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State of the art models reproduce experiments
buckling. However, this feature seems to be less pronounced for
higher Nv. Other membrane models yield similar shapes.

Despite the demonstrated success of the RBC models, several
problems remain due to the fact that the membrane is not stress-free.
Fig. 6 shows the RBC response of the WLC-C (Nv=500) model for
different stretching directions (left) with energy relaxation triangu-
lation and the RBC response for models with different triangulations
(right). While the RBC triangulated through the energy relaxation
method gives satisfactory results with differences in the stretching
response on the order of 5–8%, RBCs triangulated by other methods
show a much greater discrepancy with the experiment.

Fig. 7 shows the RBC shapes at equilibrium and at the stretching
force of 100 pN for point charges, advancing front triangulations
(WLC-C model), and for a “stress-free” model introduced in the next
section. The RBCs triangulated by point charges and advancing front
methods show pronounced buckling and a non-biconcave shape for
realistic bending and elastic RBC properties due to stronger local
stresses arising from more irregular triangulation when compared to
the energy relaxation mesh. In order to obtain a smooth biconcave
shape the membrane bending rigidity has to be set to about 500(kBT)P

and 300(kBT)P for point charges and advancing front methods,
respectively, which is much higher than the bending rigidity of the
real RBC of about 56(kBT)P. Local buckling features are less pro-
nounced for stretched cells since the membrane is subject to strong

stretching stresses. Moreover, Fig. 6 shows that these models have
higher effective elastic moduli than those measured as they are
subject to a higher membrane stress at equilibrium due to triangu-
lation artifacts. Also, they appear to give a stronger stretching ani-
sotropy (10–15%) compared to the free energy relaxation method.
The effect of local stresses on the membrane equilibrium shape
appears to be a drawback for existing models [19], which is often
compensated by setting arti!cially high values for the bending
rigidity. Fig. 7 also shows the corresponding RBC shapes (advancing
front triangulation) with a “stress-free” model which proves to be
independent of triangulation and will be proposed next.

4.2. Stress-free membrane model

To eliminate the aforementioned membrane stress anomalies we
propose a simple “annealing” procedure. For each spring we de!ne l0i

i=1...Ns which are set to the edge lengths after the RBC shape
triangulation, since we assume it to be the equilibrium state.
Accordingly we de!ne lmax

i = l0i !x0 and A0
j j=1...Nt for each triangular

plaquette. The total RBC area Atot
0 = !j=1:::Nt A

j
0 and the total volume

V0
tot is calculated from the RBC triangulation. Then, we de!ne the

average spring length as, l!0 = 1
NS
!i=1:::Ns l

i
0, and the average-

maximum spring extension as l-max=l-0!x0; these are then used in
the linear elastic properties estimation using Eqs. (14c,d) and (17c,d).

Fig. 4. Computational results for different Nv (left) and spring models (right) compared with the experiments in [4] and the spectrin-level RBC model in [14].

Fig. 5. RBC shape evolution at different Nv and total stretching forces for the WLC-C model.
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Fig. 8. Stress-free RBC model for different triangulation methods with Nv=500 (left) and number of vertices with the energy relaxation triangulation (right) compared with the
experiments in [4].

Fig. 9. RBC shapes for highly coarse-grained models (Nv=100,250) and the spectrin-level model (Nv=27,344).

Fig. 10. The stretching response of the stress-free RBCmodel for different ratio x0 (left) and number of vertices in percents which are subject to the stretching force (right) compared
with the experiments in [4].
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Stretching

the modeled RBC is attached to a solid surface, where the
wall-adhesion is modeled by keeping stationary 15% of
vertices on the RBC bottom, although other vertices are
free to move. The adhered RBC is filled and surrounded
by fluids having viscosities much smaller than the membrane
viscosity, and therefore, only the membrane viscous contri-
bution is measured. The microbead is simulated by a set of
vertices on the corresponding sphere subject to a rigid
body motion. The bead attachment is modeled by including
several RBC vertices next to the microbead bottom into the
rigid motion.

A typical bead response to an oscillating torque measured
in simulations is given in Fig. 2 b. The bead displacement
has the same oscillating frequency as the applied torque

per unit volume, but it is shifted by a phase angle f depend-
ing on the frequency. The phase angle can be used to derive
components of the complex modulus according to linear
rheology as

g
0!u" # DT

Dd
cos!f";

g00!u" # DT

Dd
sin!f";

(14)

where g0(u) and g00(u) are the two-dimensional storage and
loss moduli (G0 and G00 in three dimensions), and DT and
Dd are the torque and bead displacement amplitudes. Note
that under the assumption of no inertial effects, the phase
angle satisfies the condition 0 % f < p/2.

Fig. 3 presents components of the complex modulus
compared with the experimental data of Puig de Morales-
Marinkovic et al. (6). A good agreement of the membrane
moduli in simulations with the experimental data is found
for the bending rigidity kc # 4.8 $ 10%19 J and the mem-
brane viscosity hm# 0.022 Pa $ s. Note that this corresponds
to a bending rigidity that is two times larger than the widely
accepted value of 2.4 $ 10%19 J. In general, simulations for
various Young’s moduli and bending rigidities showed the
dependence of g0(u) ~ kc

0.65Y0
0.65. In Fig. 3, only the

membrane bending rigidity is varied, as the Young’s
modulus was obtained in the RBC stretching tests above.

The loss modulus appears to be independent of the RBC
elastic properties and is governed by the membrane
viscosity. The modeled g00 exhibits the exponent 0.85 with
respect to frequency, while the exponent 0.64 was observed
in the experiments. This discrepancy may result from both
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FIGURE 2 A setup of the TTC (a) and the characteristic response of a

microbead subjected to an oscillating torque (b).
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RBC membrane obtained from simulations for different membrane viscosi-

ties and bending rigidities in comparison with the experiments (6).
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wall-adhesion is modeled by keeping stationary 15% of
vertices on the RBC bottom, although other vertices are
free to move. The adhered RBC is filled and surrounded
by fluids having viscosities much smaller than the membrane
viscosity, and therefore, only the membrane viscous contri-
bution is measured. The microbead is simulated by a set of
vertices on the corresponding sphere subject to a rigid
body motion. The bead attachment is modeled by including
several RBC vertices next to the microbead bottom into the
rigid motion.

