
channel entrance (the first frame in Fig. 2a) and the
point at which the cell exits the channel (the final frame
in Fig. 2a). As such, the time scale examined in these
studies is a combination of entrance times, traversal,
and exit times. These individual time scales are plotted
in Fig. 3b.

The DPD model adequately captures the scaling
of flow velocity with average pressure di!erence for
4–6 lm wide channels. The significant overlap in the
experimental data for 5–6 lm wide channels can be
attributed largely to variations in cell size and small
variations in channel geometry introduced during their
microfabrication. The relative e!ects of these varia-
tions are the subject of a sensitivity study we present at
the end of this section; the variations are illustrated
here as error bars on DPD simulation results for select
cases. For the smallest channel width of 3 lm, the
experimentally measured velocities are as much as half
that predicted by the model. This may be attributed to
several factors, including non-specific adhesive inter-
actions between the cell membrane and the channel
wall due to increased contact. Furthermore, this
3! 2:7 lm "8:1 lm2# cross-section approaches the
theoretical 2:8 lm diameter "6:16 lm2# limit for RBC
transit of axisymmetric pores.5 Therefore, very small
variations in channel height (due, for example, to
channel swelling/shrinking due to small variations in
temperature and humidity) can have significant effects.
Thus, this geometry may be taken as a practical limit
of the current modeling scheme for the chosen level of
discretization (500 ‘‘coarse-grained’’ nodes, see Pivkin
and Karniadakis21). In addition, while the total tra-
versal time scales are in close agreement, the data
presented in Fig. 3b indicates that the DPD model
typically over-predicts the relative amount of time the
cell requires to enter the channel constriction. This can
be attributed in part to the use of periodic inlet/outlet
boundary conditions, which do not allow for an

accurate characterization of the incoming fluid
momentum. This is clear when examining the sensi-
tivity of the simulated time scales to the size of the
modeling domain. Doubling the length of the wide part
of the channel (results noted in Fig. 3b) effectively
increases the momentum of the fluid and cell as the cell
enters the channel, leading to a decrease of the char-
acteristic entrance time but having little effect on the
transit and exit times. It is also possible that there is a
physical basis for this discrepancy between relative
contributions of the cell entrance time. For example, at
such high rates of deformation (up to 200% overall
stretch in approximately 0.2 s), the RBC might
undergo an active reorganization of its spectrin
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Flow through stenotic channel

noticed that parachutes are also stable for weak or no con!ne-
ment when the curvature of the parabolic "ow in the center
exceeds a critical value.9,36 At weak con!nements, we !nd o!-
center slippers with tank-treading motion for higher "ow rates,
and discocytes with tumbling motion for lower "ow rates. Both
regions arise from the transition from strongly deformed
parachute to more relaxed (discocyte and slipper) shapes,
similar to the transition seen in the diagram for 2D vesicles.9,10

However, the boundary between slippers and discocytes is
governed by the critical shear rate _g*

ttt of the tumbling-to-tank-
treading transition of a RBC;37,38 tumbling occurs o! the tube
center, when the local shear rate drops below _g*

ttt. In the case of
small viscosity contrast between inner and outer "uids (equal to
unity here), the origin of the tumbling-to-tank-treading transi-
tion is the anisotropic shape of the spectrin network, which
requires stretching deformation in the tank-treading state,37,38

and therefore cannot be captured by simulations of 2D vesicles.
In addition, near the tumbling-slipper boundary, tumbling

motion of a RBC exhibits a noticeable orbital dri! so that the
tumbling axis is not !xed and oscillates in the vorticity direction
(see Movie S2†). This e!ect is qualitatively similar to a rolling
motion (also called kayaking) found in experiments39 and in
simulations40 of a RBC in shear "ow. Orbital oscillations of a
tumbling RBC are attributed to local membrane stretching
deformation due to small membrane displacements whose
e!ect becomes reduced if a RBC transits to a rolling motion.39

At small shear rates _g*, there also exists a so-called snaking
region, !rst observed for 2D vesicles in ref. 9 and 10, where a
RBC performs a periodic oscillatory motion near the center line.
In contrast to snaking in 2D, the snaking motion in 3D is fully
three dimensional and exhibits an orbital dri! (see Movie S1†),
which is similar to that for a RBC rolling motion in shear "ow
occurring in a range of shear rates between RBC tumbling and
tank-treading.39,40 The origin of orbital oscillations in the
snaking regime might be similar to that for a rolling RBC;
however, this issue requires a more detailed investigation. Note
that at very low _g* ( kBT/kr, the rotational di!usion of RBCs
becomes important, and RBC dynamics is characterized by
random cell orientation. Another striking di!erence between
the phase diagrams in Fig. 2 and in ref. 9 and 10 is that at high
con!nements the “con!ned slipper” found in the 2D vesicle
simulations is suppressed in 3D. The con!ned slipper in 2D
found for c T 0.6 is qualitatively similar to a slipper at low
con!nements, which is also called “uncon!ned slipper” in ref. 9
and 10, since this vesicle state exists in unbound parabolic "ow.
Note that the regions of con!ned and uncon!ned slippers in 2D
have no common boundary. The absence of slippers at high
con!nements in 3D is due to the cylindrical shape of a channel,
which would cause the con!ned slipper to conform to the wall
curvature, which is energetically unfavorable.

To better understand the di!erences between various RBC
states, we now analyze the cell orientational angle, displace-
ment from the channel center, and asphericity. The RBC
orientational angle is de!ned as an angle between the eigen-
vector of the gyration tensor corresponding to the smallest
eigenvalue (RBC thickness) and the tube axis. The RBC
displacement r is computed as a distance between the RBC
center of mass and the tube center. The RBC asphericity char-
acterizes the deviation of a cell from a spherical shape and is
de!ned as [(l1 ! l2)2 + (l2 ! l3)2 + (l3 ! l1)2]/(2Rg

4), where l1 #
l2 # l3 are the eigenvalues of the gyration tensor and Rg

2 " l1 +

Fig. 1 Simulation snapshots of a RBC in !ow (from left to right) for c " 0.58. (a) A biconcave RBC shape at _g* " 5; (b) an o"-center slipper cell
shape at _g* " 24.8; and (c) a parachute shape at _g* " 59.6. See also Movies S1–S4.†

