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uropa lässt sich den wissenschaftlichen Fortschritt einiges kosten. Nach der Hirnforschung
und den Materialwissenschaften wird nun die Entwicklung der Quantentechnologie kräftig

gefördert. Eine Milliarde Euro will die EU-Kommission in den kommenden zehn Jahren
lockermachen und die neue Flaggschiff-Initiative damit finanziell ebenso gut ausstatten wie die
beiden bereits im Jahr 2013 initiierten Leuchtturmprogramme, das „Human Brain Project“ und die
Initiative „Graphene“. Letztere hat zum Ziel die vielfältigen Anwendungsmöglichkeiten des
Wundermaterials „Graphen“ voranzutreiben.

Mit dem dritten Flaggschiff-Progamm, das am Mittwoch
(18. Mai) vom EU-Kommissar für digitale Wirtschaft
und Gesellschaft, Günther Oettinger, in Brüssel auf den
Weg gebracht worden ist, will man in Europa die

Weichen für die zweite Quantenrevolution stellen und so den Weg für zahlreiche Konzepte der
Quantentechnologie in die technische Anwendung ebnen. Als erste Quantenrevolution bezeichnen
Forscher gewöhnlich die Entdeckung der bisweilen seltsam anmutenden Gesetze der

3. EU-Flaggschiff-Programm

Eine Milliarde Euro als
Quantenbeschleuniger
Die EU startet ein neues Flaggschiff-Projekt: Damit will Brüssel in
Europa die Weichen für die zweite Quantenrevolution stellen und
so den Weg für zahlreiche Konzepte der Quantentechnologie in die
technische Anwendung ebnen.
19.05.2016, von MANFRED LINDINGER
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Blick ins Herz eines potentiellen Quantenprozessors: Er besteht aus 9 Quantenbits, den elementaren
quantenphysikalischen Informationseinheiten, hat einen Datenbus, Datenspeicher und ein
Fehlerkorrektursystem.
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Marktplatz

Quantencomputer  2000Q:  Der  DWaveRechner  ist  nicht
nur  2000mal  schneller  als  ein  Laptop,  sondern  auch
entsprechend  größer.  (Foto:  VW)

Donnerstag, 04. Mai 2017, 13.30 Uhr

Rechenkünstler:
Quantencomputer beschleunigt Digitalisierung bei VW

Der  Fahrzeughersteller  Volkswagen  setzt Quantencomputer  zum Handling  riesiger

Datenmengen  ein.  Eine Kooperation mit  dem EDVSpezialisten DWave  trägt  jetzt  erste  Früchte.

Von  Thomas  Geiger  

Gegen  ihn  ist  auch Adam Riese  ein  Zwerg.

Neben  der  Leistung  eines Quantencomputers

verblassen  nicht  nur  die  Zahlenkünste  des

deutschen Rechenmeisters.  Diese  Fähigkeiten

will  sich  jetzt  als  einer  der  ersten

Automobilhersteller  der  VWKonzern  zunutze

machen  und  hat  deshalb  eine Kooperation mit

dem EDVSpezialisten DWave  vereinbart,  der

seine HightechHirne  bislang  vor  allem  an

Raumfahrt  und...

Diesen Artikel sofort weiterlesen!
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IARPA Launches "QEO" Program 
To Develop Quantum Enhanced Computers

WASHINGTON – The Intelligence Advanced Research Projects Activity, within the Office of the Director of
National Intelligence, announced today that it has embarked on a multiyear research effort to develop
specialpurpose algorithms and hardware that harness quantum effects to surpass conventional computing.
Practical applications include more rapid training of machine learning algorithms, circuit fault diagnostics on
larger circuits than possible today, and faster optimal scheduling of multiple machines on multiple tasks. If
successful, technology developed under the Quantum Enhanced Optimization—“QEO”—program will
provide a plausible path to performance beyond what is possible with today’s computers. 

“The goal of the QEO program is a design for quantum annealers that provides a 10,000fold increase in
speed on hard optimization problems, which improves at larger and larger problem sizes when compared to
conventional computing methods,” said Dr. Karl Roenigk, QEO program manager at IARPA. 

