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In this exercise, you will learn about basics of probability theory. More specifically, you will
practice to compute the expected value and the variance of a random variable analytically and
numerically. As a reminder here some of the fundamental definitions from probability theory
that were given in the lecture:

Probability Density Function: For a continuous random variable X with range [a, b], the
probability density function p(x′), is defined such that the probability P of the random variable
X to take a value smaller than x is given by

P (X ≤ x) =

x∫
−∞

p(x′)dx′ (1)

Usually this is denoted by FX(x) = P (X ≤ x) and called cumulative distribution function.

Expectation Value: For a continuous random variable X with range [a, b] and probability
density function p(x), the expected value of h(X) is defined as

E[h(X)] =

∫ b

a

h(x)p(x)dx (2)

A special case is h(X) = X, which gives the mean µ = E[X].

Variance: For a continuous random variable X the variance of X is:

Var[X] = E[(X − E[X])2] = E[X2]− (E[X])2 (3)

We realize that this is an expectation value with h(X) = (X − µ)2, i.e. the variance is the
expected mean squared distance from the mean.
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Question 1: Random Variables: Probabilities, Expectation, Variance

You arrive in a building and are about to take an elevator to your floor. Once you call the
elevator, it will take between 0 and 40 seconds to arrive. The duration until the elevator arrives
can be seen as a random variable T . For the following we assume the time of arrival t ∈ R to
be uniformly distributed between 0 and 40 seconds, i.e. t ∼ U([0, 40]).

a) Write down the probability density function p(t) for the random variable T .

b) Calculate the probability P (T ≤ t) that elevator takes up to 15 seconds to arrive.

c) Calculate the mean value E[T ] that the elevator takes to arrive.

d) Calculate the variance Var[T ] the elevator takes to arrive.

Question 2: Random Variables: Expectation and Variance
Let X be a random variable that follows the exponential distribution X ∼ Exp(λ). The range
of X is [0,∞) and its pdf is p(x) = λe−λx.

a) For any positive integer n, prove that:

E[Xn] =
n

λ
E[Xn−1]

b) Compute the expectation value E[X] of X.

c) Compute the variance Var[X] of X.
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