Fig. 2 A phase diagram for G " 2662 (Yr " 18.9# 10!6 N m!1, kr " 3#
10!19 J), which mimics average membrane properties of a healthy
RBC. The plot shows various RBC dynamics states depending on the
!ow strength characterized by _g* and the con#nement c. The symbols
depict performed simulations, with the RBC states: parachute (green
circles), slipper (brown squares), tumbling (red diamonds) and snaking
(blue stars) discocytes. The phase-boundary lines are drawn sche-
matically to guide the eye.
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Fedosov et al., "Deformation and dynamics of red blood cells in flow through 
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Flow in cylindrical μ-channels
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shear !ow, as it leads to a transition from tank-treading to tumbling with increasing viscosity20,21. By altering 
the viscosity contrast, we demonstrate the importance of RBC dynamics within the device when attempting 
to use DLD as a technique for RBC separation. In addition to viscosity contrast C =  5 between the intra- and 
extra-cellular !uids, simulations and experiments were carried out at C =  1 and C =  0.25 for the thick device, and 
C =  2 for the thin device. In the experiments, the viscosity of the outer !uid is increased by adding dextran at var-
ious concentrations. Note that the di"erent choice of C =  1 and C =  2 for the thick and thin devices, respectively, 
is due to pronounced adsorption (or sticking) of RBCs to the upper and lower walls, which occurs in the con#ned 
environment of the thin device for the higher dextran concentrations required to reach a viscosity contrast less 
than C =  2.

$e lateral displacement per post l of the trajectories under these additional viscosity contrast conditions are 
shown in Figs%3(b) and 4(b). Simulations were #rst used to predict which sections display interesting behavior, 
and these sections were then investigated experimentally in order to validate results. For both C =  1 and C =  0.25 
in sections 1–4 of the thick device, the change in viscosity contrast completely inhibits lane-swapping events. 
$is substantial shi& away from behavior in the physiological case of C =  5 may be attributed to a change in RBC 
dynamics which will be discussed later. In subsequent sections, there is a transition to almost neutral zig-zag 
modes, with a gradually increasing tendency to adopt an average negative lateral displacement towards the later 
sections of the device. In the sections following the transition, the zig-zag modes at C =  0.25 are slightly more 
positive than those for the C =  1, but the l values for both cases converge in the last two sections of the device. $is 
suggests a small di"erence in dynamic behavior which is only relevant in deciding the lane swapping frequency in 
the middle sections of the device. Generally, we see good agreement between experimental and simulated results, 
the main di"erences occur in the later sections of the device which we attribute to a distortion of the !ow #eld 
when in close proximity to the device outlet. $e di"erence between the trajectories in the early sections at viscos-
ity contrast C =  5 compared with those at C =  1 and C =  0.25 demonstrates the importance of viscosity contrast 
for RBC sorting since it may dramatically alter the transit modes.

Figure%4(b) shows that the viscosity contrast also plays an important role in the transit of RBCs through 
the thin device. For a viscosity contrast of C =  1, the simulated RBC trajectories undergo a transition from the 
displacement mode to zig-zag mode only at section 10, while for C =  5 the transition occurs earlier, at section 8. 
Additionally, for the intermediate viscosity contrast of C =  2, the transition to zig-zag modes occurs in the same 
section as for C =  5. Well-de#ned zig-zag modes follow the transition, with a region of positive zig-zag modes 
in sections 8–10. $e l values in sections 8–10 are more positive than for the physiological contrast C =  5, and 
represent a behavior intermediate between the C =  5 and simulated C =  1 values. Generally, we see good agree-
ment between simulated and experimental results, as again we have to consider the potential e"ects of RBC-size 
variations which we already presented in Fig.%5.

$ere are also di"erences in the average lateral displacement per post encounter for the viscosity contrasts 
C =  1 and C = 2–5 in later sections of the device, which are especially pronounced in section 11. $ese results 
suggest that changes in RBC dynamics and deformation are still relevant in the thin device and that their e"ects 
are most pronounced on well-established zig-zag modes. As a conclusion, our results suggest that the viscosity 
contrast could be used as a targeted separation parameter by itself without other changes in RBC properties.

RBC dynamics in DLDs. $e dependence of the transit modes of RBCs traveling through DLD obstacle 
arrays on viscosity contrast has revealed the importance of RBC dynamics. Single RBCs in shear !ow have been 
shown experimentally to tumble at low shear rates and tank-tread at high shear rates18,19,22,23. Note that all these 
experiments have been performed under the conditions where the viscosity of suspending media was larger than 
that of the RBC cytosol. However, recent experiments20 and simulations21 indicate that the physiological viscosity 
contrast of ! != =C / 5i o  suppresses the tank-treading motion of RBCs, leading to the preference for RBC tum-
bling. In case of 1 –C 2 3, RBC membrane tank-treading is possible and the transition between tumbling and 
tank-treading for an increasing shear rate is attributed to the existence of a RBC minimum energy state, related to 
the weakly anisotropic shape of the spectrin network, such that the RBC has to exceed a certain energy barrier in 

Figure 6. Stroboscopic images of RBCs in section 2, taken from simulations and experiments. (a) RBC lane 
swapping is promoted by tumbling when ! != =C / 5i o . (b) Tank-treading type dynamics occurs at C =  1 and 
the RBC favors the displacement mode.

Henry et al., "Sorting cells by their dynamical properties", Scientific 
Reports, 2016.

Flow in microfluidics device (DLD)

Movie S3. Simulation of MS-RBCs under shear flow at H ! 0.1. High shear rate of _! ! 4.0 s!1 results in essentially no rouleaux structures. Normal movie
speed.

Movie S3 (MOV)

Movie S4. Simulation for computing themaximum force needed to break up two aggregated RBCs. The breakup pulling force in the normal direction is equal
to about 7 pN with a uniform RBC-RBC separation.

Movie S4 (MOV)

Movie S5. Simulation for computing themaximum force needed to break up two aggregated RBCs. The breakup pulling force in the normal direction is equal
to about 3 pN with a peeling breakup.

Movie S5 (MOV)

Fedosov et al. www.pnas.org/cgi/doi/10.1073/pnas.1101210108 7 of 8

and without aggregation, rouleaux formation and magnitude of
aggregation forces, yield stress, and themicro-to-macro link in ES.

