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Exam directives. In order to pass the exam, the following requirements have to be met:

- Read carefully the �rst two pages of the exam. Write your name and Legi-ID where requested. Before
handing in the exam, PUT YOUR SIGNATURE ON PAGE 2.

- Clear your desk (no cell phones, cameras, etc.): on your desk you should have your Legi, your pen, paper
and your notes.

- Calculators are not permitted.

- If necessary the teaching assistants will give you additional paper sheets. On the top-right corner of every
page write your complete name and Legi-ID.

- The personal summary consists of no more than 4 pages (2 sheets). The personal summary can be
handwritten or machine-typed. In case it is machine-typed, the text has to be single-spaced and the font
size has to be at least 8 pts.

- You can answer in English or in German; the answers should be handwritten and clearly readable, written
in blue or black - do NOT write anything in red or green. Only one answer per question is accepted.
Invalid answers should be clearly crossed out.

- If something is disturbing you during the exam, or it is preventing you from peacefully solving the exam,
please report it immediately to an assistant. Later noti�cations will not be accepted.

- You must hand in: the exam cover, the sheets with the exam questions and your solutions. The exam
cannot be accepted if the cover sheet or the question sheets are not handed back.

- You need 85 points out of 100 for a 6.
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Family Name:

Name:

Legi-ID:

Question Maximum score Score TA 1 TA 2

1 - 3 10

4 15

5 25

6 10

7 10

8 15

9 15

Total 100

With your signature you con�rm that you have read the exam directives; you solved the exam
without any unauthorized help and you wrote your answers following the outlined directives.

Signature:

GOOD LUCK!
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Multiple Choice Questions [10 Points]

There is a total of 5 correct answers over all multiple choice questions. Each correct answer is awarded 2 points.
Any missing answer is awarded 0 points. For each wrong answer, 2 points are deducted. The minimal
number of points for your answers to all multiple choice questions is 0.

Question 1: Nonlinear systems and order of convergence [4 points]

a) Newton method will always converge to a solution for f(x) = 0 on the interval a ≤ x ≤ b if certain
conditions are met. Which of the following is not one of these conditions? [2 points]

0 f is continuous on the interval a ≤ x ≤ b

0 f(a) and f(b) have opposite signs

0 f
′′
(x) does not change sign on the interval a ≤ x ≤ b

0 f
′
(x) = 0 on the interval a ≤ x ≤ b

b) You are given a two-dimensional function on the domain Ω ∈ [0, 1]. Suppose you want to integrate this
function with a method of order exactly three in the �rst dimension (x dimension, one interval integration)
and of order exactly two (in one interval integration) in the second dimension (y dimension). Given
N ∈ N, we take

∆x =
1

N + 1

and we use the discretization x0 = 0, xj = j∆x for j = 1, . . . , N , and xN = 1. Additionally we chose:

∆y =
1

7
∆x2

Which of the convergence plots in Figure 1 would we expect to see for one interval integration? [2 points]

Figure 1: Figure for problem 1b

0 (a)

0 (b)

0 (c)

0 (d)
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Question 2: Splines with di�erent boundary conditions [2 points]

On the �gure below you see three di�erent cubic spline �ts for the same data points. The only di�erence between
them is boundary conditions which are the same for the right and left ends in every case. Write down which
picture was generated with which boundary conditions:

0 (a) natural, (b) clamped, (c) periodic

0 (a) natural, (b) periodic, (c) clamped

0 (a) clamped, (b) natural, (c) periodic

0 (a) periodic, (b) natural, (c) clamped

−1 −0.5 0 0.5 1 1.5 2
−2.5

−2

−1.5

−1

−0.5

0

(a) Fit a.

−1 −0.5 0 0.5 1 1.5 2
−2.5

−2

−1.5

−1

−0.5

0

(b) Fit b.

−1 −0.5 0 0.5 1 1.5 2
−2.5

−2

−1.5

−1

−0.5

0

(c) Fit c.

Question 3: Numerical Integration [4 points]

a) Which of the following statement(s) is/are correct?

0 Gaussian quadrature chooses the points for evaluation in an optimal, rather than equally-spaced, way.

0 The Simpson integration method assumes a parabolic function pro�le in the integration interval.

0 The order of convergence of rectangle, trapezoidal, and Simpson's rule for a single interval is the same
as the order of convergence of these methods over multiple intervals.

