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Exam directives. In order to pass the exam, the following requirements have to be met:

- Clear your desk (no cell phones, cameras, etc.): on your desk you should only have your
Legi, your pen and your notes. We provide you with the necessary paper and exam sheets.

- Carefully read the first pages of the exam. Write your name and student ID where requested.
Before handing in the exam, SIGN ON THE FIRST PAGE.

- Your notes (personal summary) should consist of no more than three A4 sheets (six
pages). The personal summary must be handwritten. You are not allowed to bring a
copy of somebody else’s summary.

- Your answers should be handwritten in blue or black pen (no pencils), clearly readable and
in English. Only one answer per question is accepted. Invalid answers should be clearly
crossed out.

- To answer new questions (e.g. Question 1, not sub-questions!), always use a new page. On
the top-right corner of every page write your complete name and Legi-ID. Unless otherwise
noted in the question, you should always hand-in your answers on paper!

- You must hand in: the exam cover, any extra notes provided by us, the sheets with the
exam questions and your solutions. The exam will not be accepted if any of these items
are missing.

- If something is disturbing you during the exam or preventing you from peacefully solving the
exam, please report it immediately to an assistant. Later complaints will not be accepted.
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Question 1: Parallel Scaling

a) Assume we implemented an O(N2) brute force solver for an N -body problem. The following
table reports timing results for the solver for various number of particles N on P processor
cores with a fixed number of time steps:

runtime [s]
P N = 1000 N = 2000 N = 4000 N = 8000
1 12.0 60.0 216.0 816.0
2 6.0 30.0 108.0 408.0
4 4.0 15.0 54.0 204.0
8 3.0 9.0 31.0 110.0
16 2.4 6.0 21.6 54.4

1. Draw at least four points of the strong scaling plot for this program using the value
for N = 1000 at P = 1 as a reference. On the solution sheet show all steps of your
calculations. Don’t forget to label the axes.
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2. Draw at least three points of the weak scaling plot for this program, using the value for
N = 1000 at P = 1 as a reference to estimate the parallelization overhead. On the
solution sheet show all steps of your calculations. Don’t forget to label the axes.

b) 1. Assume you have 10 cores that you can use to solve a problem in parallel and that 98%
of your code is theoretically possible to parallelize. Can you get a speedup of 7? If so,
how many cores are needed at least?

2. A programmer parallelized so far a part of the code that accounts for 60% of execution
time. What is the current maximum speedup he can hope to achieve?
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Question 2: Principal Component Analysis
In the following, you are given a collection of N = 8 data points in a two dimensional space:

X =
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with X ∈ RN×D, plotted below:
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a) Center the data and calculate the data covariance matrix.

b) You are given that the eigenvalues of the covariance matrix are λ1 = 4.23 and λ2 = 0.34.
Compute the principal eigenvector u1 of the data covariance matrix and sketch it in the
figure.
Hint: Use the fact that Cu = λu and |u|2 = 1 for an eigenvector, and draw the eigenvector
starting from the mean. Do not perform eigendecomposition.

c) If we project the data to a reduced order space using the principal component computed by
the first eigenvector of the covariance matrix, how much variance of the data (in percentage)
do we expect to retain in the reduced order space? Do not project the data.
Hint: Use the previously computed eigenvalues to answer this question.
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d) Use the principal component u1 computed in the previous questions to project the centered
data in a reduced order subspace. Compute the variance of the data in the original 2-D
space, and the variance of the projected data. How much variance (in percentage) is retained
in the reduced order space? Does this number agree with the value computed in the previous
question, where we utilized the eigenvalues?

Hint: Use the unbiased estimator σ2
X = 1

N−1

∑N
i=1X

2
i for the variance for a centered

random variable X. In multiple dimensions, the total variance is summed across dimensions.

e) The computational cost of many data-driven algorithms (e.g. nearest neighbor search or
classification) scales quadratically, i.e. O(N2), or even cubically O(N3) with the data
dimension N . In the era of big data, many datasets have a large dimensionality rendering
the direct application of such algorithms computationally intractable. How can the PCA be
used to alleviate the problem? Use at most five sentences.
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Question 3: Parallel Dependencies and Bug Hunting

a) Identify and explain any issues in the following OpenMP code snippet and propose a solution.

