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In this exercise, you will learn about improving the numerical integration scheme by chang-
ing the integration points. Instead of using a uniformly distributed grid, you will experience
two other methods: (1) Adaptive Quadrature, and (2) Gauss Quadrature.

Question 1: Gauss Quadrature
Gauss Quadrature is a set of carefully designed integration points that can achieve high
accuracy for numerical integration of sufficiently smooth functions. In this exercise, you
will first experience the advantages of the Gauss Quadrature and its limitations. You
need to evaluate by hand two integrals with different types of integrands: a smooth and
a non-smooth integrand. You need to perform three types of numerical integration meth-
ods: Trapezoidal rule, Newton-Cotes formula and Gauss Quadrature. The integration
points and corresponding weights of different orders of the Gauss Quadrature are typically
recorded in a table. In this exercise, you will be using the order 3 Gauss Quadrature (see
Table 1). Typically, the integration points are given based on the interval [-1,1]. One
should first convert the definite integral to be between -1 and 1 before using the tabulated
values.

Procedure of using the Gauss Quadrature to evaluate I =
∫ b

a
f(x) dx:

1. Change the boundary of the integral using change of variables, i.e., let z = 2x
b−a

+1− 2b
b−a

,
then, I =

∫ 1

−1
b−a
2
f
(
b−a
2
(z − 1) + b

)
dz.

2. Read out the integration points zi for z and the corresponding weights wi from the
table (see Table 1).

3. Evaluate I ≈ b−a
2

∑n
i=1wif

(
b−a
2
(zi − 1) + b

)
, where n is the order of Gauss Quadra-

ture chosen.

zi wi

0.7745966692 0.555 . . .
0.0 0.888 . . .

−0.7745966692 0.555 . . .

Table 1: Order three (n = 3) Gauss Quadrature integration points and weights.

a) Perform numerical quadrature with:

(i) the composite Trapezoidal rule with uniform grid spacing and n = 3 points,
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(ii) the Newton-Cotes (closed) formula for n = 2,
(iii) the Gauss Quadrature for n = 3,

for the following two integrals:

(a) I =
∫ 3

1
x6 − x2 sin(2x) dx = 317.3442467,

(b) I =
∫ 2

0
1− |x− 1| dx = 1.

Which method is better for which integrand? Do you suspect why?

b) What can you do to improve the accuracy of the poorly behaved quadrature schemes?

Question 2: Adaptive quadrature
Apply adaptive quadrature by hand, using the Trapezoid Rule up to specified relative
tolerance to approximate the integrals. Relative tolerance is related to the Richardson
extrapolation error as :

ε(h/2) < 3 · tol · h
h0

where h0 is the size if the initial interval.

Find the approximation of the integrals and error compared to the exact solution for both
functions below.

a) f(x) = x2, a0 = 0, b0 = 1 up to tol = 0.05

b) f(x) = cos(x), a0 = 0, b0 = π/2 up to tol = 0.01
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