A typical bead response to an oscillating torque measured
in simulations is given in Fig. 2 b. The bead displacement
has the same oscillating frequency as the applied torque

per unit volume, but it is shifted by a phase angle f depend-
ing on the frequency. The phase angle can be used to derive
components of the complex modulus according to linear
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where g0(u) and g00(u) are the two-dimensional storage and
loss moduli (G0 and G00 in three dimensions), and DT and
Dd are the torque and bead displacement amplitudes. Note
that under the assumption of no inertial effects, the phase
angle satisfies the condition 0 % f < p/2.

Fig. 3 presents components of the complex modulus
compared with the experimental data of Puig de Morales-
Marinkovic et al. (6). A good agreement of the membrane
moduli in simulations with the experimental data is found
for the bending rigidity kc # 4.8 $ 10%19 J and the mem-
brane viscosity hm# 0.022 Pa $ s. Note that this corresponds
to a bending rigidity that is two times larger than the widely
accepted value of 2.4 $ 10%19 J. In general, simulations for
various Young’s moduli and bending rigidities showed the
dependence of g0(u) ~ kc
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0.65. In Fig. 3, only the

membrane bending rigidity is varied, as the Young’s
modulus was obtained in the RBC stretching tests above.

The loss modulus appears to be independent of the RBC
elastic properties and is governed by the membrane
viscosity. The modeled g00 exhibits the exponent 0.85 with
respect to frequency, while the exponent 0.64 was observed
in the experiments. This discrepancy may result from both
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Figure 4 | Simulations mimicking the experimental conditions. a, Simulation set-up with a RBC and four beads attached. Three beads (marked by crosses)
are used as handles via a harmonic potential, whereas the fourth probe bead (marked by a two-headed arrow) is either sinusoidally driven to measure the
mechanical response or left free to monitor its fluctuations. b, Illustration of a bead whose centre-of-mass is held in a harmonic potential. The harmonic
potential mimics the optical tweezer trap in experiments and assumes the same strength for this trap. c, Close-up of the membrane illustrating the
coarse-grained membrane network structure and the forces applied to mimic activity of a RBC. The local membrane mechanics includes shear and bending
moduli µ and  , respectively, and surrounding fluids of viscosity ⌘. The active forces at the membrane (indicated by red arrows) of amplitude F0 are applied
in the normal direction with equal probability inwards and outwards with respect to the membrane. Their kinetics is characterized by active and inactive
transition rates ki and ka. The green arrows correspond to the counteracting forces applied locally to the surrounding fluids representing force dipoles.
d, Comparison of the simulation results with the experimental measurements. Simulations with force dipoles (active) reproduce experimental
measurements of the response (rheo.) and fluctuations (fluct.) well. When activity is turned o� (passive), the FDT is recovered as in fully ATP-depleted
RBCs (Fig. 2a). Shaded areas denote s.d.

contributes to both bending and stretching fluctuations, whereas
metabolic shear modulus fluctuations µlm(t) in an isolated network
generate direct active forces both in the tangential and normal
directions. When the network is coupled to the bilayer, however,
we predict the local bilayer incompressibility to systematically
cancel the direct active normal force and we end up with an
additional active source of noise for the stretching modes only,
ZA

lm(t) = (0,⌦A
lmµlm(t)). This is, therefore, in contrast to previous

phenomenological active models based on the existence of a direct
active normal force16,42. Tangential metabolic noise nevertheless
perturbs normal membrane motions via the curvature-mediated
coupling between bending and stretching modes (non-diagonal
components of the matrix Wlm). This e�ect is dampened by the
friction between the bilayer and the network, and therefore depends
critically on the tangentially fluid character of the bilayer. The
membrane shape fluctuation spectrum for each spherical harmonic
(l ,m) can be calculated in Fourier space as a sum of the dissipative
part of the response function � 00

lm(f ) and this active contribution

Clm(f )= 2kBT
2⇡f

� 00
lm

�
f
�+ 2 hnai(1�hnai)⌧a

1+�
2⇡f ⌧a

�
��Nlm(f )

��2 (3)

where Nlm(f ) captures the complex mode- and frequency-
dependent propagation of tangential active noise into membrane
shape fluctuations. The deviation from FDT is characterized by an
active timescale ⌧a =(ka +ki)�1, which controls the frequency below
which a departure from equilibrium is observed for a specific mode

(l ,m): for active timescales much lower than the typical membrane
relaxation frequency |Wlm|, the membrane does not have time to
move and the metabolic activity is ine�ective, whereas for larger
active timescales the FDT violation increases and finally saturates
at a value set by the maximum energy input in the system (see
Supplementary Fig. 6). We calculate the fluctuation spectrum C(f )
as a sum over the relevant modes (l �2,�l m l) and predict a
violation of FDT for non-zero metabolic activity hnai(1�hnai)>0
and for a prestressed spectrin network ⇠ >1,S>0, in agreement
with previous hypotheses42,43. In contrast, we find here that the
violation vanishes for flat membranes (R! 1). The membrane
curvature is therefore a key feature for propagating tangential
spectrin activity into normal shape motions, and we predict an
increase of active fluctuations with membrane curvature, which
may explain the higher fluctuations recently measured along
the rim of the RBC compared to its central region15,24. To fit the
experimental data for rheological tests we use typical mechanical
parameters for the RBC that have been either experimentally
measured or estimated in simulations, and four fitting parameters
(see Supplementary Table): the active rates ka = 1.12 s�1 and
ki = 5.6 s�1, leading to a mean fraction of active sites hnai ⇡ 17%,
the network prestretch ⇠ =1.04, controlling both passive and active
spectrin mechanics, and the lipid bilayer excess area 1 ⇡ 1.9%,
which determines the bilayer tension56,57 (see Supplementary
Information p29–31). Our model shows excellent agreement with
the passive response of the membrane and can reproduce the active
fluctuation spectrum (Fig. 3d). A broader distribution of active
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Equilibrium fluctuations

with our DPD model for RBC traversal across a 4 lm
wide channel. Three time scales can be identified:

! (Frames 1–2) the time required for the cell to go
from its undeformed state to being completely
deformed in the channel;
! (Frames 2–3) the time it takes the cell to tra-

verse the channel length, and
! (Frames 3–4) the time for complete egress from

the channel.