0 In Romberg integration, the integral approximation of each iteration is always more accurate than the
approximation of its two parents from the previous iteration.
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Numerical Problems [75 Points]

The following exercises involve calculations similar to the ones performed in the lecture and the exercises. Please
use one separate sheet of paper for each of the questions.

Question 4: Linear Least Squares [15 Points]

You have the data that a student recorded for the classic experiment of a spring tied to a mass on a friction-less
rail. The student recorded the maximum displacement of the mass (A = 5) and the velocity v(x) it had at a
certain displacement x :

x 3 4 5
v(x) 40 30 0.0

However, the student forgot to record the angular frequency w. Based on your knowledge of kinematics you
expect the relation between v(x) and x to be:

v(x) =

√
k(A2 − x2)

m
where ω =

√
k

m
(1)

Using this information and linear regression, you would like to estimate the value of ω:

a) Which basis function would you use to make the relation between v(x) and ω linear? Hint: Formulate
Equation (1) in a way that v(x) is de�ned as a function of ω. [2 points]

b) Using the basis function you chose, do a linear least squares �t to estimate the value of ω. [9 points]

c) Assume that you also had the measurements for the time t at each position x:

t 0.09273 0.06435 0.0
x(t) 3 4 5

Again, from your knowledge of kinematics you expect the relation between x(t) and t to be:

x(t) = A cos (ωt+ ϕ) . (2)

Is it possible to estimate accurately ω using linear least squares with Equation 2 and the data for x(t) and
t? Justify you answer stating the challenges. (Hint: you do not need to perform any calculation) [4 points]

Question 5: Barycentric Lagrange Interpolation [25 Points]

Let {xi}ni=0 ∈ R be a given set of n + 1 pairwise distinct nodes. We consider the following polynomial
interpolation problem:

Find pn ∈ Pn, such that pn(xi) = yi, i = 0, . . . , n (3)

a) Give the de�nition of the Lagrange interpolation polynomial L(x) and of the Lagrange basis polynomials
li(x) for i = 0, . . . , n associated with the nodes {xi}ni=0. [2 points]

b) Prove that for the given data points {(xi, yi)}ni=0 ∈ R2 with pairwise distinct nodes {xi}ni=0, the interpolation
problem in Equation 3 has a unique solution. [2 points]

Hint: Initially assume that there exist two polynomials that satisfy the given data points {(xi, yi)}ni=0 ∈ R2.
Then show that these polynomials should be the same.

c) Let

λi =

n∏
j=0,j ̸=i

1

xi − xj
and ωn+1(x) =

n∏
j=0

(x− xj) ∈ Pn+1 and µi =
λi

x− xi

Prove that λi =
1

ω′
n+1(xi)

and li(x) = ωn+1(x)µi. [6 points]

Hint: For proving λi =
1

ω′
n+1(xi)

, start by deriving ωn+1(x) with respect to x. Also note that d
dx

∏n
j=0 f(x) =∑n

k=0

[
df(x)
dx

∏n
j=0,j ̸=k f(x)

]
.
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d) Let pn ∈ Pn be the interpolating polynomial of degree at most n for the data points {(xi, yi)}ni=0 ∈ R2.
Show that pn is given by the barycentric interpolation formula: [2 points]

pn(x) =

∑n
i=0 µiyi∑n
i=0 µi

.

Hint: The Lagrange interpolation function is given by L(x) =
∑n

i=0 fili(x). What should happen if fi = 1?

e) Consider the following data points:

xi 0 2 6 8
fi 0 4 1 α

Let pn be de�ned as in the previous sub-question, compute pn(5) as a function of α using barycentric
Lagrange Interpolation. [10 points]

f) What is the advantage in terms of computational cost of using the barycentric Lagrange interpolation over
the classic Lagrange interpolation seen in the Lecture, assuming that the weights µi has been already
pre-computed? [3 points]

Hint: In Lagrange interpolation, we have:

L(x) =

n∑
i=0

fili(x),

while in Barycentric Lagrange interpolation, we have:

L(x) = ωn+1

n∑
i=0

fiµi,

Compare the number of multiplications required by each of these approaches.

