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Two types of bubble interaction 2

thin liquid film film drainage

film rupture

stable film 

coalescence

collision 
or 

stable structure
• surfactants 
• Marangoni effect 
• viscous flow of liquid



Foaming flows 3

foaming water by Jo Naylor, CC BY 2.0 WP_20150105_19_19_40_Pro by Nicola since 1972, CC BY 2.0 Bick et al. PNAS, 2021



Numerical model



Two-component incompressible flow 5

∇ ⋅ u = 0

ρ( ∂u
∂t

+ (u ⋅ ∇)u) = − ∇p + ∇ ⋅ (μ(∇u + ∇uT)) + σ κ nS δS

∂α
∂t

+ (u ⋅ ∇)α = 0

ρ = (1 − α)ρ1 + αρ2

μ = (1 − α)μ1 + αμ2

• Navier-Stokes equations

• Advection of volume fraction

nS
S

α = 1
α = 0

Discretization 

- Finite volume on Cartesian grid 

- Bell-Colella-Glaz projection [Bell1989] 

- PLIC volume-of-fluid [Youngs1981, Weymouth2010] 

- Embedded boundaries for complex domains [Colella2006] 

- Particles for curvature estimation [Karnakov2020]



Standard volume-of-fluid 6

∂α
∂t

+ (u ⋅ ∇)α = 0
• At a distance below one cell, 

bubbles always coalesce

• All bubbles in one volume fraction field • Cannot describe overlapping interfaces



Multi-marker volume-of-fluid 7

∂αi

∂t
+ (u ⋅ ∇)αi = 0

α =
N

∑
i=1

αi

i = 1 i = 2 i = 3

Coyajee and Boersma, 
Numerical simulation of drop impact on a liquid–liquid 
interface with a multiple marker front-capturing method. JCP, 2009

• Each bubble in separate field • Describes overlapping interfaces

• Complexity  

• Expensive with many bubbles

𝒪(Ncells N)

fσ = σ
N

∑
i=1

κi n(i)
S δ(i)

Ssurface tension

total volume fraction

i = 1,…, N • Bubbles never coalesce



Foaming flows: state of the art 8

• Multi-marker volume-of-fluid
Coyajee and Boersma, 2009

Expensive with many closely packed bubbles

Cifani, 2016
• Voronoi Implicit Interface Method

Only dry foams. Liquid between bubbles disappears

Saye and Sethian, 2011

• Color-gradient lattice Boltzmann
Montessori et al. 2021

Artificial compressibility and density ratio close to 1



Proposed method 9

• Multilayer volume-of-fluid (Multi-VOF) [arXiv:2103.01513] 

• Bubbles have unique colors 

• Layer = volume fraction + color 

• Only uses 4 layers 

a

layer 1

b

layer 2

c

combined

Figure 7: Two-layer volume fraction field representing three bubbles. Individual layers (a,b) contain at most
one bubble per cell, while the combined field (c) describes overlapping interfaces.

5. High performance implementation: The method only involves stencil operations and is readily integrated
in high performance software for structured grids.

We believe that Multi-VOF opens new horizons for simulating a wide variety of flows from the micro to
the macroscale, including wet foams, turbulent flows with bubbles, suspensions and emulsions in microfluidics.
Moreover, the e�ciency of the code allows for extensive studies in control and optimization of bubbly flows.

Limitations

The method describes the complete prevention of coalescence and a an empirical criterion is used in cases where
the residence time of bubbles is finite. Since bubbles are distinguished as connected components of the volume
fraction field, the method does not prevent coalescence if a deformed bubble folds back onto itself. Two small
bubbles can penetrate each other and form concentric configurations when their radius is comparable to one
computational cell. The method can be improved by adopting a semi-implicit discretization of the surface
tension force [11].