Here, the cell undergoes a severe shape transition
from its normal biconcave shape to an ellipsoidal
shape with a longitudinal axis up to 200% of the
average undeformed diameter. Figure 2c illustrates
how the longitudinal axis of the cell, measured at the
center of the channel, changes with different channel
widths. Experimental and simulated longitudinal axes
typically differ not more than 10–15%. During such
large deformation, the RBC membrane surface area
and volume are assumed to be constant in our DPD
model. However, the model allows for local area
changes during passage through the channel. The
contours presented in Fig. 2b show the evolution of
such local gradients in area expansion. These results
indicate that, for the smallest length scales, the leading
edge of the cell deforms significantly as the cell enters

the constriction and deforms further as the cell tra-
verses the channel. As expected, little area expansion is
seen during flow through the 2.7 lm high 9 6 lm wide
channel. The local stretch of the underlying spectrin
network scales with the square root of local area
expansion. Therefore, this information may be used to
estimate the maximum stretch of the spectrin network
at any point during this traversal process. This result is
shown in Fig. 2d for the channel widths used in the
experiments. For the smallest width channels, the
maximum stretch increases to k " 1:6:

In Fig. 2e, we compare these shape characteristics to
the results of other meso-scale modeling approaches,
such as the multiparticle collision dynamics (MPC)
models presented by McWhirter et al.15 Here, the
deviation of the RBC shape from that of a sphere is
quantified by its average asphericity Æaæ, where Æaæ = 0
for a sphere and Æaæ = 0.15 for an undeformed disco-
cyte. In larger vessels, the asphericity approaches 0.05
as the cell assumes its well-known parachute-like
shape.15 Our DPD scheme, when used to model flow in
larger vessels, indicates a similar trend as shown in
Fig. 2e. However, in the narrowly constricted chan-
nels, the average asphericity increases significantly
greater than previously known. Thus, our computa-
tional model is capable of capturing a range of shape
deviations in large and small vessels, which correlate
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FIGURE 2. Shape characteristics of RBC traversal across microfluidic channels: (a) experimental (left) and simulated (right)
images of erythrocyte traversal across a 4 lm wide, 30 lm long, 2:7 lm high channel at 22 !C and an applied pressure difference of
0:085 kPa; (b) local area expansion contours for an RBC traversing a 3 lm and 6 lm wide (h 5 2.7 lm) channel under
DP # 0:085 kPa; (c) measured and simulated cell lengths at the center of the microfluidic channel for varying channel widths;
(d) estimated maximum stretch ratios of RBC spectrin network (simulation results); and (e) asphericity index as the cell passes
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height and width dimensions are indicated. Vertical dashed lines in (d) and (e) indicate locations of channel entrance and exit.
Horizontal dashed line in (e) indicates the stress-free, resting asphericity of a normal RBC (a 5 0.15).
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well with experimental measurements for the smallest
length scales.

Pressure–Velocity Relationship

Figure 3a shows pressure–velocity relationships for
RBC flow across channels of different cross-sectional
dimensions. Local average pressure differences are
inferred from the velocity of neutrally buoyant beads,
which are mixed with our RBC suspensions. The
experimentally measured average bead velocities are
translated to pressure differences using known ana-
lytical solutions for flow in rectangular ducts as well as
the results of a computational fluid dynamics study.
(Complete details of these steps are provided in the
Supplemental Material.) Average cell velocity mea-
surements are taken between the point just prior to the
channel entrance (the first frame in Fig. 2a) and the
point at which the cell exits the channel (the final frame
in Fig. 2a). As such, the time scale examined in these
studies is a combination of entrance times, traversal,
and exit times. These individual time scales are plotted
in Fig. 3b.

The DPD model adequately captures the scaling
of flow velocity with average pressure di!erence for
4–6 lm wide channels. The significant overlap in the
experimental data for 5–6 lm wide channels can be
attributed largely to variations in cell size and small
variations in channel geometry introduced during their
microfabrication. The relative e!ects of these varia-
tions are the subject of a sensitivity study we present at
the end of this section; the variations are illustrated
here as error bars on DPD simulation results for select
cases. For the smallest channel width of 3 lm, the
experimentally measured velocities are as much as half
that predicted by the model. This may be attributed to
several factors, including non-specific adhesive inter-
actions between the cell membrane and the channel
wall due to increased contact. Furthermore, this
3! 2:7 lm "8:1 lm2# cross-section approaches the
theoretical 2:8 lm diameter "6:16 lm2# limit for RBC
transit of axisymmetric pores.5 Therefore, very small
variations in channel height (due, for example, to
channel swelling/shrinking due to small variations in
temperature and humidity) can have significant effects.
Thus, this geometry may be taken as a practical limit
of the current modeling scheme for the chosen level of
discretization (500 ‘‘coarse-grained’’ nodes, see Pivkin
and Karniadakis21). In addition, while the total tra-
versal time scales are in close agreement, the data
presented in Fig. 3b indicates that the DPD model
typically over-predicts the relative amount of time the
cell requires to enter the channel constriction. This can
be attributed in part to the use of periodic inlet/outlet
boundary conditions, which do not allow for an

accurate characterization of the incoming fluid
momentum. This is clear when examining the sensi-
tivity of the simulated time scales to the size of the
modeling domain. Doubling the length of the wide part
of the channel (results noted in Fig. 3b) effectively
increases the momentum of the fluid and cell as the cell
enters the channel, leading to a decrease of the char-
acteristic entrance time but having little effect on the
transit and exit times. It is also possible that there is a
physical basis for this discrepancy between relative
contributions of the cell entrance time. For example, at
such high rates of deformation (up to 200% overall
stretch in approximately 0.2 s), the RBC might
undergo an active reorganization of its spectrin
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Flow through stenotic channel

noticed that parachutes are also stable for weak or no con!ne-
ment when the curvature of the parabolic "ow in the center
exceeds a critical value.9,36 At weak con!nements, we !nd o!-
center slippers with tank-treading motion for higher "ow rates,
and discocytes with tumbling motion for lower "ow rates. Both
regions arise from the transition from strongly deformed
parachute to more relaxed (discocyte and slipper) shapes,
similar to the transition seen in the diagram for 2D vesicles.9,10