Question 6: Dead neuron in Neural Network [10 Points]
The φ(x) = ReLU(x) activation function can lead to "dead nodes" which can never be activated independent
of the input, i.e. their output is zero for any input. ReLU activation function returns zero if its input is zero and
returns directly the positive input as the output as shown in Figure 3

Figure 3: ReLU activation function

Let's consider a two-layer feed-forward network with N input nodes, H nodes in the hidden layer with matrix
weights W (1) and bias b(1) and a ReLU activation, and a scalar linear output layer with output y with weights
W (2) (no activation). We can formulate the layers of our network as:

hi = φ(W
(1)
i ·x+ b

(1)
i ) = φ(

N∑
j=1

W
(1)
ij xj + b

(1)
i ) for i ∈ {1, . . . ,H} and ŷ = W (2)

·h

where we optimize the parameters of our model to minimize an arbitrary, di�erentiable loss function l : R×R→ R
which takes as arguments our predictions and the ground truth labels.

a) Under what conditions is node hi dead? Your answer should be expressed in terms of the parameters W
(1)
i

i.e., the row of W (1) corresponding to node i, and b(1). [3 points]
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b) Suppose that the partial derivative of the loss on a given instance is ∂l
∂y = 1. Derive the gradients ∂l

∂b
(1)
i

and

∂l

∂W
(1)
ij

for such an instance. [4 points]

c) Using your answers to the previous two parts, explain why a dead neuron can never be "brought back to life,"
i.e., have its parameters changed such that its output is not zero for all inputs, when using gradient-based
learning methods. [3 points]

Question 7: Romberg Integration [10 Points]

In Romberg integration, each consecutive approximation includes all the functions evaluations from the previous
stage. In general, the Trapezoidal rule denoted I2

jn
0 uses the same evaluations as I2

j−1n
0 but adds evaluations

at the 2j−1 intermediate points (j = 0, 1, 2, 3, ...). E�cient calculation of these approximations can therefore be

done in a recursive manner. To obtain the Trapezoidal rule approximation for
∫ b

a
f(x) dx, let hj = (b− a)/2j .

Show that for j,

I2
jn

0 =
1

2
[I2

j−1n
0 + hj−1

2j−1∑
i=1

f(a+ (i− 1

2
)hj−1)]. (4)

You can use following relation for this exercise:

2j−1∑
i=1

f(a+
i

2
hj) =

2j−1∑
i=1

f(a+ (i− 1

2
)hj) +

2j−1−1∑
i=1

f(a+ ihj). (5)

Hint: Follow the steps below for the proof.

� Write the general formula for the composite Trapezoidal rule I2
jn

0 . Remember that the number of intervals
is 2j . Furthermore, replace xi by a+ ihj for any grid point in the domain. [1 point]

� Write the relation between hj and hj−1. [1 point]

� Replace hj by hj−1 in the Trapezoidal rule. [2 points]

� Use Equation 5 to expand the Trapezoidal rule. [2 points]

� We can �nd the relation for I2
j−1n

0 by rearranging the terms in the relation for I2
jn

0 . [4 points]

Question 8: Monte Carlo and Rejection Sampling [15 points]

Let x denote the position of a one dimensional particle that can randomly move due to thermal �uctuations
under the action of a potential V (x). The probability that the particle will be located at the position x, for a
given temperature T , is given by the Gibbs distribution,

p(x) =
1

Z(T )
e
− 1

kBT V (x)
, (6)

where kB is the Boltzmann constant and Z(T ) is the �partition function� given by Z(T ) =
∫
e
− 1

kBT V (x)
dx. For

a general function V this integral does not have an analytic solution. For simplicity, assume kB = 1.

Consider the special case
V (x) = (x− 4)2(x− 2)2(x+ 2)2(x+ 4)2 . (7)

This potential is shown in logarithmic scale is Figure 4a. Notice that the particle has high probability to be
located at the positions where the potential is minimized, i.e., x = ±2,±4. If T = 0 the particle can only be
located at these points but if T ̸= 0 the particle can be in any other place due to random thermal �uctuations.
The probability of �nding the particle at position x at temperature T = 2000 is shown in Figure 4b. For the
rest of the exercise, we assume that p is a distribution that is known up to a normalizing constant (Z(T ) is
unknown).

