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1 Monte Carlo Integration

We want to estimate the integral

Ep[f(X)] =

∫
f(x) p(x) dx, (1)

where X is a random vector with density p and f is a given function. Assume that {x(k)}Nk=1 are i.i.d.
samples drawn from the density p. Using the law of large numbers, an estimate of the expected value of
f(X) is given by

µ̂N =
1

N

N∑
k=1

f(x(k)), x(k) ∼ p . (2)

In the limit N → ∞, the sample average converges to the expected value. Notice that µ̂N is a random
variable. The central limit theorem says that the distribution of µ̂N is given by,

µ̂N ∼ N
(
µ, σ2/N

)
.

where µ = Ep[f(X)] and σ2
f = Var[f(X)].

The estimator in Eq. (2) is unbiased since the expected value of µ̂N is µ. Also notice that the standard
deviation of the estimator scales like 1/

√
N and that the scaling law is independent of the dimension of the

random vector X.

2 Importance Sampling

In this section we study the following two cases in the estimation of Eq. (1) using the Monte Carlo method:
a) we cannot draw samples from p, b) the variance of the estimator is high. To alleviate the first problem
we can estimate the equivalent integral

Ep[f(X)] =

∫
f(x) p(x) dx =

∫
f(x) p(x)

q(x)
q(x) dx = Eq

[
p(X)

q(X)
f(X)

]
, (3)

where q is the density of a distribution that it is easy to draw samples. The estimator for Eq. (3) is given
by,

µ̂N =
1

N

N∑
k=1

p(x(k))

q(x(k))
f(x(k)), x(k) ∼ q . (4)

It can be shown that there is an optimal density q that minimizes the variance of the estimator Eq. (4)
and is given by

q(x) =
f(x)p(x)

Ep[f(X)]
.

This result has only theoretical value since the optimal q involves the unknown quantity Ep[f(X)]. In
practice the selection of q is based on heuristic arguments and intuition.

1



3 Inverse transform sampling

Assume X is a real random variable with cumulative distribution function (CDF) FX(x). Assume also that
we can draw random numbers from the uniform distribution U([0, 1]). We want to transform the random
variable U ∼ U([0, 1]) such that the transformed random variable follows the same distribution as X.

For u ∈ (0, 1), define the function,

F−1
X (u) = inf{x |F (x) ≥ u} .

Notice that if FX is strictly increasing and continuous then the above definition coincides with the inverse
of FX .

We will show that if U ∼ U([0, 1]) then the random variabe Y = F−1
X (U) has the same distribution as X,

Pr(Y ≤ x) = Pr(F−1
X (U) ≤ x) = Pr(U ≤ FX(x)) = FX(x) ,

because

Pr(U ≤ u) =

∫ u

0

1 du = u .

Example: Exponential Distribution Given that the random variable X has the probability density
function

pX(x) = λe−λx,

with λ > 0 and x ≥ 0, the CDF of x is given by

FX(x) =

∫ x

0

λe−λτ dτ = 1− e−λx.

The inverse of FX is given by

F−1
X (u) = − 1

λ
ln(1− u) .

If samples {u(k)}Nk=1 are drawn from U(0, 1) then x(k) = − 1
λ ln(1− u(k)) follow pX .

4 Rejection Sampling

Another sampling algorithm is given by the following recipe:

1. Find a density q that samples are easily drawn from.

2. Scale q by a constant M such that the graph of Mq is always above the graph of p.

3. Sample from the joint density pX,U where x ∼ q and u ∼ U(0,Mq(X)).

4. Keep only the points that are bellow the graph of p.

This procedure is called rejection sampling algorithm and is presented graphically in Fig. 1. The detailed
algorithm is presented in Algorithm 1. A basic requirement of the algorithm is that the graph of p should
always be bellow the graph of Mq. Equivalently, the constant M must satisfy,

M > max
x

p(x)

q(x)
.

Theorem 1. The samples generated from Algorithm 1 are distributed according to p.
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Figure 1: Demonstration of the Accept-Reject algorithm. 1. A sample x is drawn from the distribution q.
2. A random number u is drawn uniformly in [0,Mq(x)]. 3. The sample x is accepted if u < p(x), i.e., if the
point (x, u) is bellow the graph of p, and rejected otherwise.

Algorithm 1 Rejection sampling algorithm.