In Silico Versus in Vitro Blood Viscosity. The experimental bulk visc-
osities of well-prepared nonaggregating ES and of whole blood
were measured for various hematocrit values (H) at physiological
temperature 37 °C in refs. 1–3. The blood viscosity in our work
was derived from simulations of plane Couette flow using the
Lees–Edwards periodic boundary conditions for both the MS-
RBC and the LD-RBC suspensions. The shear rate and the cell
density in our simulations were verified to be spatially uniform on
average over time, and the viscosities were computed, with and
without aggregation, as functions of the shear rate over the range
0.005–1;000.0 s!1 (this corresponds to the range of dimensionless
shear rate or capillary number !_"D"Y between 2.5 ! 10!6 and 0.5,
where ! is the solvent viscosity, D is the RBC diameter, and Y is
the membrane Young’s modulus). Fig. 1A shows the relative visc-
osity (RBC suspension viscosity normalized by the viscosity of the
suspending media) against shear rate at hematocrit H ! 45%.
The MS-RBC model predictions are in excellent agreement with
the blood viscosities measured in three different laboratories
(1–3). The ES model, consisting only of RBCs in suspension,
clearly captures the effect of aggregation on the viscosity at low
shear rates and suggests that cells and molecules other than RBCs
have little effect on the viscosity, at least under healthy condi-
tions. The LD-RBC model underestimates somewhat the experi-
mental data, but is generally in good agreement over the whole
range of shear rates, and again demonstrates the effect of aggre-
gation. The agreement is remarkable in view of the simplicity and
economy of that model. Errors in simulated viscosities shown in
Fig. 1A are approximately 30% for the shear rate _" ! 0.014 s!1
and decrease rapidly with the increase of _", becoming about 1–3%
at high shear rates.

The dependence of whole blood and ES viscosity on hemato-
crit is demonstrated in Fig. 1B. The curves are measured viscos-
ities as a function of H at constant shear rate by Chien et al. (2),
and the points are calculated with the LD-RBC model. The plot
clearly shows how the latter captures the (hematocrit) H depen-
dence on viscosity, and that the model again demonstrates aggre-
gation to be crucial for a quantitative account of the difference
between the viscosity of whole blood and that of washed ES.

Recent attempts in modeling (24, 25) of two-cell and multiple-cell
aggregates (17) simulated only their flow behavior. Specifically, in
ref. 17, the link of viscosity to RBC aggregation was investigated,
but the viscosity predictions failed to capture the steep rise of that
function at low shear rates.

Reversible Rouleaux Formation.The formation of rouleaux in blood
occurs in equilibrium and at sufficiently small shear rates,
whereas large shear rates result in immediate dispersion of fragile
RBC structures. Experimentally, aggregation is observed (1, 4,
26) to be a two-step process: the formation of a few RBCs into
short linear stacks, followed by their coalescence into long linear
and branched rouleaux. As the shear rate increases, the large
rouleaux break up into smaller ones, and at higher values, the
suspension ultimately becomes one of monodispersed RBCs (27).
This process then reverses as the shear rate is decreased.

This typical formation–destruction behavior of rouleaux is con-
sistent with the results of our simulations using both the LD-RBC
and the MS-RBC models as shown in Fig. 2 (see SI Text). At low
shear rates (left frames), the initially dispersed RBCs aggregate
into large rouleaux of up to about 20 RBCs; as the shear rate is
increased to moderate values (middle frames), these structures
are reduced in size until at high rates (right frames) they are dis-
persed almost completely into individual RBCs. Reversibility is
demonstrated by reduction of the shear rate to the formation
value, at which point individual RBCs begin to reaggregate.

Yield Stress and Aggregation. Whole blood is believed to exhibit a
yield stress (i.e., a threshold stress for flow to begin) (1, 10, 11),
but this has been difficult to confirm experimentally or theoreti-
cally. The most reproducible yield stresses for whole blood are
those extrapolated to zero shear rate from viscometric data on
the basis of Casson’s equation given by (28)

#1"2xy ! #1"2y " !1"2 _"1"2; [1]

where #y is a yield stress and ! is the suspension viscosity at large _".
Note that when the yield stress #y vanishes, Eq. 1 reduces to the
Newtonian liquid. The assumptions of Casson’s relation appear
to hold at least at low shear rates, which was successfully demon-
strated for pigment-oil suspensions (28), Chinese ovary hamster

A B 2
2

Fig. 1. Validation of simulation results for whole blood and Ringer ES. (A) Plot of non-Newtonian relative viscosity (the cell suspension viscosity normalized by
the solvent viscosity) as a function of shear rate at H ! 45% and 37 °C. Simulated curves of this work, as indicated and experimental points as follows: Whole
blood: green crosses, Merril et al. (1); black circles, Chien et al. (2; black squares, Skalak et al. (3). Ringer ES: red circles, Chien et al. (2); red squares, Skalak et al.
(3). Error bars on the MS-RBC viscosity curves reflect one standard deviation and each point on the simulated curves corresponds to a single simulation. (B) Plot
of relative viscosity as a function of hematocrit (H) at shear rates 0.052 (black) and 5.20 (blue) s!1: simulated (LD-RBC points), and Chien et al. (2) experimental
fits for whole blood (solid lines), and Ringer ES (dashed lines).

Fedosov et al. PNAS # July 19, 2011 # vol. 108 # no. 29 # 11773
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The recovery length is estimated to be DL E 60 mm downstream
of the constriction, and is expected to be longer as flow rate
increases.

Fig. 3 shows the spatial distribution of RBCs at the inlet, in
the middle and downstream of a 75% constriction. The profiles
downstream are considered at the outlet of constriction and at
x = 160 mm. This result shows that geometrical constriction
coupled with deformability of RBCs can enhance the cell-free
layer (CFL) for a fixed flow rate (e.g., CFL thickness d E 2.5
micron at inlet as opposed to E5.0 micron at outlet). Similarly,
geometrical focusing of RBCs towards the center of the micro-
channel was observed experimentally by Faivre et al.15 As cells
move further downstream of the channel, the upstream CFL
thickness will be recovered due to the RBC pair collisions and
lateral migration. We also note that RBC concentration drops at
the center of constriction, which is caused by the increase in
RBC velocities. Further, the CFL thickness drops as the channel
narrows down (d E 0.4 micron at the throat of the constriction).
In the following sections we present the results on the platelet
distributions and transport with the presence of the constriction.