Through a competitive Broad Agency Announcement process, IARPA has awarded a research contract in
support of the QEO program to an international team led by the University of Southern California.
Subcontractors include the California Institute of Technology, Harvard University, Massachusetts Institute of
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Dimensions of quantum 
technology



The power of quantum
Classical computer

• Binary information

• Registers with well-defined  
binary value

• Commands on registers one-by-one

• Parallel operations = parallelized  
hardware

Quantum computer

• Binary information

• Superpositions of registers 
 

•  
Operations on complete state space

• intrinsic parallelism

| i =
X

{�i}

c{�i}|{�i}i



Harnessing quantum

| i =
X

{�i}

c{�i}|{�i}i

Probability amplitudes

Unitary operations in parallel
Binary input Binary output

Challenge: 

• Undo parallelism before  
readout

• Make operations unitary

Operational: 

• intermediate states are  
analog

• prevent output errors

There are few known
solutions to this

But those are 
important



Overview

• Three paths to quantum computing: 

• Gate-based advantage

• fault tolerant gate model

• annealing

• Evaluating the status of fault-tolerant QC

• Status of platforms

• Scale-up science



Three paths to 
quantum computing

Universal fault-tolerant 
quantum computer:

• massive overhead from  
error correction

• long-term goal

• powerful tool

• potentially large time  
savings

Quantum annealer / 
adiabatic quantum  
computer

• accessible technology

• quantum speedup?

• waiting for more powerful  
versions (non stoquastic /  
manybody coupler)

Non error-corrected  
co-designed processor

• 50 qubits near?

• outperform supercomputer  
(in simulating quantum  
computers)

• gate number limited by  
physical errors

• potential memory savings



Gate-based quantum 
advantage



Quantum „supremacy“ / 
advantage
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Google and IBM Battle for Quantum Supremacy

Michael Feldman (/project/top500-news-team/) | May 30, 2017 03:19 CEST
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Building a quantum computer that can outperform conventional systems on certain types of algorithms looks to be tantalizingly close. As it stands today,

Google and IBM appear to be the most likely candidates to claim that achievement. 

Recent proclamations by John Martinis, the lead of Google’s quantum computing research group, suggests the search giant is close to hitting that goal. At a

recent meeting of the American Physical Society in March, he laid out a path to building a 49-qubit computer before the end of the year. Martinis believes 49

qubits should be enough to demonstrate quantum supremacy, the term that describes the ability of these systems to run a number of important algorithms,

such as Shor’s algorithm (https://en.wikipedia.org/wiki/Shor%27s_algorithm), that classical computers are unable to tackle.

In Google’s case, the underlying technology is based on superconducting circuitry using aluminum wires. The company has a working nine-qubit system in-

house today, and thinks the technology is ready for the next step. In an April 2017 article in MIT Technology Review

(https://www.technologyreview.com/s/604242/googles-new-chip-is-a-stepping-stone-to-quantum-computing-supremacy/), Martinis noted: “That process

is all working. Now we’re ready to kind of move fast.”

 

Google 9-quit processor. Source: UC Santa Barbara, Julian Kelly
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Revealed: Google’s plan for quantum computer supremacy
The �eld of quantum computing is undergoing a rapid shake-up, and engineers at Google have quietly set out a plan to dominate

UCSB

Superconducting qubits are tops

By Jacob Aron

SOMEWHERE in California, Google is building a device that will usher in a new era for computing. It’s a quantum computer, the largest ever
made, designed to prove once and for all that machines exploiting exotic physics can outperform the world’s top supercomputers.

And New Scientist has learned it could be ready sooner than anyone expected – perhaps even by the end of next year.

The quantum computing revolution has been a long time coming. In the 1980s, theorists realised that a computer based on quantum
mechanics had the potential to vastly outperform ordinary, or classical, computers at certain tasks. But building one was another matter. Only
recently has a quantum computer that can beat a classical one gone from a lab curiosity to something that could actually happen. Google
wants to create the first.

The firm’s plans are secretive, and Google declined to comment for this article. But researchers contacted by New Scientist all believe it is on
the cusp of a breakthrough, following presentations at conferences and private meetings.

“They are definitely the world leaders now, there is no doubt about it,” says Simon Devitt at the RIKEN Center for Emergent Matter Science in
Japan. “It’s Google’s to lose. If Google’s not the group that does it, then something has gone wrong.”

We have had a glimpse of Google’s intentions. Last month, its engineers quietly published a paper detailing their plans
(arxiv.org/abs/1608.00263). Their goal, audaciously named quantum supremacy, is to build the first quantum computer capable of performing
a task no classical computer can.

“It’s a blueprint for what they’re planning to do in the next couple of years,” says Scott Aaronson at the University of Texas at Austin, who has
discussed the plans with the team.

So how will they do it? Quantum computers process data as quantum bits, or qubits. Unlike classical bits, these can store a mixture of both 0
and 1 at the same time, thanks to the principle of quantum superposition. It’s this potential that gives quantum computers the edge at certain
problems, like factoring large numbers. But ordinary computers are also pretty good at such tasks. Showing quantum computers are better
would require thousands of qubits, which is far beyond our current technical ability.