However, the boundary between slippers and discocytes is
governed by the critical shear rate _g*

ttt of the tumbling-to-tank-
treading transition of a RBC;37,38 tumbling occurs o! the tube
center, when the local shear rate drops below _g*

ttt. In the case of
small viscosity contrast between inner and outer "uids (equal to
unity here), the origin of the tumbling-to-tank-treading transi-
tion is the anisotropic shape of the spectrin network, which
requires stretching deformation in the tank-treading state,37,38

and therefore cannot be captured by simulations of 2D vesicles.
In addition, near the tumbling-slipper boundary, tumbling

motion of a RBC exhibits a noticeable orbital dri! so that the
tumbling axis is not !xed and oscillates in the vorticity direction
(see Movie S2†). This e!ect is qualitatively similar to a rolling
motion (also called kayaking) found in experiments39 and in
simulations40 of a RBC in shear "ow. Orbital oscillations of a
tumbling RBC are attributed to local membrane stretching
deformation due to small membrane displacements whose
e!ect becomes reduced if a RBC transits to a rolling motion.39

At small shear rates _g*, there also exists a so-called snaking
region, !rst observed for 2D vesicles in ref. 9 and 10, where a
RBC performs a periodic oscillatory motion near the center line.
In contrast to snaking in 2D, the snaking motion in 3D is fully
three dimensional and exhibits an orbital dri! (see Movie S1†),
which is similar to that for a RBC rolling motion in shear "ow
occurring in a range of shear rates between RBC tumbling and
tank-treading.39,40 The origin of orbital oscillations in the
snaking regime might be similar to that for a rolling RBC;
however, this issue requires a more detailed investigation. Note
that at very low _g* ( kBT/kr, the rotational di!usion of RBCs
becomes important, and RBC dynamics is characterized by
random cell orientation. Another striking di!erence between
the phase diagrams in Fig. 2 and in ref. 9 and 10 is that at high
con!nements the “con!ned slipper” found in the 2D vesicle
simulations is suppressed in 3D. The con!ned slipper in 2D
found for c T 0.6 is qualitatively similar to a slipper at low
con!nements, which is also called “uncon!ned slipper” in ref. 9
and 10, since this vesicle state exists in unbound parabolic "ow.
Note that the regions of con!ned and uncon!ned slippers in 2D
have no common boundary. The absence of slippers at high
con!nements in 3D is due to the cylindrical shape of a channel,
which would cause the con!ned slipper to conform to the wall
curvature, which is energetically unfavorable.

To better understand the di!erences between various RBC
states, we now analyze the cell orientational angle, displace-
ment from the channel center, and asphericity. The RBC
orientational angle is de!ned as an angle between the eigen-
vector of the gyration tensor corresponding to the smallest
eigenvalue (RBC thickness) and the tube axis. The RBC
displacement r is computed as a distance between the RBC
center of mass and the tube center. The RBC asphericity char-
acterizes the deviation of a cell from a spherical shape and is
de!ned as [(l1 ! l2)2 + (l2 ! l3)2 + (l3 ! l1)2]/(2Rg

4), where l1 #
l2 # l3 are the eigenvalues of the gyration tensor and Rg

2 " l1 +

Fig. 1 Simulation snapshots of a RBC in !ow (from left to right) for c " 0.58. (a) A biconcave RBC shape at _g* " 5; (b) an o"-center slipper cell
shape at _g* " 24.8; and (c) a parachute shape at _g* " 59.6. See also Movies S1–S4.†

Fig. 2 A phase diagram for G " 2662 (Yr " 18.9# 10!6 N m!1, kr " 3#
10!19 J), which mimics average membrane properties of a healthy
RBC. The plot shows various RBC dynamics states depending on the
!ow strength characterized by _g* and the con#nement c. The symbols
depict performed simulations, with the RBC states: parachute (green
circles), slipper (brown squares), tumbling (red diamonds) and snaking
(blue stars) discocytes. The phase-boundary lines are drawn sche-
matically to guide the eye.

4262 | Soft Matter, 2014, 10, 4258–4267 This journal is © The Royal Society of Chemistry 2014
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Flow in cylindrical μ-channels
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shear !ow, as it leads to a transition from tank-treading to tumbling with increasing viscosity20,21. By altering 
the viscosity contrast, we demonstrate the importance of RBC dynamics within the device when attempting 
to use DLD as a technique for RBC separation. In addition to viscosity contrast C =  5 between the intra- and 
extra-cellular !uids, simulations and experiments were carried out at C =  1 and C =  0.25 for the thick device, and 
C =  2 for the thin device. In the experiments, the viscosity of the outer !uid is increased by adding dextran at var-
ious concentrations. Note that the di"erent choice of C =  1 and C =  2 for the thick and thin devices, respectively, 
is due to pronounced adsorption (or sticking) of RBCs to the upper and lower walls, which occurs in the con#ned 
environment of the thin device for the higher dextran concentrations required to reach a viscosity contrast less 
than C =  2.

$e lateral displacement per post l of the trajectories under these additional viscosity contrast conditions are 
shown in Figs%3(b) and 4(b). Simulations were #rst used to predict which sections display interesting behavior, 
and these sections were then investigated experimentally in order to validate results. For both C =  1 and C =  0.25 
in sections 1–4 of the thick device, the change in viscosity contrast completely inhibits lane-swapping events. 
$is substantial shi& away from behavior in the physiological case of C =  5 may be attributed to a change in RBC 
dynamics which will be discussed later. In subsequent sections, there is a transition to almost neutral zig-zag 
modes, with a gradually increasing tendency to adopt an average negative lateral displacement towards the later 
sections of the device. In the sections following the transition, the zig-zag modes at C =  0.25 are slightly more 
positive than those for the C =  1, but the l values for both cases converge in the last two sections of the device. $is 
suggests a small di"erence in dynamic behavior which is only relevant in deciding the lane swapping frequency in 
the middle sections of the device. Generally, we see good agreement between experimental and simulated results, 
the main di"erences occur in the later sections of the device which we attribute to a distortion of the !ow #eld 
when in close proximity to the device outlet. $e di"erence between the trajectories in the early sections at viscos-
ity contrast C =  5 compared with those at C =  1 and C =  0.25 demonstrates the importance of viscosity contrast 
for RBC sorting since it may dramatically alter the transit modes.