3.1 Cell distributions

To obtain the profiles in Fig. 3–8, first DPD simulations were
performed long enough (for t* E 4000 DPD time units or E0.72 s)
to achieve steady state conditions, where no more variations in

velocity and hematocrit profiles were detected. Sampling of
RBCs and platelets concentration was performed for the last
Dt* E 400, and these time-averaged concentration profiles

Fig. 2 (a) Snapshot of the blood simulation in a microchannel with 75% degree constriction. The channel height is 30 mm, and blood is at 25%
hematocrit. Red cells represent the deformable red blood cells and black ellipsoidal cells are nondeformable platelets in their resting form. Following
Yazdani et al.,37 the driving body force is the non-uniform pressure gradient derived from numerical solution Navier–Stokes equation at Re = 0.35 for the
same geometry (video for this simulation is provided in ESI†). (b) Left: Velocity contours and streamlines for the flow of blood in the 75%-constriction
microchannel; right: profiles of streamwise velocity component at five different locations along the microchannel length specified by the same colors. A
plug-like velocity profile is achieved for the blood except at the throat.

Fig. 3 Profiles of RBC concentration (hematocrit) at di!erent locations
along the 75% constriction (inlet, middle and outlet) as well as further
downstream of the constriction (red dashed line considered at x = 160 mm).
Here, the average hematocrit of blood is 25%.
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Platelet transport

To look in more detail into the transitions between
different states, we have computed RBC total energy, as
shown in Fig. 3(a) for a RBC with ! ! 5 from YALES2BIO
simulations. As expected, the RBC total energy is a
monotonically increasing function of shear rate, because
the cell gets more and more deformed by the shear forces.
However, we observe effective power laws with decreasing
exponents as we go from one dynamic state to the other,
as shown by the lines in Fig. 3(a). This implies that RBCs
adopt an energetically more favorable dynamics, even
though no energy minimum principles can be invoked
here. Therefore, there are no simple energy arguments
which could explain the existence of the shapes and
transitions at specific _"".
To identify transition mechanisms between different

shapes and dynamics, we monitor RBC behavior for

increasing _"". First, a TB-RBC in shear flow transits to
a rolling discocyte at low shear rates. Here, a precession in
the TB axis (i.e., the TB axis does not remain within the
shear plane) is first observed, followed by a complete
alignment of the RBC axis with the vorticity direction as
the shear rate is increased [10–12]. This transition has been
described for ! < 1 [10], and therefore, it is expected to
have the same origin for ! larger than unity.
As the shear rate is further increased at ! ! 5, a rolling

discocyte transits to a rolling stomatocyte. This transition
might occur due to membrane buckling, but it is difficult to
observe and confirm this effect directly in shear flow.
Therefore, we consider two types of cell deformation
(stretching and compression), which occur in shear flow.
To mimic the elongational component of the flow, a RBC is
stretched (without flow) [28,33] similar to the RBC
deformation by optical tweezers [39,40]. Even for very
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FIG. 2. Shapes and dynamics of RBCs in shear flow as a
function of _"" and !. Different areas, representing rolling
discocyte, rolling stomatocyte, TB stomatocyte, TT, and multi-
lobes, are based on simulation results, where dashed lines serve as
a guide to the eyes. Two sets of simulations are denoted by
triangles (SDPD) and circles (YALES2BIO). The colors indicate
RBC shape or dynamics. All simulation data are for Föppl-von
Kármán number # ! $D2=% ! 680. The two sets of circles at
! ! 5.3 and ! ! 8.3 correspond to simulations at ! ! 5 and ! ! 8,
respectively, and are just shifted up in the diagram for visual
clarity. The square symbols (! ! 8) correspond to experiments
from Ref. [22], the plus symbols (! " 1) to data from Ref. [10],
and the crosses (! < 1) to data from Ref. [38]. Diamond symbols
(! ! 1 and ! ! 5—shifted down to 4.7) represent most probable
states from our microfluidic experiments, since no unique state,
but a distribution of different states is obtained for fixed flow
conditions, see distributions in Fig. S1. All experimental shear
rates are normalized by & based on average RBC properties (i.e.,
D ! 6.5 ! 10#6 m and $ ! 4.8 ! 10#6 N=m).

FIG. 3. Transition between different shapes and dynamics at
! ! 5. (a) Change in RBC total energy, including shear and
bending elasticity, from YALES2BIO simulations as a function of
shear rate. (b) Change in shear elasticity and bending energies
of a RBC compressed between two plates in SDPD simulations.
The cell buckles from a discocyte to a stomatocyte shape, when
the distance between plates becomes approximately 6.3 $m (see
movie S5).

PHYSICAL REVIEW LETTERS 121, 118103 (2018)
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Mauer et al., "Flow-Induced Transitions of Red Blood Cell Shapes under 
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Flow induced shape transitions
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DPD validation: Different experiments - different model 
parameters

TEST CASE Solvent 
Model / 

RBCmodel                             

Membrane 
rigidity

Membrane 
viscosity

Maximum 
spring 

extension

Persistence 
length

viscosity-
contrast

stretching (Fedosov et al., 2010)

DPD /  
stress-free 4.8E-19 [J] 0.022 [Pa.s] 1.23 e-6 [m] 1.99 e-9 [m] 1

squeeze in micro-channel (Bow et al., 2011)
DPD / 

constant 
spring eq. 

length

7.5 E-19 [J]
varied to 
study its 

effect
3.17 e-7 [m] 1.08 e-7 [m] 1

shear of whole blood (Fedosov et al., 2011)

DPD /  
stress-free 3.0 E-19 [J] 0.0144 

[Pa.s] 1.3e-7 [m] 1.99 e-9 [m] 1

DLD device (Henry et al., 2016)

SDPD+a / 
stress-free 4.8 E-19 [J] 0.022 [Pa.s] 1.23 e-6 [m] 1.99 e-9 [m] 5

Credit: Suresh et al. 2015
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shear !ow, as it leads to a transition from tank-treading to tumbling with increasing viscosity20,21. By altering 
the viscosity contrast, we demonstrate the importance of RBC dynamics within the device when attempting 
to use DLD as a technique for RBC separation. In addition to viscosity contrast C =  5 between the intra- and 
extra-cellular !uids, simulations and experiments were carried out at C =  1 and C =  0.25 for the thick device, and 
C =  2 for the thin device. In the experiments, the viscosity of the outer !uid is increased by adding dextran at var-
ious concentrations. Note that the di"erent choice of C =  1 and C =  2 for the thick and thin devices, respectively, 
is due to pronounced adsorption (or sticking) of RBCs to the upper and lower walls, which occurs in the con#ned 
environment of the thin device for the higher dextran concentrations required to reach a viscosity contrast less 
than C =  2.