Instead, Google wants to claim the prize with just 50 qubits. That’s still an ambitious goal – publicly, they have only announced a 9-qubit
computer – but one within reach.

“It’s Google’s to lose. If Google’s not the group that does it, then something has gone wrong“

Key idea: 

• Current classical supercomputers can  
simulate a quantum computer up to ca 50  
qubits

• Build something larger and execute  
any algorithm

• Then find applications
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FIG. 1. Example of a random quantum circuit in a 1D array
of qubits. Vertical lines correspond to controlled-phase (CZ)
gates (see Sec. IV).

While we do not provide a formal definition of quan-
tum chaos here, we review several well known charac-
teristics of quantum chaos to argue that sampling the
output distribution of a random quantum circuit is a
hard computational task. In analogy with classical Lya-
punov exponents, a signature of quantum chaos is the
decrease of the overlap | h t| ✏

t
i |2 of the quantum state

| ti with the state | ✏

t
i resulting from a small perturba-

tion ✏ to the Hamiltonian that evolves | ti [4, 5, 8, 9].
The overlap decreases exponentially in the evolution time
t and ✏ because chaotic evolutions give rise to delocaliza-
tion of quantum states [6, 7]. Such states are closely
related to ensembles of random unitary matrices studied
in random matrix theory [6, 32], they possess no sym-
metries, and are spread over Hilbert space. Therefore,
as in the case of classical chaos, obtaining a description
of | ti requires a high fidelity classical simulation. This
challenge is compounded by the exponential growth of
Hilbert space N = 2n with the qubit dimension n.

It follows that unless a classical algorithm uses re-
sources that grow exponentially in n, its output would
be almost statistically uncorrelated with the output dis-
tribution corresponding to general global measurements
of the chaotic quantum state.1 Indeed, it has been
argued that classically solving related sampling prob-
lems requires computational resources with asymptotic
exponential scaling [20–30]. Examples include Boson-
Sampling [24] and approximate simulation of commuting
quantum computations [23, 29].

Random quantum circuits with gates sampled from a
universal gate set are examples of quantum chaotic evo-
lutions that naturally lend themselves to the quantum
computational framework [7, 10–12, 14, 16]. A circuit,
corresponding to a unitary transformation U , is a se-
quence of d clock cycles of one- and two-qubit gates,
with gates applied to di↵erent qubits in the same cy-
cle, see Fig. 1. With realistic superconducting hardware

1
A classical algorithm that uses time and space resources that

grow exponentially in n can reconstruct all measurements of the

chaotic quantum state exactly.

constraints [33, 34], gates act in parallel on distinct sets
of qubits restricted to a 1D or 2D lattice.

In this paper we study the computational task of sam-
pling bit-strings from the distribution defined by the out-
put state | i of a (pseudo-)random quantum circuit U of
size polynomial in n. We will compare the sampling out-
put of U to a generic classical sampling algorithm that
takes a specification of U as input and samples a bit-
string with computational time cost also polynomial in
n. We will show that a bit-string sampled from U is typ-
ically e times more likely than a bit-string sampled by
the classical algorithm. A quantum sample S of m mea-
surement outcomes x 2 {0, 1}n in a local qubit basis has
probability ⇧x2S | hx| i |2. Denote by Spcl a sample of m
bit-strings from the polynomial classical algorithm. We
argued above standard assumptions in chaos theory that
in this case Spcl is expected to be almost uncorrelated
with the distribution defined by | i. We will substantiate
this numerically and theoretically in later sections. The
sample Spcl is assigned a probability ⇧x2Spcl | hx| i |2 by
the distribution defined by | i. As we show in this paper,
the ratio of these probabilities for a su�ciently large cir-
cuit in the typical case is, within logarithmic equivalence,
⇧x2S | hx| i |2/⇧x2Spcl | hx| i |2 ⇠ em (see Eq. (9)). We
will also show that for a typical sample Sexp produced by
an experimental implementation of U this ratio is, within
logarithmic equivalence,

⇧x2Sexp | hx| i |2

⇧x2Spcl | hx| i |2 ⇠ eme
�rg

� 1 , (1)

where the parameter r provides an estimate of the e↵ec-
tive per-gate error rate, and g / nd is the total num-
ber of gates (see Eqs. (14) and (18)). Note the double
exponential structure in Eq. (1) with two large param-
eters m, g � 1. Therefore, the ratio of probabilities in
Eq. (1), an experimentally observable quantity, is enor-
mously sensitive to the e↵ective per-gate error rate r.
The parameter r can serve as an extremely accurate char-
acterization of the degree of correlation of Sexp with the
distribution defined by U , and provides a novel tool for
benchmarking complex multiqubit quantum circuits. We
will argue that r can be estimated theoretically and com-
pared with experiments to define a quantum supremacy
test.