Figure%4(b) shows that the viscosity contrast also plays an important role in the transit of RBCs through 
the thin device. For a viscosity contrast of C =  1, the simulated RBC trajectories undergo a transition from the 
displacement mode to zig-zag mode only at section 10, while for C =  5 the transition occurs earlier, at section 8. 
Additionally, for the intermediate viscosity contrast of C =  2, the transition to zig-zag modes occurs in the same 
section as for C =  5. Well-de#ned zig-zag modes follow the transition, with a region of positive zig-zag modes 
in sections 8–10. $e l values in sections 8–10 are more positive than for the physiological contrast C =  5, and 
represent a behavior intermediate between the C =  5 and simulated C =  1 values. Generally, we see good agree-
ment between simulated and experimental results, as again we have to consider the potential e"ects of RBC-size 
variations which we already presented in Fig.%5.

$ere are also di"erences in the average lateral displacement per post encounter for the viscosity contrasts 
C =  1 and C = 2–5 in later sections of the device, which are especially pronounced in section 11. $ese results 
suggest that changes in RBC dynamics and deformation are still relevant in the thin device and that their e"ects 
are most pronounced on well-established zig-zag modes. As a conclusion, our results suggest that the viscosity 
contrast could be used as a targeted separation parameter by itself without other changes in RBC properties.

RBC dynamics in DLDs. $e dependence of the transit modes of RBCs traveling through DLD obstacle 
arrays on viscosity contrast has revealed the importance of RBC dynamics. Single RBCs in shear !ow have been 
shown experimentally to tumble at low shear rates and tank-tread at high shear rates18,19,22,23. Note that all these 
experiments have been performed under the conditions where the viscosity of suspending media was larger than 
that of the RBC cytosol. However, recent experiments20 and simulations21 indicate that the physiological viscosity 
contrast of ! != =C / 5i o  suppresses the tank-treading motion of RBCs, leading to the preference for RBC tum-
bling. In case of 1 –C 2 3, RBC membrane tank-treading is possible and the transition between tumbling and 
tank-treading for an increasing shear rate is attributed to the existence of a RBC minimum energy state, related to 
the weakly anisotropic shape of the spectrin network, such that the RBC has to exceed a certain energy barrier in 

Figure 6. Stroboscopic images of RBCs in section 2, taken from simulations and experiments. (a) RBC lane 
swapping is promoted by tumbling when ! != =C / 5i o . (b) Tank-treading type dynamics occurs at C =  1 and 
the RBC favors the displacement mode.

Henry et al., "Sorting cells by their dynamical properties", Scientific 
Reports, 2016.

Flow in microfluidics device (DLD)

Movie S3. Simulation of MS-RBCs under shear flow at H ! 0.1. High shear rate of _! ! 4.0 s!1 results in essentially no rouleaux structures. Normal movie
speed.

Movie S3 (MOV)

Movie S4. Simulation for computing themaximum force needed to break up two aggregated RBCs. The breakup pulling force in the normal direction is equal
to about 7 pN with a uniform RBC-RBC separation.

Movie S4 (MOV)

Movie S5. Simulation for computing themaximum force needed to break up two aggregated RBCs. The breakup pulling force in the normal direction is equal
to about 3 pN with a peeling breakup.

Movie S5 (MOV)

Fedosov et al. www.pnas.org/cgi/doi/10.1073/pnas.1101210108 7 of 8

and without aggregation, rouleaux formation and magnitude of
aggregation forces, yield stress, and themicro-to-macro link in ES.

In Silico Versus in Vitro Blood Viscosity. The experimental bulk visc-
osities of well-prepared nonaggregating ES and of whole blood
were measured for various hematocrit values (H) at physiological
temperature 37 °C in refs. 1–3. The blood viscosity in our work
was derived from simulations of plane Couette flow using the
Lees–Edwards periodic boundary conditions for both the MS-
RBC and the LD-RBC suspensions. The shear rate and the cell
density in our simulations were verified to be spatially uniform on
average over time, and the viscosities were computed, with and
without aggregation, as functions of the shear rate over the range
0.005–1;000.0 s!1 (this corresponds to the range of dimensionless
shear rate or capillary number !_"D"Y between 2.5 ! 10!6 and 0.5,
where ! is the solvent viscosity, D is the RBC diameter, and Y is
the membrane Young’s modulus). Fig. 1A shows the relative visc-
osity (RBC suspension viscosity normalized by the viscosity of the
suspending media) against shear rate at hematocrit H ! 45%.
The MS-RBC model predictions are in excellent agreement with
the blood viscosities measured in three different laboratories
(1–3). The ES model, consisting only of RBCs in suspension,
clearly captures the effect of aggregation on the viscosity at low
shear rates and suggests that cells and molecules other than RBCs
have little effect on the viscosity, at least under healthy condi-
tions. The LD-RBC model underestimates somewhat the experi-
mental data, but is generally in good agreement over the whole
range of shear rates, and again demonstrates the effect of aggre-
gation. The agreement is remarkable in view of the simplicity and
economy of that model. Errors in simulated viscosities shown in
Fig. 1A are approximately 30% for the shear rate _" ! 0.014 s!1
and decrease rapidly with the increase of _", becoming about 1–3%
at high shear rates.

The dependence of whole blood and ES viscosity on hemato-
crit is demonstrated in Fig. 1B. The curves are measured viscos-
ities as a function of H at constant shear rate by Chien et al. (2),
and the points are calculated with the LD-RBC model. The plot
clearly shows how the latter captures the (hematocrit) H depen-
dence on viscosity, and that the model again demonstrates aggre-
gation to be crucial for a quantitative account of the difference
between the viscosity of whole blood and that of washed ES.

Recent attempts in modeling (24, 25) of two-cell and multiple-cell
aggregates (17) simulated only their flow behavior. Specifically, in
ref. 17, the link of viscosity to RBC aggregation was investigated,
but the viscosity predictions failed to capture the steep rise of that
function at low shear rates.

Reversible Rouleaux Formation.The formation of rouleaux in blood
occurs in equilibrium and at sufficiently small shear rates,
whereas large shear rates result in immediate dispersion of fragile
RBC structures. Experimentally, aggregation is observed (1, 4,
26) to be a two-step process: the formation of a few RBCs into
short linear stacks, followed by their coalescence into long linear
and branched rouleaux. As the shear rate increases, the large
rouleaux break up into smaller ones, and at higher values, the
suspension ultimately becomes one of monodispersed RBCs (27).
This process then reverses as the shear rate is decreased.