Generation of bubbles requires additional modeling. In simulations, we forcibly separate the air thread at
regular intervals. Otherwise, the gas thread remains continuous unless the inlet pressure is su�ciently low.
Such continuous regimes are observed experimentally under certain conditions [2] but not in the experimental
study of interest [31]. One explanation for this discrepancy is the e↵ect of wetting [2] that may narrow the gap
between the liquid-gas interface and the channel walls since the static contact angle of polydimethylsiloxane
(PDMS) is 104� [26] while our model assumes 180�. Another possibility is that the viscous flow of the liquid
upstream of the orifice is not su�ciently resolved in the simulations.

Methods

Multilayer fields

Consider a discrete domain ⌦ consisting of cells c 2 ⌦, where the number of cells is |⌦| = Ncells. A conventional
cell field � : c 7! �c is a mapping from cell c to a value. A cell-color field �̂ : (c, q) 7! �̂c(q) is a mapping from cell c
and color q 2 R to a value. Overlapping bubbles can be represented by a single cell-color field if each bubble
is assigned a unique color. The restriction operation �̂

��
q
constructs a conventional field �̂

��
q
: c 7! �̂c(q) from a

cell-color field �̂ given a color q. Using this operation, any standard routine, such as computing the normals or
solving the advection equation, can be applied to a cell-color field by individually selecting all possible colors.
To store a cell-color field �̂, we use a sequence of conventional fields for values and colors separately. Assume
that any cell contains at most L bubbles and their shapes are represented by the cell-color volume fraction
field ↵̂. The colors are stored in fields ql : c 7! q

l

c
, l = 1, . . . , L defined in each cell c as

q
l

c
=

(
ql, 1  l  L

0
,

qnone, otherwise ,

where {q1, . . . , qL0L} are all colors for which ↵̂c(q) > 0 and qnone is a distinguished none color (e.g. qnone := �1).
The corresponding values are stored in fields �l : c 7! �

l

c
, l = 1, . . . , L

�
l =

(
�̂(ql

c
), q

l

c
6= qnone ,

undefined, otherwise .

The pairs (�l
, q

l) are referred to as layers and the sequences (�1
, . . . ,�

L) and (q1, . . . , qL) constitute a multilayer
field. The order in which the colors are stored is insignificant, i.e. all sequences (q1

c
, . . . , q

L

c
) and (�1

c
, . . . ,�

L

c
)

are equivalent up to mutual permutation. Fig. 7 illustrates two layers that describe three overlapping bubbles.

7

layer 1 layer 2 combined

• Complexity  

• No dependency on the number of bubbles

𝒪(Ncells)

• Bubbles never coalesce

• Standard discretizations apply 
to stencil values assembled locally 
for each color

https://arxiv.org/abs/2103.01513


Software



Aphros 11

• C++14 

• Based on the Cubism library, Gordon Bell prize 2013 for high throughput computation 
[Rossinelli2013] 

• Parallelized with MPI and OpenMP 

• Multiphysics: electrochemistry, nucleation and growth of bubbles, Lagrangian particles

github.com/cselab/aphros

Finite volume solver for incompressible flows with surface tension



Applications



Drop impact on a liquid-liquid interface 13

Water-glycerin drop falling in silicon oil

Mohamed-Kassim and Ellen. Drop impact on a 
liquid–liquid interface. Physics of Fluids, 2003

present 
simulation

simulation 
multi-marker VOF 

[Coyajee2009]

experiment 
[Mohamed-Kassim2003]



•  triple junctions 
under mean curvature flow
n

Mean curvature flow 14

present
first order

dA
dt

= 2π( n
6

− 1)

• Exact solution for area growth 
[Mullins1956]

- more accurate at low resolutions 

- slower convergence rate 

- describes wet foams

u = κnS
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• Compared to VIIM [Saye2012] 

n = 8

n = 4

dA
/d

t e
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t = 0 t = 0.06
VIIM, ϵ = 2h
VIIM, ϵ = 0+



Microfluidic crystals 15

differences from experiment: 
lower density ratio (10), lower viscosity (0.25 mPa·s), shorter channel

Raven and Marmottant. Microfluidic crystals: dynamic  
interplay between rearrangement waves and flow. PRL, 2009

gas inlet

liquid inlets, fixed flow rate

fixed pressure P
width 1000 μm

height 100 μmgas thread separated 
at regular intervals



Microfluidic crystals 16

simulation

experiment [Raven2009]