We now give the main outline of the paper. In Sec. II
we obtain Eq. (1) from the cross entropy between the two
distributions and we explain how it can be measured in
an experiment. In Sec. III we explain theoretically and
numerically why the cross entropy is closely related to
the overall circuit fidelity. We also introduce an e↵ective
error model for the overall circuit, and compare it with
numerical simulations of the circuit with digital errors.
In Sec. IV we study numerically the convergence of the
circuit output to the Porter-Thomas distribution, char-
acteristic of quantum chaos. In Sec. V we use complexity
theory to argue that this sampling problem is computa-
tional hard.

Example: Simulation of quantum chaos

Boixo et al., 2016



Photo: Eric Lucero, Google

Quantum chip

• 9 Qubits

• NN coupling 

• separate control 
and readout

• Unpublished:  
22 Qubits



Quantum computing and simulation

• wave function of N two-
state quantum system 
occupies 2N real 
numbers

makes simulating 
quantum physics hard

accelerates 
computational 
problems if harnessed

“Nature isn't classical, dammit, and if you want to make a simulation of nature, you'd better make it quantum 
mechanical, and by golly it's a wonderful problem, because it doesn't look so easy.”
Richard P. Feynman, „Simulating physics with computers“, 1981



Electronic structure 
calculation

• problem setting: Given 
position of nuclei in a 
molecule, find ground 
state energy

• gives bond lengths, 
energetics etc. 

• important for process 
optimization Ferredoxin: Fe2S2-cluster: 

16 valence electrons, 84 total



Problem setting

Chapter 2. QC 10

particle m. It is convention to denote nuclear indices with capital letters and indices

associated with electrons with lower case letters.

It is common practice to express the Hamiltonian in atomic units that transform (2.1)

into a dimensionless equation where the eigenvalues of (2.2) are now multiples of

1 Hartree ⌘ Ea = 4.359 744 34(19)⇥ 10�18J

As the mass of the nuclei MJ is about three orders of magnitude larger than the electron

mass me, the nuclei are much more inert and can be viewed as stationary with respect

to the motion of the electrons. Since the Hamiltonian, containing both nuclear and elec-

tronic degrees of freedom, can only be solved for the most simple of all molecules, namely

H2, quantum chemists employ the Born-Oppenheimer-Approximation2 that treats the

nuclei as rigid points generating an electric potential in which the electrons move about.

The resulting Hamiltonian is known as the Electronic Structure Hamiltonian (ESH) and

assumes the form [13]

ĤESH = �
NeX

i=1

1

2
r2

i �
NeX

i=1

NIX

J=1

ZJ

riJ
+

NeX

i=1

NeX

j>i

1

rij
+ ĥnuc. (2.3)

with ĥnuc containing the kinetic energy of the nuclei as well as the nuclei-nuclei repul-

sion3. As ĥnuc is constant, it doesn’t a↵ect the eigenfunctions of (2.3) and only adds a

constant to the eigenvalues of ĤESH . The solutions to the Schrödinger equation

ĤESH | eli = E | eli (2.4)

will be wave functions of the electrons only. Since we will be working solely within

the Born-Oppenheimer-Approximation throughout this work, we are going to omit the

indices “ESH” and “el” and set Ne ⌘ N from now on4.

2For a rigorous discussion of the Born-Oppenheimer-Approximation see e.g. [12].
3Technically, the Born-Oppenheimer-Approximation assumes that the molecular wave function | i

can be written as a product | i = | eli ⌦ | nuci of electronic and nuclear wave functions.
4Once the electronic wave function is known for (2.3) one can treat the electrons in an average way

and solve (2.2) for the nuclear degrees of freedom, which leads to the vibrational and rotational energies
of the molecule.

Hamiltonian: Description of a quantum system based on its energetics, Hermitian matrix 
 
Ground state: Eigenvector to lowest eigenvalue

Hamiltonian of a Molecule: 

Chapter 2. QC 14

representation of quantum mechanics in second quantization we therefore have to trans-

form the operators in (2.3)

Ĥ1st Quantization = �
NeX

i=1

1

2
r2

i �
NeX

i=1

NIX

J=1

ZJ

riJ
+

NeX

i=1

NeX

j>i

1

rij
+ ĥnuc

in second quantization in such a way that the matrix elements between two arbitrary

states in first quantization are identical to those in second quantization:

h 1|Ĥ1st Quantization| 2i = hk1|Ĥ2nd Quantization|k1i . (2.23)