This typical formation–destruction behavior of rouleaux is con-
sistent with the results of our simulations using both the LD-RBC
and the MS-RBC models as shown in Fig. 2 (see SI Text). At low
shear rates (left frames), the initially dispersed RBCs aggregate
into large rouleaux of up to about 20 RBCs; as the shear rate is
increased to moderate values (middle frames), these structures
are reduced in size until at high rates (right frames) they are dis-
persed almost completely into individual RBCs. Reversibility is
demonstrated by reduction of the shear rate to the formation
value, at which point individual RBCs begin to reaggregate.

Yield Stress and Aggregation. Whole blood is believed to exhibit a
yield stress (i.e., a threshold stress for flow to begin) (1, 10, 11),
but this has been difficult to confirm experimentally or theoreti-
cally. The most reproducible yield stresses for whole blood are
those extrapolated to zero shear rate from viscometric data on
the basis of Casson’s equation given by (28)

#1"2xy ! #1"2y " !1"2 _"1"2; [1]

where #y is a yield stress and ! is the suspension viscosity at large _".
Note that when the yield stress #y vanishes, Eq. 1 reduces to the
Newtonian liquid. The assumptions of Casson’s relation appear
to hold at least at low shear rates, which was successfully demon-
strated for pigment-oil suspensions (28), Chinese ovary hamster

A B 2
2

Fig. 1. Validation of simulation results for whole blood and Ringer ES. (A) Plot of non-Newtonian relative viscosity (the cell suspension viscosity normalized by
the solvent viscosity) as a function of shear rate at H ! 45% and 37 °C. Simulated curves of this work, as indicated and experimental points as follows: Whole
blood: green crosses, Merril et al. (1); black circles, Chien et al. (2; black squares, Skalak et al. (3). Ringer ES: red circles, Chien et al. (2); red squares, Skalak et al.
(3). Error bars on the MS-RBC viscosity curves reflect one standard deviation and each point on the simulated curves corresponds to a single simulation. (B) Plot
of relative viscosity as a function of hematocrit (H) at shear rates 0.052 (black) and 5.20 (blue) s!1: simulated (LD-RBC points), and Chien et al. (2) experimental
fits for whole blood (solid lines), and Ringer ES (dashed lines).

Fedosov et al. PNAS # July 19, 2011 # vol. 108 # no. 29 # 11773
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The recovery length is estimated to be DL E 60 mm downstream
of the constriction, and is expected to be longer as flow rate
increases.

Fig. 3 shows the spatial distribution of RBCs at the inlet, in
the middle and downstream of a 75% constriction. The profiles
downstream are considered at the outlet of constriction and at
x = 160 mm. This result shows that geometrical constriction
coupled with deformability of RBCs can enhance the cell-free
layer (CFL) for a fixed flow rate (e.g., CFL thickness d E 2.5
micron at inlet as opposed to E5.0 micron at outlet). Similarly,
geometrical focusing of RBCs towards the center of the micro-
channel was observed experimentally by Faivre et al.15 As cells
move further downstream of the channel, the upstream CFL
thickness will be recovered due to the RBC pair collisions and
lateral migration. We also note that RBC concentration drops at
the center of constriction, which is caused by the increase in
RBC velocities. Further, the CFL thickness drops as the channel
narrows down (d E 0.4 micron at the throat of the constriction).
In the following sections we present the results on the platelet
distributions and transport with the presence of the constriction.

3.1 Cell distributions

To obtain the profiles in Fig. 3–8, first DPD simulations were
performed long enough (for t* E 4000 DPD time units or E0.72 s)
to achieve steady state conditions, where no more variations in

velocity and hematocrit profiles were detected. Sampling of
RBCs and platelets concentration was performed for the last
Dt* E 400, and these time-averaged concentration profiles

Fig. 2 (a) Snapshot of the blood simulation in a microchannel with 75% degree constriction. The channel height is 30 mm, and blood is at 25%
hematocrit. Red cells represent the deformable red blood cells and black ellipsoidal cells are nondeformable platelets in their resting form. Following
Yazdani et al.,37 the driving body force is the non-uniform pressure gradient derived from numerical solution Navier–Stokes equation at Re = 0.35 for the
same geometry (video for this simulation is provided in ESI†). (b) Left: Velocity contours and streamlines for the flow of blood in the 75%-constriction
microchannel; right: profiles of streamwise velocity component at five different locations along the microchannel length specified by the same colors. A
plug-like velocity profile is achieved for the blood except at the throat.

Fig. 3 Profiles of RBC concentration (hematocrit) at di!erent locations
along the 75% constriction (inlet, middle and outlet) as well as further
downstream of the constriction (red dashed line considered at x = 160 mm).
Here, the average hematocrit of blood is 25%.
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Platelet transport

To look in more detail into the transitions between
different states, we have computed RBC total energy, as
shown in Fig. 3(a) for a RBC with ! ! 5 from YALES2BIO
simulations. As expected, the RBC total energy is a
monotonically increasing function of shear rate, because
the cell gets more and more deformed by the shear forces.
However, we observe effective power laws with decreasing
exponents as we go from one dynamic state to the other,
as shown by the lines in Fig. 3(a). This implies that RBCs
adopt an energetically more favorable dynamics, even
though no energy minimum principles can be invoked
here. Therefore, there are no simple energy arguments
which could explain the existence of the shapes and
transitions at specific _"".
To identify transition mechanisms between different

shapes and dynamics, we monitor RBC behavior for

increasing _"". First, a TB-RBC in shear flow transits to
a rolling discocyte at low shear rates. Here, a precession in
the TB axis (i.e., the TB axis does not remain within the
shear plane) is first observed, followed by a complete
alignment of the RBC axis with the vorticity direction as
the shear rate is increased [10–12]. This transition has been
described for ! < 1 [10], and therefore, it is expected to
have the same origin for ! larger than unity.
As the shear rate is further increased at ! ! 5, a rolling