$e lateral displacement per post l of the trajectories under these additional viscosity contrast conditions are 
shown in Figs%3(b) and 4(b). Simulations were #rst used to predict which sections display interesting behavior, 
and these sections were then investigated experimentally in order to validate results. For both C =  1 and C =  0.25 
in sections 1–4 of the thick device, the change in viscosity contrast completely inhibits lane-swapping events. 
$is substantial shi& away from behavior in the physiological case of C =  5 may be attributed to a change in RBC 
dynamics which will be discussed later. In subsequent sections, there is a transition to almost neutral zig-zag 
modes, with a gradually increasing tendency to adopt an average negative lateral displacement towards the later 
sections of the device. In the sections following the transition, the zig-zag modes at C =  0.25 are slightly more 
positive than those for the C =  1, but the l values for both cases converge in the last two sections of the device. $is 
suggests a small di"erence in dynamic behavior which is only relevant in deciding the lane swapping frequency in 
the middle sections of the device. Generally, we see good agreement between experimental and simulated results, 
the main di"erences occur in the later sections of the device which we attribute to a distortion of the !ow #eld 
when in close proximity to the device outlet. $e di"erence between the trajectories in the early sections at viscos-
ity contrast C =  5 compared with those at C =  1 and C =  0.25 demonstrates the importance of viscosity contrast 
for RBC sorting since it may dramatically alter the transit modes.

Figure%4(b) shows that the viscosity contrast also plays an important role in the transit of RBCs through 
the thin device. For a viscosity contrast of C =  1, the simulated RBC trajectories undergo a transition from the 
displacement mode to zig-zag mode only at section 10, while for C =  5 the transition occurs earlier, at section 8. 
Additionally, for the intermediate viscosity contrast of C =  2, the transition to zig-zag modes occurs in the same 
section as for C =  5. Well-de#ned zig-zag modes follow the transition, with a region of positive zig-zag modes 
in sections 8–10. $e l values in sections 8–10 are more positive than for the physiological contrast C =  5, and 
represent a behavior intermediate between the C =  5 and simulated C =  1 values. Generally, we see good agree-
ment between simulated and experimental results, as again we have to consider the potential e"ects of RBC-size 
variations which we already presented in Fig.%5.

$ere are also di"erences in the average lateral displacement per post encounter for the viscosity contrasts 
C =  1 and C = 2–5 in later sections of the device, which are especially pronounced in section 11. $ese results 
suggest that changes in RBC dynamics and deformation are still relevant in the thin device and that their e"ects 
are most pronounced on well-established zig-zag modes. As a conclusion, our results suggest that the viscosity 
contrast could be used as a targeted separation parameter by itself without other changes in RBC properties.

RBC dynamics in DLDs. $e dependence of the transit modes of RBCs traveling through DLD obstacle 
arrays on viscosity contrast has revealed the importance of RBC dynamics. Single RBCs in shear !ow have been 
shown experimentally to tumble at low shear rates and tank-tread at high shear rates18,19,22,23. Note that all these 
experiments have been performed under the conditions where the viscosity of suspending media was larger than 
that of the RBC cytosol. However, recent experiments20 and simulations21 indicate that the physiological viscosity 
contrast of ! != =C / 5i o  suppresses the tank-treading motion of RBCs, leading to the preference for RBC tum-
bling. In case of 1 –C 2 3, RBC membrane tank-treading is possible and the transition between tumbling and 
tank-treading for an increasing shear rate is attributed to the existence of a RBC minimum energy state, related to 
the weakly anisotropic shape of the spectrin network, such that the RBC has to exceed a certain energy barrier in 

Figure 6. Stroboscopic images of RBCs in section 2, taken from simulations and experiments. (a) RBC lane 
swapping is promoted by tumbling when ! != =C / 5i o . (b) Tank-treading type dynamics occurs at C =  1 and 
the RBC favors the displacement mode.

Example 4: UQ for Parameter Estimation



Summary: Models and Data

• Models and imperfect representations of reality 
• Computational models involve parameters

23

• How to choose parameters and how much to trust them? 
• How to integrate Data?

Use Probabilities as the Logic of Science
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Probability and Uncertainty Quantification

•Probability is used to quantify uncertainties. Probability models are used to model the 
missing/incomplete information.  

•Interpretation of probability(COX): the degree of belief or plausibility of a proposition based on 
available information. It expresses our relative belief in the truth of various propositions. It 
ranks the propositions by assigning a real number to each one. The largest the numerical 
value associated with a proposition, the more we believe it.  

•Probabilities are always conditional on information and this conditioning must be stated 
explicitly. 
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Probability and Uncertainty Quantification

•Cox has shown that for consistent plausible reasoning the real number we attach to our 
beliefs of the propositions have to obey the usual rules of probability theory.  

•The calculus of probability is thus used to manage (quantify and propagate) uncertainties 
(incomplete information) in system analysis.   

•Probability density functions (PDF) assigned on a parameter are used to quantify how 
plausible each possible value of this parameter is.
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Normal (Gaussian) Distribution

Uniform Distribution
f(x ! I)

f(x ! I)

X ! "(a, b)

X ! #(!, "2)

f(x ! I) = 1
2#"2

e$ 1
2"2 (x$!)2

Example of PDFs



27

Bayesian Uncertainty Quantification 
(UQ)
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Bayesian Uncertainty Quantification: Models and Data

P (A|B)P (B) = P (B|A)P (A)

P (A|B) =
P (B|A)P (A)

P (B)

A ! Hypothesis/Model

B ! DATA

posterior
likelihood

prior

“Theories  
have  to be judged 
in terms of their 
probabilities  
in light of the 
evidence.”

Bayesian UQ: Models and Data

Quantity of Interest

A term we can COMPUTE !!
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Bayesian Uncertainty Quantification: 
Calibration and model selection

Model with Parameters

OutputInput Data

‣ Each simulation :  computationally intensive 
‣ Bayesian inference : large numbers of model evaluations

Pr (MDi|D) =
f (D|MDi)Pr (MDi)

f (D)

MODEL CLASS  SELECTIONPARAMETER ESTIMATION 

f (✓i|D,MDi) =
f (D|✓i,MDi)⇡ (✓i|MDi)

f (D|MDi)

Experiments
Physical limitations 
Past studies 
Expert elicitation

f (D|MDi) =

Z
f (D|✓i,MDi)⇡ (✓i|MDi) d✓i

Evidence of Model Class

OutputInput

Computational Model 
with Parameters, #

f(x |#)

Bayesian UQ: Models and Data



Bayesian UQ: The likelihood function

p(θ |d) =
p(d |θ) p(θ)

p(d)
Bayes' theorem:

posterior 
distribution

likelihood 
distribution

prior 
distribution

evidence

• Expresses how probable is the observed data set, for different settings of the parameter vector. 
• Can be viewed as a function of the parameter vector: likelihood function. 

p(d |θ)Likelihood

p(d |θ) =
N

∏
i=1

p(di |θ)

Assuming independency between data points:

30



p(θ |d) =
p(d |θ) p(θ)

p(d)
Bayes' theorem:

posterior 
distribution

likelihood 
distribution

prior 
distribution

evidence

Our knowledge for the parameters before observing any data.