For (2.23) to be valid, the spatial structure of the molecule must consequently be em-

bodied in the second quantized operators. Since we will only be dealing with the second

quantized version, we will set Ĥ2nd Quantization ⌘ Ĥ from now on. One can show that the

(non-relativistic and spin-free) second-quantized molecular electronic structure Hamil-

tonian (MESH) is given by

Ĥ =
X

PQ

hPQâ
†
P
âQ + 1

2

X

PQRS

gPQRS â
†
P
â†
Q
âRâS + ĥnuc. (2.24)

{P,Q,R, S} runs over all spin-orbitals (occupied and unoccupied). The factor 1
2 is

conventional, ĥnuc is the constant term due to the Born-Oppenheimer approximation

and reads

ĥnuc =
1
2

X

I 6=J

ZIZJ

RIJ

. (2.25)

The spatial structure is contained in the one-electron integrals

hPQ =

Z
�⇤
P (x)

 
�1

2
r2 �

X

I

ZI

rI

!
�Q(x)dx (2.26)

and two-electron integrals

gPQRS =

Z
�⇤
P (x1)�

⇤
R(x2)

1

r12
�Q(x1)�S(x2)dx1dx2 (2.27)

and they must be pre-computed classically. Evaluating these integrals is an immensely

complicated numerical task by itself and it would not answer the purpose of this thesis

to go any further than just stating that solving these integrals can be done on a classical

computer e�ciently[14]. It is important to note that (2.26) and (2.27) are constructed

in such a way that they become identical with their respective first-quantized analogue

obtained from the Slater-Condon rules [15]. The integrals (2.26) and (2.27) possess the

Broken down to qubits:

Hamiltonian of a quantum computer: 

Ĥ = Ĥ0 +
X

i

Fi(t)Ĥi Ĥ =
X

i

Ĥi(t) +
X

i<j

Ĥij(t)

Drift:
Defines qubit

Control: 
Used for programming Single qubit Interactions: Used 

for two-qubit gates



To gates and algorithms
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FIG. 1. Example of a random quantum circuit in a 1D array
of qubits. Vertical lines correspond to controlled-phase (CZ)
gates (see Sec. IV).

While we do not provide a formal definition of quan-
tum chaos here, we review several well known charac-
teristics of quantum chaos to argue that sampling the
output distribution of a random quantum circuit is a
hard computational task. In analogy with classical Lya-
punov exponents, a signature of quantum chaos is the
decrease of the overlap | h t| ✏

t
i |2 of the quantum state

| ti with the state | ✏

t
i resulting from a small perturba-

tion ✏ to the Hamiltonian that evolves | ti [4, 5, 8, 9].
The overlap decreases exponentially in the evolution time
t and ✏ because chaotic evolutions give rise to delocaliza-
tion of quantum states [6, 7]. Such states are closely
related to ensembles of random unitary matrices studied
in random matrix theory [6, 32], they possess no sym-
metries, and are spread over Hilbert space. Therefore,
as in the case of classical chaos, obtaining a description
of | ti requires a high fidelity classical simulation. This
challenge is compounded by the exponential growth of
Hilbert space N = 2n with the qubit dimension n.

It follows that unless a classical algorithm uses re-
sources that grow exponentially in n, its output would
be almost statistically uncorrelated with the output dis-
tribution corresponding to general global measurements
of the chaotic quantum state.1 Indeed, it has been
argued that classically solving related sampling prob-
lems requires computational resources with asymptotic
exponential scaling [20–30]. Examples include Boson-
Sampling [24] and approximate simulation of commuting
quantum computations [23, 29].

Random quantum circuits with gates sampled from a
universal gate set are examples of quantum chaotic evo-
lutions that naturally lend themselves to the quantum
computational framework [7, 10–12, 14, 16]. A circuit,
corresponding to a unitary transformation U , is a se-
quence of d clock cycles of one- and two-qubit gates,
with gates applied to di↵erent qubits in the same cy-
cle, see Fig. 1. With realistic superconducting hardware

1
A classical algorithm that uses time and space resources that

grow exponentially in n can reconstruct all measurements of the

chaotic quantum state exactly.

constraints [33, 34], gates act in parallel on distinct sets
of qubits restricted to a 1D or 2D lattice.