discocyte transits to a rolling stomatocyte. This transition
might occur due to membrane buckling, but it is difficult to
observe and confirm this effect directly in shear flow.
Therefore, we consider two types of cell deformation
(stretching and compression), which occur in shear flow.
To mimic the elongational component of the flow, a RBC is
stretched (without flow) [28,33] similar to the RBC
deformation by optical tweezers [39,40]. Even for very
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FIG. 2. Shapes and dynamics of RBCs in shear flow as a
function of _"" and !. Different areas, representing rolling
discocyte, rolling stomatocyte, TB stomatocyte, TT, and multi-
lobes, are based on simulation results, where dashed lines serve as
a guide to the eyes. Two sets of simulations are denoted by
triangles (SDPD) and circles (YALES2BIO). The colors indicate
RBC shape or dynamics. All simulation data are for Föppl-von
Kármán number # ! $D2=% ! 680. The two sets of circles at
! ! 5.3 and ! ! 8.3 correspond to simulations at ! ! 5 and ! ! 8,
respectively, and are just shifted up in the diagram for visual
clarity. The square symbols (! ! 8) correspond to experiments
from Ref. [22], the plus symbols (! " 1) to data from Ref. [10],
and the crosses (! < 1) to data from Ref. [38]. Diamond symbols
(! ! 1 and ! ! 5—shifted down to 4.7) represent most probable
states from our microfluidic experiments, since no unique state,
but a distribution of different states is obtained for fixed flow
conditions, see distributions in Fig. S1. All experimental shear
rates are normalized by & based on average RBC properties (i.e.,
D ! 6.5 ! 10#6 m and $ ! 4.8 ! 10#6 N=m).

FIG. 3. Transition between different shapes and dynamics at
! ! 5. (a) Change in RBC total energy, including shear and
bending elasticity, from YALES2BIO simulations as a function of
shear rate. (b) Change in shear elasticity and bending energies
of a RBC compressed between two plates in SDPD simulations.
The cell buckles from a discocyte to a stomatocyte shape, when
the distance between plates becomes approximately 6.3 $m (see
movie S5).

PHYSICAL REVIEW LETTERS 121, 118103 (2018)

118103-3

Mauer et al., "Flow-Induced Transitions of Red Blood Cell Shapes under 
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Flow induced shape transitions



In this study, we integrate RBC models and DPD flow simulations with experimental data under a Bayesian UQ
framework. We infer the posterior distributions for the RBC model parameters given multiple experimental data
sets for cells under stretching and in shear flow. We construct single-level and hierarchical Bayesian models, and
compare their posterior distributions to assess the transferability of the model parameters between different types of
experiments. Following the Bayesian framework, we propagate the parameter uncertainty in the model output and
compare the single-level and hierarchical Bayesian model predictions. Finally, we test the predictive capabilities
of the Bayesian models on unseen data, for the prediction of the equilibrium shape thickness and the inclination
angle of RBCs in shear flow. The paper is structured as follows: Section 2 introduces the computational methods
related to the RBC and fluid modeling, the UQ framework, the Surrogate models used to alleviate the computational
cost, and the computational setups. Sections 3 and 4 present the results of the single-level and hierarchical Bayesian
inference respectively. Section 4.2 discusses the transferability of the model between experiments, and Section 5
gives a summary and concluding remarks.

Table 1. Summary of RBC mechanical properties used in the literature. T is the temperature, µ0 is the shear
modulus, kb is the bending rigidity, hm/hHb is the ratio of membrane-to-hemoglobin viscosities. Parameters that
were not included in the employed models are denoted with a dash (�). If no information was provided, we label the
corresponding entry with n.a., i.e. not available.

Application T (�C) µ0 (µN/m) kb (10�19 J) hm/hHb
single RBC

Stretching20 23 6.30 2.40 �
TTC and shear flow19 23 6.30 4.80 4.4
Cylindrical µ-channel flow24 37 4.83 3.00 n.a.
Equilibrium70 23 2.42 1.43 22.2
DLD device34 37 4.83 3.00 n.a.
Dynamic morphologies in shear44 37 4.83 3.00 n.a.
Flow-induced shape transitions49 37 4.80 3.00 0

multiple RBCs
Cell-free layer21 23 4.59 2.40 18.3
Pf-malaria biophysics22 37 6.30 2.40 n.a.
Blood viscosity prediction23 37 4.82 3.00 12.0
Platelet transport76 27 4.50 2.98 n.a.

2 Methods

We consider the coarse-grained RBC model described in Section 2.1.1. This model has seven parameters, of which
two are related to global area and volume constraints. Their values are set to be large enough such that these
constrains are met24. The effect of the local area constraint is not studied in order to reduce the computational cost
associated with the introduction of an additional parameter in the UQ, and we assume local area incompressibility as
well. The remaining four parameters are the equilibrium-to-maximum spring length (l0 j/lm j ), the spring constant
(ks), the bending energy coefficient (kb) and the membrane viscosity (hm). These parameters can be grouped into
four dimensionless quantities, which we specify in Section 2.4. The posterior distribution for these quantities is
inferred through the Bayesian UQ framework as described in Section 2.2. The inference is performed using sampling
methods, involving a large number of model evaluations. Due to the high computational cost associated with each
model evaluation, we construct an offline surrogate for the RBC model using Gaussian Processes (GP) (Section 2.3).
The experimental data sets and details regarding the simulation setups are described in Section 2.4.

3/39

Different parameters for different experiments

Economides, A., Arampatzis, G., Alexeev, D., Litvinov, S., Amoudruz, L., Kulakova, L., Papadimitriou, C. and Koumoutsakos, P., 2021. 
Hierarchical Bayesian Uncertainty Quantification for a Model of the Red Blood Cell. Physical Review Applied, 15(3), p.034062.
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1. Blood model 

2. Hierarchical Bayesian inference 

3. Transferability of the calibrated model



Blood Model



Basic constituents of blood: 
• red blood cells 
• plasma

Red Blood Cells 
- viscoelastic membrane 
- no nucleus 
- constant area & volume

Plasma 
- 95% water 

modeling requirements: 
- incompressible fluid 
- Newtonian fluid

RBC 
membrane 

particles

solvent 
particles

Dissipative Particle Dynamics (DPD)

Particle-particle interactions

6

FDPD

FFSI

Fcell

Fwall• cell-cell (internal) 
• cell-cell (external)

• wall-solvent 
• wall-cell

Interaction types:

• solvent-solvent 
• solvent-cell

Blood model



Fluid model: Dissipative Particle Dynamics

Dissipative Particle Dynamics forces 

    

 

fi =
N

∑
j=1

fC
ij + fD

ij + fR
ij

fC
ij = aw(rij)eij,

fD
ij = − γwD(rij)(eij ⋅ vij) eij,

fR
ij = σξijwR(rij)eij

hydrostatic pressure

viscosity

fluctuations

Newton motion 
    ·ri = vi,

·vi =
1
m

fi,

Fluid represented by particles 
    
Positions , 
Velocities , 
Mass 

ri
vi

m

Wall surface

Frozen particlesBounce-back



RBC membrane model

Shear Energy 

 

    with respect to  
    stress-free shape  
    of reduced volume :

Es =
Kα

2 ∮ (α2 + a3α3 + a4α4) dA0 + μ∮ (β + b1αβ + b2β2) dA0

v
Lim et al. 2008. Soft Matter, 4.