Uniform prior:
p(θ) = 𝒰(a, b)

p(x) =
1

(b − a)
, a ≤ x ≤ b

p(x) = 0, otherwise

Gaussian prior:
p(θ) = 𝒩(μ, σ2)

X ∼ 𝒩 (μ, σ2)
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Bayesian UQ: The prior



p(θ |d) =
p(d |θ) p(θ)

p(d)
Bayes' theorem:

posterior 
distribution

likelihood 
distribution

prior 
distribution

evidence

Normalisation factor such that the RHS is a probability density function.

p(d) = ∫ p(d |θ) p(θ) dθ

32

Bayesian UQ: The Evidence



Bayesian UQ: Parameter Estimation

33

The likelihood function

Assume a link between model 
predictions and observations (data)

Statistical model: di = f(ti;#) + ", " ⇠ N (0,�)

Likelihood: p(d|#) = N (f(· ;#),�)

Optimisation: #? = argmax
#

p(d|#)

OutputInput

Computational Model 
with Parameters, #

f(x |#)



Bayesian UQ: Model Selection
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Bayesian Uncertainty Quantification: 
Calibration and model selection

Model with Parameters

OutputInput Data

‣ Each simulation :  computationally intensive 
‣ Bayesian inference : large numbers of model evaluations

Pr (MDi|D) =
f (D|MDi)Pr (MDi)

f (D)

MODEL CLASS  SELECTIONPARAMETER ESTIMATION 

f (✓i|D,MDi) =
f (D|✓i,MDi)⇡ (✓i|MDi)

f (D|MDi)

Experiments
Physical limitations 
Past studies 
Expert elicitation

f (D|MDi) =

Z
f (D|✓i,MDi)⇡ (✓i|MDi) d✓i

Evidence of Model Class

applying 
Bayes' rule

p(ℳA |D)
p(ℳB |D)

=
p(D |ℳA) p(ℳA)
p(D |ℳB) p(ℳB)

p(ℳA |D)
p(ℳB |D)

Ratio between 
probability of models

give same prior probability to 
models representing the data

Assume two models:  and ℳA ℳB

Assume models  and  have parameters  and ℳA ℳB ϑA ϑB

p(D |ℳA) = ∫ p(D, ϑA |ℳA) dϑA marginalisation

p(D |ℳA) = ∫ p(D |ϑA, ℳA) p(ϑA |ℳA) dϑA
product 

rule

Sivia, D. and Skilling, J., 2006. Data analysis: a Bayesian tutorial. OUP Oxford (see Section 4.1).



Sampling algorithms

How to sample a probability distribution function (next lecture). 

How to perform Stochastic Optimisation of "black box" functions (this lecture).
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Optimisation using 
Covariance Matrix Adaptation - Evolution Strategies 

(CMA-ES)

based on “The CMA Evolution Strategy: A Tutorial” 
by Nikolaus Hansen, and slides by Georgios Arampatzis

https://arxiv.org/pdf/1604.00772.pdf

https://arxiv.org/pdf/1604.00772.pdf


Goal of optimization

• Given and objective function in 
continuous domain

f : X ✓ Rn ! R

• find

x? = argmax
x2X

f(x)



Black box scenario

•  gradients are not available 
•   non-convex 
•   non-smooth 
•   multimodal 
•   high dimensional 
•   noisy 
•   …



Difficult functions
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• non-linear, non-quadratic, non-convex

• non-smooth, multimodal, noisy

• non-separability

• ill conditioning

• shape optimization 
• curve fitting 
• airfoils 

• model calibration 
• biological 
• physical 

• parameter calibration 
• controller

Examples

https://www.lri.fr/~hansen/gecco2013-CMA-ES-tutorial.pdf


Randomized Black Box Search

• initialize 
• population size 
• distribution parameters

� 2 N
#(0)

• until happy   
xi ⇠ P (x|#(k)), i = 1, . . . ,�• sample

• evaluate f(xi), i = 1, . . . ,�

• update parameters #(k+1) = F
⇣
#(k),x1, . . . ,x�, f(x1), . . . , f(x�)

⌘

<latexit sha1_base64="3PF4Z3CRukBKRUj4c7KO3EuoqQc="></latexit><latexit sha1_base64="/ougL3lgxAjH4cxiayLvfl6wFys="></latexit><latexit sha1_base64="/ougL3lgxAjH4cxiayLvfl6wFys="></latexit><latexit sha1_base64="Jm3Aa2fPMxrQMZm7Pg4/1udp/7o="></latexit>



Randomized Black Box Search
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https://upload.wikimedia.org/wikipedia/commons/d/d8/Concept_of_directional_optimization_in_CMA-ES_algorithm.png


The sampling distribution

represents the 
favourable solution controls the step-size

  isotropic 

  maximum entropy

determines the 
shape of the 
distribution

https://w
w

w.lri.fr/~hansen/gecco2013-CM
A-ES-tutorial.pdf

  choose sampling distribution 

xi ⇠ P (x|#(k)) = m(k) + �(k)N (0,C(k))

  choose how to update the parameters
m(k) � �(k) � C(k)

https://www.lri.fr/~hansen/gecco2013-CMA-ES-tutorial.pdf


The ingredients

Covariance Matrix AdaptationC(k)

Evolution Strategym(k)

Step Size Control�(k)



Evolution Strategies

A. Select and recombine

B. Compute the mean



Evolution Strategies
 number of parents: 

 number of children: 

µ

�

 elitist selection: 

 non-elitist selection: 

(µ+ �)-ES

(µ,�)-ES

 sample one child from parent 
 

 if          is better than             select

(1 + 1)-ES

m

x ⇠ m+ �N (0,C)

m

m x

x

Example:



Evolution Strategies
Selection and weighted Recombination

m(k+1) =
µX

i=1

wi x
(k+1)
i:�

• w1 � w2 � . . . � wµ > 0

•
P

i wi = 1

• f(x1:�)  f(x2:�)  . . .  f(xµ:�)

(µ\µW ,�)-ES

parents

weight + recombine

children

wi / µ� i+ 1



The normal distribution
  geometrical interpretation of covariance matrix

(x�m)>C�1(x�m) = const.