1 #pragma omp parallel for collapse(2)
2 for (int i=0; i<N; i++) {
3 y[i] = 0;
4 for (int j=0; j<N; j++)
5 y[i] += A[i][j] * x[j];
6 }

b) In the following fragments assume that all buffers have been allocated with sufficient size.
Moreover, rank and size denote the rank of each process and the total number of MPI
processes, respectively.
For each fragment note whether it deadlocks or not and explain why. In case of deadlock,
propose a solution. Report any possible performance issues.

1 // block1.c
2 int ireq = 0;
3 for (int p=0; p<size; p++)
4 if (p!=rank)
5 MPI_Isend(sbuffers[p],buflen,MPI_INT,p,0,comm,&(reqs[ireq++]));
6 for (int p=0; p<size; p++)
7 if (p!=rank)
8 MPI_Recv(rbuffer,buflen,MPI_INT,p,0,comm,MPI_STATUS_IGNORE);
9 MPI_Waitall(size−1,reqs,MPI_STATUSES_IGNORE);

1 // block2.c
2 int ireq = 0;
3 for (int p=0; p<size; p++)
4 if (p!=rank)
5 MPI_Irecv(rbuffers[p],buflen,MPI_INT,p,0,comm,&(reqs[ireq++]));
6 MPI_Waitall(size−1,reqs,MPI_STATUSES_IGNORE);
7 for (int p=0; p<size; p++)
8 if (p!=rank)
9 MPI_Send(sbuffer,buflen,MPI_INT,p,0,comm);

c) For a known vector A ∈ RN , you are asked to compute

Bi =
K−1∑
j=0

Ai+j , i = 0, . . . , N −K − 1, , K � N (2)

The following code is a serial implementation of the computation shown above:

1 // Assume B[...] are initialized to 0.
2 for (int i = 0; i < N − K; ++i)
3 for (int j = 0; j < K; ++j)
4 B[i] += A[i + j];

This loop can be parallelized by adding #pragma omp parallel for before line 2. As-
suming T available threads, the complexity of that loop would by O(NK/T ). Show that
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Bi = Bi−1 + AK+i−1 − Ai−1 , i = 1, . . . , N − K − 1 and provide a serial code that im-
plements this recursive relation (you still need to use the non-recursive formula to compute
B0).

d) The complexity of the serial implementation you provided in the previous subquestion is
O(N + K). Propose a parallel implementation with OPENMP and T threads with has
lower complexity. You can assume that N is divisible by T . What is the complexity of
your solution? Hint: the optimal solution can be obtained by using only one #pragma omp
parallel region without any #pragma omp for directives.
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Question 4: Power Method
The power method is an iterative technique for locating the dominant (largest) eigenvalue of a
matrix. In addition, the power method also computes the associated eigenvector. Consider the
symmetric Lehmer matrix A ∈ Rn×n with aij = min(i, j)/max(i, j) for all i, j = 1, . . . , n. The
power method produces a sequence of column vectors q(k) ∈ Rn×1 given by

Algorithm 1 Power Method
for k = 1, 2, . . . do

z(k) ← Aq(k−1)

q(k) ← z(k)/‖z(k)‖2
λ(k) ← [q(k)]TAq(k)

end for

If q(0) is not deficient and the largest eigenvalue of A is unique, then q(k) converge to an
eigenvector with eigenvalue λ(k).
Hint: You may find MPI_Allreduce and MPI_Allgather useful.

a) Write a serial program which calculates the dominant eigenvalue of the Lehmer matrix
for n = 8192 using the power method. Stop at the k-th iteration if the condition |λ(k) −
λ(k−1)| < 10−12 is satisfied. Use q(0) = [1, 0, 0, . . .]T for the initial guess. Print the dominant
eigenvalue to the standard output.
Write your solution in
~/questions/coding_1_power_method_mpi/power_serial.cpp
and adapt the Makefile in the same folder to compile your program using make.