a) Assume that there exists a distribution q(x) that is easy to be sampled with the property that

p(x) ≤ Lq(x) , (8)

for some positive constant L. Provide the major steps of a short algorithm that can generate M samples
Xk, k ∈ {1, . . . ,M} from the distribution p. [3 points]
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(a) (b)

Figure 4: (a) The potential function given by (7) plotted in logarithmic scale. (b) The unnormalized Gibbs
distribution (6) for temperature T = 2000 and potential given in (7).

b) What is the dependence between L and the acceptance rate of the algorithm? [1 point]

c) Let T = 420 K and consider q = U [−15, 15]. Find the smallest value L(Z(T )) such that inequality 8 is
satis�ed. [8 points]

d) Suppose that T = 420, q = U [−15, 15], and L from previous subquestion. Do we need to know the value
of the constant Z(T ) in order to perform the rejection sampling algorithm? If yes argue why. If no, give an
upper bound for the acceptance of a sample. Hint: If you have not solved the previous subquestion, assume
L = 100

Z(T ) . [2 points]

e) Suppose the acceptance rate is k/M ≈ 0.18032, how could you improve this ratio? [1 point]
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Pseudocode [15 Points]

In the last part of the exam you are asked to write a pseudo-code showing implementation details for some of
the algorithms learned in class. For each of your pseudocodes, make sure to specify the input, output and
steps. As a template use the following example computing the Fibonacci series.

Algorithm 1 Fibonacci Series

Input:

N , {number of elements to compute}
nmax, {threshold to stop computation}

Output:

F⃗ , {vector containing Fibonacci numbers}

Steps:

F [0]← 0
F [1]← 1
n← 2
while n < N + 3 do

F [n]← F [n− 1] + F [n− 2]
if F [n] > nmax then

break

end if

n← n+ 1
end while

Question 9: Adaptive Quadrature [15 Points]

Suppose that we want to approximate
∫ b

a
f(x) dx within a speci�ed tolerance ϵ > 0. The �rst step is to apply

Simpson's rule with step size h = (b−a)/2. The Simpson quadrature formula returns S(a, b) as an approximation
for this integral. For large domains, this approximation to the integral can be inaccurate. Therefore, we need to
subdivide the initial interval. We apply the Composite Simpson's rule with n = 4 and step size (b−a)/4 = h/2.
Consider: ∫ a+b

2

a

f(x) dx = S(a,
a+ b

2
),∫ b

a+b
2

f(x) dx = S(
a+ b

2
, b).

(9)

It can be shown that an error estimate for the integral approximation is given by

ϵ =
1

15

∣∣∣S(a, a+ b

2
) + S(

a+ b

2
, b)− S(a, b)

∣∣∣ (10)

When the approximations di�er by more than 15ϵ, we can apply the Simpson's rule technique individually to the
sub-intervals. Then we use the error estimation procedure in Equation (10) to determine if the approximation
to the integral on each sub-interval is within a tolerance of ϵ/2 (divided by 2 since we have two sub-intervals).

If so, we sum the approximations to produce an estimate to
∫ b

a
f(x) dx within the tolerance ϵ > 0.

If the approximation on one of the sub-intervals fails to be within the tolerance ϵ/2, then that sub-interval is
itself subdivided, and the procedure is reapplied to the two sub-intervals to determine if the approximation on
each sub-interval is accurate to within ϵ/4. This halving procedure is continued until each portion is within the
required tolerance.

Write a pseudocode detailing all the steps to approximate
∫ b

a
f(x) dx with the error smaller than ϵ, using the

procedure described above. The procedure should be done recursively. Assume that the following functions are
implemented and you can use them in the pseudocode.

� evaluation(x): evaluates the function f(x) at point x
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� simpson(f, a, b): the input is the function f and the integral bounds a (lower bound) and b (upper bound).

It returns an estimation for the
∫ b

a
f(x) dx using Simpson's rule.

Hint: De�ne a recursive function. This function, initially estimates the value of S(a, a+b
2 ), S(a+b

2 , b), and
S(a, b). Then, it uses Equation 10 to calculate the tolerance. If the tolerance is smaller than ϵ, then it returns
the integral value. Otherwise, it divides the sub-intervals by two and performs recursively the integral calculation
and error estimation. Remember to implement a condition that stops the division of intervals by two if the
number of iterations exceeds more than a value.
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