In this paper we study the computational task of sam-
pling bit-strings from the distribution defined by the out-
put state | i of a (pseudo-)random quantum circuit U of
size polynomial in n. We will compare the sampling out-
put of U to a generic classical sampling algorithm that
takes a specification of U as input and samples a bit-
string with computational time cost also polynomial in
n. We will show that a bit-string sampled from U is typ-
ically e times more likely than a bit-string sampled by
the classical algorithm. A quantum sample S of m mea-
surement outcomes x 2 {0, 1}n in a local qubit basis has
probability ⇧x2S | hx| i |2. Denote by Spcl a sample of m
bit-strings from the polynomial classical algorithm. We
argued above standard assumptions in chaos theory that
in this case Spcl is expected to be almost uncorrelated
with the distribution defined by | i. We will substantiate
this numerically and theoretically in later sections. The
sample Spcl is assigned a probability ⇧x2Spcl | hx| i |2 by
the distribution defined by | i. As we show in this paper,
the ratio of these probabilities for a su�ciently large cir-
cuit in the typical case is, within logarithmic equivalence,
⇧x2S | hx| i |2/⇧x2Spcl | hx| i |2 ⇠ em (see Eq. (9)). We
will also show that for a typical sample Sexp produced by
an experimental implementation of U this ratio is, within
logarithmic equivalence,

⇧x2Sexp | hx| i |2

⇧x2Spcl | hx| i |2 ⇠ eme
�rg

� 1 , (1)

where the parameter r provides an estimate of the e↵ec-
tive per-gate error rate, and g / nd is the total num-
ber of gates (see Eqs. (14) and (18)). Note the double
exponential structure in Eq. (1) with two large param-
eters m, g � 1. Therefore, the ratio of probabilities in
Eq. (1), an experimentally observable quantity, is enor-
mously sensitive to the e↵ective per-gate error rate r.
The parameter r can serve as an extremely accurate char-
acterization of the degree of correlation of Sexp with the
distribution defined by U , and provides a novel tool for
benchmarking complex multiqubit quantum circuits. We
will argue that r can be estimated theoretically and com-
pared with experiments to define a quantum supremacy
test.

We now give the main outline of the paper. In Sec. II
we obtain Eq. (1) from the cross entropy between the two
distributions and we explain how it can be measured in
an experiment. In Sec. III we explain theoretically and
numerically why the cross entropy is closely related to
the overall circuit fidelity. We also introduce an e↵ective
error model for the overall circuit, and compare it with
numerical simulations of the circuit with digital errors.
In Sec. IV we study numerically the convergence of the
circuit output to the Porter-Thomas distribution, char-
acteristic of quantum chaos. In Sec. V we use complexity
theory to argue that this sampling problem is computa-
tional hard.

Ĥ = Ĥ0 +
X

i

Fi(t)Ĥi Ĥ =
X

i

Ĥi(t) +
X

i<j

Ĥij(t)

Time

Q
ub

its

1Q 2Q

Ûgate = exp(�iĤtg)

Switch energies with
precise timing to 
implement gates



Trotter-based simulation

Break down time evolution by Trotter decomposition

The path ĤHF Y Ĥ is chosen by defining
ĤHF to have all matrix elements equal to zero,
except the first element, namely H1,1, which is
equal to the HF energy. This yields an initial
gap the size of the ground-state mean-field
energy, which is very large relative to typical
electronic excitations. The ASP method was
applied to the H2 molecule at large separations
in the STO-3G basis, for which the squared
overlap of the HF wave function with the
exact ground state is one half. As evidenced
by Fig. 3A, the ASP algorithm prepares states
with a high squared overlap for several
internuclear distances of the H2 molecule.
Figure 3B plots the relevant gap along the
adiabatic path, which is shown for this system
to be well-behaved and nonvanishing.

The accuracy and quantum-gate complex-
ity of the algorithm depend on the specific gate
decomposition of the unitary operators V̂ k ,
defined above. The factorization of unitary
matrices into products of one- and two-qubit
elementary gates is the fundamental problem
of quantum circuit design. We now demon-
strate that the lengths of the gate sequences
involved are bounded from above by a
polynomial function of the number of qubits.

We analyze the gate complexity of our Û
for the direct mapping of the state. The mo-
lecular Hamiltonian is written in second quan-
tized form as

Ĥ 0
X

X

ĥX 0
X

p;q

bpkT̂ þ V̂N kqÀâpþâq j

1

2

X

p;q;r;s

bpkbqkV̂ekrÀksÀâpþâqþârâs
ð3Þ

where kpÀ is a one-particle state, âp is its
fermionic annihilation operator, and T̂, V̂N , and
V̂e are the one-particle kinetic and nuclear-
attraction operators and the two-particle electron-
repulsion operator, respectively. It has been
shown in (2), that for the following approxi-
mation to Û