Input: densities p, q and constant M > 0 such that p(x)/q(x)
Output: a sample distributed according to p

function Rejection sampling(p, q, M)
Generate x ∼ q . Propose a new sample
Generate u ∼ U(0,Mq(x))
if u < p(x) then

return x . Accept the proposed sample
else

return Rejection sampling(p, q, C) . Reject and try again
end if

end function

3



Proof. According to the algorithm, we first sample x ∼ q, then u ∼ U(0,Mq(x)) and we accept if u > p(x).
Thus, the posterior density, using Bayes’ theorem, is given by

p(x |u ≤ p(x)) =
p(u ≤ p(x) |x) q(x)

p(u ≤ p(x))
. (5)

The term p(u ≤ p(x) |x) corresponds to the probability of a uniformly distributed value in [0,Mq(x)] to be
less or equal to p(x). It easy to check that it is equal to

p(u ≤ p(x) |x) =
p(x)

Mq(x)
. (6)

In order to evaluate the denominator of Eq. (5), we integrate the numerator of Eq. (5) and use Eq. (6),

p(u ≤ p(x)) =

∫
p(u ≤ p(x) |x) q(x) dx

=

∫
p(x)

Mq(x)
q(x) dx

=

∫
1

M
p(x) dx

=
1

M
.

(7)

Inserting Eq. (6) and Eq. (7) in Eq. (5) we obtain

p(x |u ≤ p(x)) =

p(x)
Mq(x) q(x)

1
M

= p(x).

The efficiency of the algorithm depends on how often u ≤ p(x). For independent trials, the probability
of success is 1

M (see Eq. (7)). Thus, that the expected number of trials before accepting the sample is M .

5 Markov Chain Monte Carlo

A Markov chain is a sequence of random numbers X1,X2, . . . ∈ Rd with conditional densities that obey the
rule

p(xn |xn−1,xn−2, . . . ,x1) = p(xn |xn−1) . (8)

The conditional density p(x|y) is called the transition density. For π a density function, if the transition
density satisfies the detailed balance equation,

p(x |y)π(y) = p(y |x)π(x) , (9)

then the random variable Xn will follow π as n goes to infinity. In this case π is called the equilibrium
distribution. Moreover, if X0 follows π then all the random variables Xn will follow π.

Assume that we want to draw samples from a density π. The idea of the Metropolis-Hasting algorithm
[1] is to construct a Markov chain such that π is the equilibrium distribution of the chain. All we have to
do is to define correctly the transition density.

Being at state y, the transition probability is described informally as:

• Propose a new state x according a predefined density q(x |y).

• Define

α(x |y) = min

{
1,
q(y |x)π(x)

q(x |y)π(y)

}
. (10)
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• With probability α(x |y) accept x as the new state.

• With probability 1− α(x |y) accept y as the new state.

The complete algorithm is given in Algorithm 2.

Algorithm 2 One step of the Metropolis-Hasting sampling algorithm

Input: Current state y, proposal density q, target density π
Output: Next state

function Metropolis Hasting step(y, q, π)
generate x ∼ q(· |y) . Propose a new state
α← q(y |x)π(x)/p(x |y)π(y)
if α > 1 then

return x
else

generate u ∼ U([0, 1])
if u < α then

return x . Accept the new state
else

return y . Reject the new state
end if

end if
end function

In order to show that the equilibrium distribution of the Markov chain defined above is indeed π we will
first find the transition density of the Markov chain. Then we will show that starting from a state y that
follows π, the next state x will also follow π.

The transition density of going from state y and to state x, has two parts. The first part consists of the
probability of proposing a new point x from y and accepting it. The second part consist of the probability
of y being equal to x, proposing any other point z and rejecting it.

p(x |y) = α(x |y)q(x |y) + r(y)δy(x) , (11)

where r(y) is the total probability of rejecting the proposal,

r(y) =

∫
(1− α(z |y))q(z |y) dz

= 1−
∫

α(z |y)q(z |y) dz ,

and δy(x) is the Dirac delta function.
Next, we notice that it holds that,

α(x |y)q(x |y)π(y) = α(y |x)q(y |x)π(x) .

Now we have to show that the density of the new state p(x) is equal to π(x),

p(x) =

∫
p(x |y)π(y) dy

=

∫
α(x |y)q(x |y)π(y) dy +

∫
r(y)δy(x)π(y) dy

=

∫
α(y |x)q(y |x)π(x) dy + r(x)π(x)

= π(x)

∫
α(y |x)q(y |x) dy + r(x)π(x)

= (1− r(x))π(x) + r(x)π(x) = π(x) .

(12)
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