Area and Volume penalization 

 ,       EA = kA
(A − A0)2

A0
EV = kV

(V − V0)2

V0

Fedosov, et al. 2010. Biophysical Journal, 98(10), 2215–2225.

Dissipation forces 

   fvisc
i = − ∑

j

γ (vij ⋅ eij) eij

Fedosov, et al. 2010. Biophysical Journal, 98(10), 2215–2225.

Bending Energy 

   Eb = 2κb ∮ H2dA

Jülicher, F. 1996. Journal de Physique II, 6(12), 1797–1824.



Bayesian Inference

prediction error equation 

likelihood

posterior

Bayes’ 
Theorem

prior

evidence

p(# | d) = p(d |#) p(#)
p(d)

d = f(x |#) + ✏

✏ ⇠ N (0,�n)

p(# | d) = p(d |#) p(#)
p(d)

likelihood
posterior

Which parameter values 
can best explain the data?

Result: a distribution over the parameters of the model

OutputInput

Computational Model 
with Parameters, #

f(x |#)

compare with data

Data, d



Hierarchical Bayesian model



The need to combine multiple datasets
Different individuals  

= 
different RBCs

Different experiments  
= 

different sensitivity to 
parameters

Elastic parameters

Elastic + Viscous parameters

More data 
= 

less uncertainty

ϑ

p(ϑ |D)

ϑ

p(ϑ |D)

more data



Single-cell experimental data: 7 data sets

Fext

Dax

Dtr

Mills, J. P., et al. "Nonlinear elastic and viscoelastic 
deformation of the human red blood cell with optical 
tweezers." Molecular & Cellular Biomechanics 1.3 (2004): 
169.

Suresh, Subra, et al. "Connections between single-cell 
biomechanics and human disease states: gastrointestinal 
cancer and malaria." Acta biomaterialia 1.1 (2005): 15-30.

Stretching

hmax hmin

D

Evans, Evan, and Yuan-Cheng Fung. "Improved 
measurements of the erythrocyte geometry." 
Microvascular research 4.4 (1972): 335-347.

Equilibration

t

Dax

Dtr
tc

Hochmuth, Robert M., P. R. Worthy, and Evan A. Evans. "Red 
cell extensional recovery and the determination of membrane 
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Hierarchical statistical model
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Inferring the parameters
p(ψ |D) =

p(D |ψ)p(ψ)
p(D)

p(D |ψ) =
N

∏
i=1

∫ p(Di |θi)p(θi |ψ)dθi,

=
N

∏
i=1

∫
p(Di |θi)p(θi |ψ)

p(θi |Di)
p(θi |Di)dθi,

=
N

∏
i=1

p(Di |ℳi)∫
p(θi |ψ)

p(θi)
p(θi |Di)dθi,

≈
N

∏
i=1

p(Di |ℳi)
1
NS

NS

∑
k=1

p(θ(k)
i |ψ)

p(θ(k)
i )

, θ(k)
i ∼ p(θi |Di)

Wu et al. ASCE-ASME J Risk and Uncert in Engrg Sys, 2019. 

1. Compute posterior for each dataset separately 
2. Use the samples to estimate the likelihood

Sampling with TMCMC, 50’000 samples

https://github.com/cselab/korali



From samples to observables

Stress-free state 
generation Equilibration Stretching Relaxation

hmax hmin

D

Fext

Dax

Dtr

t

Dax

Dtr
tc

(v, μ, FvK, b2, ηm, Fext)

Dax, DtrD, hmin, hmax tc



Offline surrogate to accelerate inference
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Relaxation

Equilibration

Feed-forward Neural Networks,  
3 hidden layers of 32 neurons 
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Posterior distribution
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Model predictions on the calibration data sets
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Transferability of the model 
Prediction on previously unseen data



Single cell in straight micro-tube
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Tomaiuolo, Giovanna, et al. "Red blood cell deformation in microconfined flow." Soft Matter 5.19 (2009): 3736-3740.

Hochmuth, R. M., R. N. Marple, and S. P. Sutera. "Capillary blood flow: I. Erythrocyte deformation in glass capillaries." 
Microvascular research 2.4 (1970): 409-419.



Single cell in linear shear flow

Fischer, Thomas M., and Rafal Korzeniewski. 
"Angle of inclination of tank-treading red cells: 
dependence on shear rate and suspending medium." 
Biophysical journal 108.6 (2015): 1352-1360.

Fischer, Thomas M., and Rafal Korzeniewski. 
"Threshold shear stress for the transition between 
tumbling and tank-treading of red blood cells in shear 
flow: dependence on the viscosity of the suspending 
medium." 
Journal of fluid mechanics 736 (2013): 351-365.
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• Inferred stress-free state of cytoskeleton

Summary
• Transferable model: 

prediction of previously unseen flow 
conditions

https://github.com/cselab/koralihttps://github.com/cselab/Mirheo

SOFTWARE:

•Economides, A., Arampatzis, G., Alexeev, D., Litvinov, S., Amoudruz, L., Kulakova, L., Papadimitriou, C. and Koumoutsakos, P., 2021. 
Hierarchical Bayesian Uncertainty Quantification for a Model of the Red Blood Cell. Physical Review Applied, 15(3), p.034062. 

• Amoudruz, L., Economides, A., Arampatzis, G. and Koumoutsakos, P., 2022. 
The stress-free state of human erythrocytes: data driven inference of a transferable RBC computational model. Submitted for publication.
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