eiĤHt , k
X

eiĥX
t
M

! "M

ð4Þ

M can always be chosen such that the error is
bounded by some preset threshold. The num-
ber of gates to implement Û then scales
polynomially with the system size for a given
M, under the conditions that the number of
terms ĥx scales polynomially with system
size and that each ĥx acts on a polynomially
scaling number of qubits. In our case, these
conditions are manifestly fulfilled. The
number of terms in the Hamiltonian grows
approximately with the fourth power of the
number of atoms, and each term involves
maximally four basis functions, implying
action on at most five qubits in the direct
mapping (four qubits in S plus a control
qubit in R). A linear-scaling number of two-
qubit operations (similar to qubit swaps) can

account for fermionic antisymmetry in the
action of the unitary operator constructed
from each ĥX (13). M is a multiplicative
factor in the number of gates. Because the
fraction of all pairs of ĥX terms that do not
commute decreases with system size, it is
reasonable to assume that M increases poly-
nomially at worst. The advantage of the
direct mapping is that, at most, controlled
four-qubit unitary operations are required.
The number of one- and two-qubit elemen-
tary gates required to represent an arbitrary
four-qubit gate has been shown to be always
less than 400 (14); the structure of a con-
trolled four-qubit unitary operation will
allow a decomposition into a similar order
of magnitude in the number of gates.

We have found that chemical precision can
be achieved with modest qubit requirements for
the representation of the wave function and for
the readout register. The ASP algorithm has
been shown to systematically improve the
probability of success of the PEA. Although
exponentially difficult on a classical computer,
extension to larger molecules requires only
linear growth in the number of qubits. The di-
rectmapping for themolecular wave function to
the qubit state allows the unitary operator to be
decomposed into a number of gates that scales
polynomially with system size.

The difficulty of performing quantum-
computing simulations is about an order of
magnitude greater than conventional FCI.
Although possible as experiments, such simu-
lations are not a competitive alternative. To
repeat the calculations performed here with a
high-quality basis set (cc-pVTZ) would require
S to consist of 47 or 22 qubits for H2O or LiH,

respectively, using the compact mapping of
the full Hilbert space. For most molecules and
basis set combinations shown in Fig. 1, an
FCI calculation is certainly classically in-
tractable. An FCI calculation for H2O with
cc-pVTZ would be at the edge of what is
presently possible. This demonstrates an
often-stated conjecture, that quantum simula-
tion algorithms with 30 to 100 qubits will be
among the smallest applications of quantum
computing that can exceed the limitations of
classical computing.
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Fe-Mg Interdiffusion in
(Mg,Fe)SiO3 Perovskite and Lower

Mantle Reequilibration
Christian Holzapfel,1*. David C. Rubie,1 Daniel J. Frost,1

Falko Langenhorst2

Fe-Mg interdiffusion coefficients for (Mg,Fe)SiO3 perovskite have been mea-
sured at pressures of 22 to 26 gigapascals and temperatures between 1973 and
2273 kelvin. Perovskite Fe-Mg interdiffusion is as slow as Si self-diffusion and
is orders of magnitude slower than Fe-Mg diffusion in other mantle minerals.
Length scales over which chemical heterogeneities can homogenize,
throughout the depth range of the lower mantle, are limited to a few meters
even on time scales equivalent to the age of Earth. Heterogeneities can there-
fore only equilibrate chemically when they are stretched and thinned by in-
tense deformation.

The kinetics of many physical and chemical
processes in Earth_s mantle are controlled by
solid-state diffusion (1–5). Thus, understand-
ing and quantifying these processes in Earth
requires knowledge of diffusion coefficients

for mantle minerals over the range of pressure-
temperature conditions encompassed by Earth_s
mantle. The mineralogy of Earth_s lower man-
tle is dominated by silicate perovskite (È80
volume %).
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Find a quantum algorithm for the Trotter step (multi-qubit!)

Slowest evolution: Ground state!

• quantum advantage: Natural  
Fourier transform

• quantum advantage: natural  
gate sequence for physical  
interactions

• but: leads to long algorithms

Takes a long time, gets the ground state
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representation of quantum mechanics in second quantization we therefore have to trans-

form the operators in (2.3)

Ĥ1st Quantization = �
NeX

i=1

1

2
r2

i �
NeX

i=1

NIX

J=1

ZJ

riJ
+

NeX

i=1

NeX

j>i

1

rij
+ ĥnuc

in second quantization in such a way that the matrix elements between two arbitrary

states in first quantization are identical to those in second quantization:

h 1|Ĥ1st Quantization| 2i = hk1|Ĥ2nd Quantization|k1i . (2.23)

For (2.23) to be valid, the spatial structure of the molecule must consequently be em-

bodied in the second quantized operators. Since we will only be dealing with the second

quantized version, we will set Ĥ2nd Quantization ⌘ Ĥ from now on. One can show that the