P = 216 Pa

P = 194 Pa

P = 149 Pa

P = 140 Pa

• Structures with fewer bubbles 
have higher flow resistivity

hex-one

hex-two

hex-three

hex-four
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 hex-one

hex-two

• Spontaneous transitions



Bidisperse foam generation 17

difference from experiment: lower density ratio (20) Vecchiolla, Giri, and Biswal. Bubble–bubble pinch-off in symmetric and asymmetric  
microfluidic expansion channels for ordered foam generation. Soft matter, 2018

inlet width 1600 μm

height 60 μm



Bidisperse foam generation 18

• Injected bubbles are monodisperse 

• Every 2nd bubble splits in two

simulation experiment 
[Vecchiolla2018]



Foaming waterfall 19

• Mesh 768x384x384 

• 13000 cores, 24 hours, Piz Daint

PASC ’20, June 2020, Geneva, Switzerland P. Karnakov, F. Wermelinger, S. Litvinov, P. Koumoutsakos

Figure 8: Drop impact on liquid-liquid interface. Slices of
the interfaces at C = 0.63, 0.67, and 0.77 s produced by the
present method (left) compared to images from numerical
study [6] (center) and experimental data [19] (right).

represents the water surface in the middle of the domain. Param-
eters of the problem are density d1 = 1000 and d2 = 10 kg/m3,
viscosity `1 = 10�3 and `2 = 10�5 Pa · s, gravitational acceleration
6 = 9.8 m/s2 and surface tension coe�cient f = 0.072 N/m. The
thickness of the waterfall is 5 mm and the inlet velocity is 1.5 m/s.
The dimensionless time is de�ned as C⇤ = C/

p
�/6 relative to time

unit
p
�/6 ⇡ 0.1 s. Unless stated otherwise, all statistics and visual-

izations are obtained from simulations on a mesh of 768⇥ 384⇥ 384
cells. Selected statistics are compared to results on coarser meshes
of 384 ⇥ 192 ⇥ 192 or 192 ⇥ 96 ⇥ 96 cells.

Simulation with coalescence prevention on the �nest mesh of
768 ⇥ 384 ⇥ 384 cells took 20 hours to reach time C⇤ = 12 on 1152
compute nodes of Piz Daint supercomputer equipped with 12-core
CPU Intel® Xeon® E5-2690 v3 processors.

Figure 9: Initial position of water surface (blue) and bound-
ary conditions: inlet (red), outlet (green), free-slip walls
(gray) and periodic on other boundaries.

5.2 Air entrainment
The development of a waterfall involves various phenomena: en-
trainment of air by a sheet of water, breakup and deformation of
bubbles and, depending on the model, either coalescence or clus-
tering of bubbles. The mechanisms of air entrainment in breaking
waves are discussed in [17] using plunging jets as a model example.
Four mechanisms are distinguished: entrapment of a tube of air
when the plunging jet hits the front face of the wave, entrainment
around the jet impact site as the jet drags air into the water, entrain-
ment by impacts of subsequent splashes created by the primary jet
impact and the leading-edge entrainment of the turbulent breaking
region at later stages of the breaking process.

In our simulations we �nd two major mechanisms of air entrain-
ment. Three-dimensional visualizations of the waterfall evolution

are shown in Figures 11 and 12, while Figure 10 shows the volume
fraction �eld averaged in the I-direction. The behavior at early
stages is the same for both cases with and without coalescence of
bubbles: a sheet of water impacts the water surface and creates
a tube of air leading to air entrainment. This corresponds to one
major mechanism of air entrainment in breaking waves discussed
in [17]. Once the air tube disappears by C⇤ = 6, we observe another
mechanism of air entrainment: the plunging jet (or sheet) of water
drags air into the water.

Figure 10: Volume fraction averaged in the I-direction: with
(left) andwithout coalescence (right) at C⇤ = 2.5, 6, 10 and 12.