N (m,C2) ⇠ m+CN (0, I)
<latexit sha1_base64="MwgvILhbbuua3UspPcBXb+xxJ5M="></latexit><latexit sha1_base64="f7tx6ABfWAwC7fmMyDZwiyvB57o="></latexit><latexit sha1_base64="f7tx6ABfWAwC7fmMyDZwiyvB57o="></latexit><latexit sha1_base64="eCwvY4Co9TR0987hsR6zbJx6miw="></latexit>

N (m,D2) ⇠ m+DN (0, I)

N (m,�2I) ⇠ m+ �N (0, I)

https://www.lri.fr/~hansen/gecco2013-CMA-ES-tutorial.pdf

https://www.lri.fr/~hansen/gecco2013-CMA-ES-tutorial.pdf


Covariance matrix adaptation

A. Estimation from scratch

B. Rank-mu-update

C. Rank-one-update



Covariance matrix adaptation
A. Estimation from scratch

C(k+1)
emp =

1

�� 1

�X

i=1

(x(k+1)
i �m(k+1))(x(k+1)

i �m(k+1))>

E
h
C(k+1)

� |C(k)
i
= C(k)

E
h
C(k+1)

emp |C(k)
i
= C(k)

unbiased 
estimators

xi ⇠ m(k) + �(k)N (0,C(k))

C(k+1)
� =

1

�

�X

i=1

(x(k+1)
i �m(k))(x(k+1)

i �m(k))>



Covariance matrix adaptation
A. Estimation from scratch

smaller variance 

premature convergence

C(k+1)
EMNA =

1

µ

µX

i=1

(x(k+1)
i �m(k+1))(x(k+1)

i �m(k+1))>

C(k+1)
µ =

1

µ

µX

i=1

(x(k+1)
i �m(k))(x(k+1)

i �m(k))>

wi

Covariance Matrix Adaptation (CMA) Covariance Matrix Rank-µ Update

xi = m + � yi, yi ⇠ N (0, C)

sampling of � = 150
solutions where
C = I and � = 1

Cµ = 1
µ

P
yi:�y

T
i:�

C  (1� 1)⇥ C + 1⇥ Cµ

calculating C where
µ = 50,

w1 = · · · = wµ = 1
µ ,

and ccov = 1

mnew  m + 1
µ

P
yi:�

new distribution
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Covariance Matrix Adaptation (CMA) Covariance Matrix Rank-µ Update

Rank-µ CMA versus Estimation of Multivariate Normal Algorithm EMNAglobal
11

xi = mold + yi, yi ⇠ N (0, C)

xi = mold + yi, yi ⇠ N (0, C)

sampling of � = 150
solutions (dots)

C 1
µ

P
(xi:��mold)(xi:��mold)

T

C 1
µ

P
(xi:��mnew)(xi:��mnew)

T

calculating C from µ = 50
solutions

mnew = mold + 1
µ

P
yi:�

mnew = mold + 1
µ

P
yi:�

new distribution

rank-µ CMA
conducts a
PCA of

steps

EMNAglobal

conducts a
PCA of

points

mnew is the minimizer for the variances when calculating C

11 Hansen, N. (2006). The CMA Evolution Strategy: A Comparing Review. In J.A. Lozano, P. Larranga, I. Inza and E. Bengoetxea
(Eds.). Towards a new evolutionary computation. Advances in estimation of distribution algorithms. pp. 75-102
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Covariance matrix adaptation
B. Rank-mu update

• estimation from scratch works well for large populations 

• in order to be fast population must be small 

• use information from past

Ck+1 =
1

k + 1

kX

i=0

1

�(i)2
Ci+1

µ



Covariance matrix adaptation
B. Rank-mu update

• use information from past 
• assign recent generations higher weight 
• exponential smoothing

C(k+1) = (1� cµ)C
(k) + cµ

1

�(k)2
C(k+1)

µ

rank: min{µ, n}

= (1� cµ)C
(k) + cµ

µX

i=1

wi y
(k+1)
i:� y(k+1)

i:�

>

y(k+1)
i:� =

x(k+1)
i:� �m(k)

�(k)



Covariance matrix adaptation
C. Rank-ONE update

N (0, 1)y1 + . . .+N (0, 1)yk ⇠ N (0,
kX

i=1

yiy
>
i )

the singular distribution                              generates  
the vector        with maximum likelihood

N (0,yiy
>
i )

yi
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N
�
0,C(0)

�
N

�
0,C(1)

�
N

�
0,C(2)

�

Figure 4: Change of the distribution according to the covariance matrix update (20). Left:
vectors e1 and e2, and C

(0) = I = e1e
T
1 + e2e

T
2 . Middle: vectors 0.91 e1, 0.91 e2, and

0.41y1 (the coefficients deduce from c1 = 0.17), and C
(1) = (1 � c1) I + c1 y1y

T
1 , where

y1 =
��0.59
�2.2

�
. The distribution ellipsoid is elongated into the direction of y1, and therefore

increases the likelihood of y1. Right: C(2) = (1� c1)C(1) + c1 y2y
T
2 , where y2 =

� 0.97
1.5

�
.

The line distribution that generates a vector y with the maximum likelihood must “live” on
a line that includes y, and therefore the distribution must obey N(0, 1)�y ⇠ N(0,�2yyT

).
Any other line distribution with zero mean cannot generate y at all. Choosing � reduces to
choosing the maximum likelihood of kyk for the one-dimensional gaussian N(0,�2kyk2),
which is � = 1.

The covariance matrix yyT has rank one, its only eigenvectors are R\0 ⇥ y with
eigenvalue kyk2. Using equation (19), any normal distribution can be realized if yi are
chosen appropriately. For example, (19) resembles (4) with m = 0, using the orthogonal
eigenvectors yi = diibi, for i = 1, . . . , n, where bi are the columns of B. In general, the
vectors yi need not to be eigenvectors of the covariance matrix (and usually are not).

Considering (19) and a slight simplification of (14), we try to gain insight into the adapta-
tion rule for the covariance matrix. Let the sum in (14) consist of a single summand only (e.g.

µ = 1), and let yg+1 =
x

(g+1)
1:� �m

(g)

�(g) . Then, the rank-one update for the covariance matrix
reads

C
(g+1) = (1� c1)C

(g) + c1 yg+1yg+1
T (20)

The right summand is of rank one and adds the maximum likelihood term for yg+1 into the
covariance matrix C

(g). Therefore the probability to generate yg+1 in the next generation
increases.