b) Parallelize your code with MPI. The strategy you are asked to implement is based on splitting
the rows of A among the available processors. Assume that n is divisible by the total
number of processors. You can use the same stopping criterion and q(0) from the previous
subquestion.
Write your solution in
~/questions/coding_1_power_method_mpi/power_parallel.cpp
and adapt the Makefile in the same folder to compile your program using make.

c) How do you expect the parallel power method to scale (in terms of strong scaling)? Is the
problem compute bound or memory bound? Explain your reasoning.

d) Compute the strong scaling speedup for 2 and 4 processors using n = 8192.
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Question 5: Operational Intensity & Roofline Model
The operational intensity is a metric that relates the amount of work W (operations) to the
number of bytes Q (data) that need to be transferred and is defined as

I =
W

Q
[ops/byte]. (3)

Your tasks

a) Determine the asymptotic bounds on the operational intensity I(n) for the following ma-
trix/vector operations, where n is the dimension of the vector. State your assumptions.
1. DAXPY: y = αx+ y α ∈ R;x, y ∈ Rn

2. SGEMV: y = Ax+ y x, y ∈ Rn;A ∈ Rn×n

3. DGEMM: C = AB + C A,B,C ∈ Rn×n

Hint 1: Assume that A, B and C fit into the cache at the same time.
Hint 2: Remember that double precision numbers are typically stored in 8 bytes.

b) Consider the 1D diffusion equation in a periodic domain with length L

ut(x, t) = αuxx(x, t), (4)

u0(x) = u(x, 0) = sin

(
2π

L
x

)
, (5)

where 0 ≤ x < L, t > 0 and α > 0 is the diffusion coefficient. You are asked to solve
this problem numerically by using a second order centered finite difference scheme and the
explicit Euler method to advance in time. The domain is discretized with N uniformly
spaced grid points. Discretization of Equation (4) leads to

un+1
i = uni +

∆tα

∆x2
(
uni−1 − 2uni + uni+1

)
, (6)

where uni ≈ u(xi, t
n) is the approximate solution with tn+1 = tn + ∆t and xi = i∆x. The

constant time step size and uniform grid spacing are denoted by ∆t and ∆x, respectively.
Determine the operational intensity I(N) for the scheme given in Equation (6).

c) In your position as an HPC expert, you are presented three possible systems (A, B, and C) for
purchase, each with unique peak CPU performance and memory bandwidth configurations.
Complete the table below indicating, for each system, whether the previously analyzed
operations are memory or compute bound. Assume n = 256 for all cases. Write down all
your assumptions and calculations.

System A
10 GFLOP/s
70 GB/s

System B
50 GFLOP/s
125 GB/s

System C
70 GFLOP/s
265 GB/s

DAXPY
SGEMV
DGEMM
1D Diffusion
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Question 6: Statistics of Diffusion Solver

In diffusion_hybrid/diffusion2d_mpi.cpp you find a simplified version of the solution MPI
code for the 2D diffusion problem of homework 10.

The provided code includes a sequential function compute_histogram_seq() which computes
and prints the histogram of the density values of the local subdomain using M (=10) bins.

a) Provide a hybrid MPI + OpenMP parallel implementation of the above function in
compute_histogram_hybrid(). Process with rank 0 must print the combined histogram
for all density values.

b) Extend the rest of the 2D diffusion code so as to provide a complete hybrid MPI + OpenMP
parallel implementation.

Write your solution in
~/questions/diffusion_hybrid/diffusion2d_hybrid.cpp
and adapt the Makefile in the same folder to compile your program using make.
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Question 7: Finite Differences and Cache
You are given the system of ordinary differential equations

d

dt
u(t) = Au(t), t ∈ (0, T ] ,

u(0) = u0 ,
(7)

where u : R→ RN and A ∈ RN×N . The dimension of the system N is a vary large number.

a) Discretize the system of differential equations using the forward Euler scheme. Write a
pseudocode for the approximate solution of the system.

b) For the approximate solution of eq. (7) you need to perform a matrix-vector multiplication.
Describe a cache-efficient algorithm for matrix vector multiplication.
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