5.3 Bubble size distribution
One important characteristic of the air entrainment and bubble
generation is the bubble size distribution. Theoretical model [13]
suggests the scaling law for the distribution of the bubble radius

# (A ) / A�10/3 , (12)

where # (A )3A is the number of bubbles of radii between A and A +3A .
The model stems from the assumption that the in�ow of air per unit
volume is constant, and the number of bubbles depends only on the
turbulent dissipation rate and the bubble radius. This scaling law is
commonly observed for bubbles generated by breaking waves and
has been reported in experimental [9] and numerical [10] studies.

Figure 13 shows the time-averaged distribution of the bubble size
at various resolutions. In both cases with or without coalescence
of bubbles, we recover the scaling law (12). Prevention of coales-
cence only increases the number of bubbles and does not have a
major e�ect on distribution of the bubble size. One explanation
for this behavior is that the size of bubbles is determined by the
bubble breakup near the waterfall impact zone and not a�ected by
coalescence.

10 cm

1.5 m/s

water inlet
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• Bubble size distribution 
matches a theoretical scaling law [Garret2000]

a simulation b experiment

Figure 5: Clustering of bubbles floating on water. (a) Simulation using the Multi-VOF method (b) Experiment
in soapy water. The size of square cells is 4 mm.

Figure 6: Foaming waterfall. (a) Overall view of the interface at t = 1.2 s. (b) Same view showing bubbles
under the surface with arbitrary colors. (c) Horizontal cross-section of the interface at t = 1.2 s. Clusters of
bubbles on the surface show characteristic features of foam: bubbles are separated by thin membranes (lamellae)
with multiple junctions (Plateau borders). (d) Histogram of the bubble radius. N(r) is the number of bubbles
with the equivalent radius in the range r ± 0.1 mm. Results for di↵erent mesh sizes of 96 , 192 ,
and 384 cells in the height compared to scaling law [19] N(r) / r

�10/3 . The values are averaged
in time over 1 < t < 1.2 s. (e) Close-up of (b) with half of the bubbles removed.
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• Bubbles show features of foam: 
thin membranes (lamellae) 
and triple lines (Plateau borders)

a simulation b experiment

Figure 5: Clustering of bubbles floating on water. (a) Simulation using the Multi-VOF method (b) Experiment
in soapy water. The size of square cells is 4 mm.

a b

c
d e

Figure 6: Foaming waterfall. (a) Overall view of the interface at t = 1.2 s. (b) Same view showing bubbles
under the surface with arbitrary colors. (c) Horizontal cross-section of the interface at t = 1.2 s. Clusters of
bubbles on the surface show characteristic features of foam: bubbles are separated by thin membranes (lamellae)
with multiple junctions (Plateau borders). (d) Histogram of the bubble radius. N(r) is the number of bubbles
with the equivalent radius in the range r ± 0.1 mm. Results for di↵erent mesh sizes of 96 , 192 ,
and 384 cells in the height compared to scaling law [19] N(r) / r

�10/3 . The values are averaged
in time over 1 < t < 1.2 s. (e) Close-up of (b) with half of the bubbles removed.

6
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github.com/cselab/aphros

https://github.com/cselab/aphros
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• Multi-VOF for coalescence prevention 
arXiv:2103.01513 

• Software Aphros 
github.com/cselab/aphros

a simulation b experiment

Figure 5: Clustering of bubbles floating on water. (a) Simulation using the Multi-VOF method (b) Experiment
in soapy water. The size of square cells is 4 mm.

a b

c
d e

Figure 6: Foaming waterfall. (a) Overall view of the interface at t = 1.2 s. (b) Same view showing bubbles
under the surface with arbitrary colors. (c) Horizontal cross-section of the interface at t = 1.2 s. Clusters of
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�10/3 . The values are averaged
in time over 1 < t < 1.2 s. (e) Close-up of (b) with half of the bubbles removed.

6

Thank you!

https://arxiv.org/pdf/2103.01513.pdf
https://github.com/cselab/aphros
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