An example of the first two iteration steps of (20) is shown in Figure 4. The distribution
N(0,C(1)) tends to reproduce y1 with a larger probability than the initial distribution N(0, I);
the distribution N(0,C(2)) tends to reproduce y2 with a larger probability than N(0,C(1)),
and so forth. When y1, . . . ,yg denote the formerly selected, favorable steps, N(0,C(g))
tends to reproduce these steps. The process leads to an alignment of the search distribution
N(0,C(g)) to the distribution of the selected steps. If both distributions become alike, as
under random selection, in expectation no further change of the covariance matrix takes place
[7].

15
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Covariance matrix adaptation
C. Rank-ONE update

for

y(k+1) =
x(k+1)
1:� �m(k)

�(k)

C(k+1) = (1� c1)C
(k) + c1 y

(k+1)y(k+1)>

the covariance matrix

increases the probability of generating               in the next 
generation

y(k+1)



Covariance matrix adaptation
C. Rank-ONE update + cumulation

loss of sign information yy> = �y(�y)>
Covariance Matrix Adaptation (CMA) Cumulation—the Evolution Path

Cumulation
The Evolution Path

Evolution Path
Conceptually, the evolution path is the search path the strategy takes over a number of
generation steps. It can be expressed as a sum of consecutive steps of the mean m.

An exponentially weighted sum of
steps yw is used

pc /
gX

i=0

(1� cc)
g�i

| {z }
exponentially
fading weights

y
(i)
w

The recursive construction of the evolution path (cumulation):

pc  (1� cc)| {z }
decay factor

pc +
p

1� (1� cc)2pµw| {z }
normalization factor

yw|{z}
input =

m�mold
�

where µw = 1P
wi2 , cc ⌧ 1. History information is accumulated in the evolution path.

Anne Auger & Nikolaus Hansen CMA-ES July, 2013 51 / 83

m(0)

m(1)
m(2)

p(k+1)
c =

kX

i=1

m(i+1) �m(i)

�(i)

introduce the evolution path

p(k+1)
c = (1� cc)p

(k)
c + cc

m(k+1) �m(k)

�(i)

or with exponential smoothing



Covariance matrix adaptation

C(k+1) = (1� cµ � c1)C
(k)

+cµ

µX

i=1

wi y
(k+1)
i:� y(k+1)

i:�

>

+c1 p
(k+1)
c p(k+1)

c



Set parameters

Set parameters �, µ, wi=1...µ, c� , d� , cc, c1, and cµ to their default values according to
Table 1.

Initialization

Set evolution paths p� = 0, pc = 0, covariance matrix C = I, and g = 0.

Choose distribution mean m 2 Rn and step-size � 2 R+ problem dependent.1

Until termination criterion met, g  g + 1

Sample new population of search points, for k = 1, . . . ,�

zk ⇠ N (0, I) (35)
yk = BDzk ⇠ N (0,C) (36)
xk = m+ �yk ⇠ N

�
m,�2

C
�

(37)

Selection and recombination

hyiw =
µX

i=1

wi yi:� where
µX

i=1

wi = 1, wi > 0 (38)

m  m+ � hyiw =
µX

i=1

wi xi:� (39)

Step-size control

p�  (1� c�)p� +
p

c�(2� c�)µe↵ C
� 1

2 hyiw (40)

�  � ⇥ exp

✓
c�
d�

✓
kp�k

EkN (0, I) k
� 1

◆◆
(41)

Covariance matrix adaptation

pc  (1� cc)pc + h�

p
cc(2� cc)µe↵ hyiw (42)

C  (1� c1 � cµ)C + c1
�
pcp

T
c + �(h�)C

�
+ cµ

µX

i=1

wi yi:�y
T
i:� (43)

1The optimum should presumably be within the initial cube m ± 3�(1, . . . , 1)T. If the optimum is ex-
pected to be in the initial search interval [a, b]n we may choose the initial search point, m, uniformly randomly
in [a, b]n, and � = 0.3(b � a). Different search intervals �si for different variables can be reflected by a
different initialization of C, in that the diagonal elements of C obey cii = (�si)2. Remark that the �si

should not disagree by several orders of magnitude. Otherwise a scaling of the variables should be applied.

Figure 6: The (µ/µW,�)-CMA Evolution Strategy. Symbols: see text

26

ht
tp

s:
//w

w
w.

lr
i.f

r/
~h

an
se

n/
ge

cc
o2

01
3-

CM
A-

ES
-t

ut
or

ia
l.p

df

https://www.lri.fr/~hansen/gecco2013-CMA-ES-tutorial.pdf




Benchmarks Comparing Experiments

Comparison during BBOB at GECCO 2009
24 functions and 31 algorithms in 20-D

. . . 2010
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Benchmarks
Comparing Experiments

Comparison during BBOB at GECCO 2009
30 noisy functions and 20 algorithms in 20-D

. . . 2010
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Application

0 50 100 150
time (months)

0

20

40

60

80

100
  measurements
  drug administration

future predictions

https://en.wikipedia.org/
wiki/Brain_tumor#/media/
File:Hirnmetastase_MRT-

T1_KM.jpg

dC

dt
= �#1C

dP

dt
= #4P (1� P ⇤

K
) + #5QP � #3P � #1#2CP

dQ

dt
= #3P + #1#2CQ

dQP

dt
= #1#2CQ� #5QP � #6QP

C(0) = 0, P (0) = #7, Q(0) = #8, QP (0) = 0

P ⇤(t) = P (t) +Q(t) +QP (t)

20 40 60 80 100 120 140
0

20

40

60

80

100

120

measurements
expected prediction
95% credible interval
99% credible interval

https://en.wikipedia.org/wiki/Brain_tumor#/media/File:Hirnmetastase_MRT-T1_KM.jpg
https://en.wikipedia.org/wiki/Brain_tumor#/media/File:Hirnmetastase_MRT-T1_KM.jpg
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data-model assumption

di = f(ti;#) + ", " ⇠ N (0,�)

likelihood

p(d|#) = N (f(· ;#),�)

optimization

#? = argmax
#

p(d|#)

Application
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In the next lectures ...

• Introduce algorithms to sample probability distribution 
functions (e.g. full likelihood pdf, posterior pdf). 

• Exploit independent function evaluations among samples 
(per generation), to introduce parallel computation of 
function evaluations. 

• Discuss strategies to maximise hardware utilisation (as 
much as possible): High Throughput Computing.
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