(non-relativistic and spin-free) second-quantized molecular electronic structure Hamil-

tonian (MESH) is given by

Ĥ =
X

PQ

hPQâ
†
P
âQ + 1

2

X

PQRS

gPQRS â
†
P
â†
Q
âRâS + ĥnuc. (2.24)

{P,Q,R, S} runs over all spin-orbitals (occupied and unoccupied). The factor 1
2 is

conventional, ĥnuc is the constant term due to the Born-Oppenheimer approximation

and reads

ĥnuc =
1
2

X

I 6=J

ZIZJ

RIJ

. (2.25)

The spatial structure is contained in the one-electron integrals

hPQ =

Z
�⇤
P (x)

 
�1

2
r2 �

X

I

ZI

rI

!
�Q(x)dx (2.26)

and two-electron integrals

gPQRS =

Z
�⇤
P (x1)�

⇤
R(x2)

1

r12
�Q(x1)�S(x2)dx1dx2 (2.27)

and they must be pre-computed classically. Evaluating these integrals is an immensely

complicated numerical task by itself and it would not answer the purpose of this thesis

to go any further than just stating that solving these integrals can be done on a classical

computer e�ciently[14]. It is important to note that (2.26) and (2.27) are constructed

in such a way that they become identical with their respective first-quantized analogue

obtained from the Slater-Condon rules [15]. The integrals (2.26) and (2.27) possess the



Reducing the size of the 
quantum operation

• let the (cheap) classical 
computer do what it is 
best at

• enhance its performance 
with the (expensive) 
quantum computer

• guesstimate: 10 qubits 
enough to simulate QPT



Lattice models: Quantum friendly

•  non-integrable  

• QMC: Fermionic sign problem 

• reproduces d-wave superconductivity

Low (<1 eV) physics of  electrons on lattices

• split lattice into exact 
clusters

• couple clusters pertur- 
batively: Closed form

Need large enough cluster to have enough precision



Memory needs

• memory does not limit 
lattice size

• memory limits cluster 
size, hence precision

• strategy: quantum 
subroutine for the 
clusters

9

Number of orbitals Memory required

3 1 KB
8 1 MB
13 1 GB
18 1 TB
23 1 PB

Table I. Order of magnitude estimation of the classical mem-
ory required to store the full finite temperature density matrix
of a cluster with a given number of irreducible orbitals for a
general cluster Hamiltonian. It is assumed that each matrix
element is stored as a complex double-precision number (16
bytes/element) and no optimization is used.

transformation is used to map the cluster Hamiltonian to
a quantum register. A method to generate initial Gibbs
states in a quantum computer in reviewed and finally
a procedure to extract the Green’s function out of the
Gibbs state is explained. The full quantum procedure is
shown to be efficient in quantum memory resources.

A. The method on a classical computer

The resource intensive part of the numerical varia-
tion solver is the computation of the energy-dependent
Green’s function of the cluster Ĝ0 (!, t). On a classical
computer, the memory used to store the description of
the state of the system scales exponentially in system
size.

Typically, the Hamiltonian (15) is encoded in the oc-
cupation basis (29) and the Schrödinger equation (28)
is solved explicitly using an appropriate numerical diag-
onalization method. As shown in table I, the memory
usage scales exponentially with system size and diago-
nalization typically scales as O

�
L
3

c

�
in the number of

arithmetic operation required. When successful, a set of
eigenvalues {En} and associated eigenstates {|�ni} are
obtained. If the cluster has Lc sites with 2 electrons each
(spin up and down), then there are 4Lc eigenstates. The
rest of the procedure is the following:

1. Write !mn = En � Em.

2. Write the occupation probabilities Pmn =
e��En+e��Em

Z . Note that � ⌘ T
�1 is the inverse

temperature and Z = Tr e��H0

is the partition
function.

3. Define the electron-like and hole-like amplitude
Q

(e")

imn = h�m| ci" |�ni and Q
(h#)

imn = h�m| c
†

i# |�ni .

4. Vectorize the m,n �! r indices to obtain the ma-
trices Êrs = �rs!r and ⇧̂rs = �rsPr . The ampli-

tude matrices then take the form

Q̂ =

0

BBBBBBBBB@

Q
(e")

1r
...

Q
(e")

Lcr

Q
(h#)

1r
...

Q
(h#)

Lcr

1

CCCCCCCCCA

(50)

and can be recast as Q̂0 = Q̂
p

⇧̂ at non-zero tem-
perature. It is also useful to define and compute
ĝ (!) = 1̂

!�Ê
. It an be noted that Q̂ is a 2Lc⇥16Lc

matrix which scales exponentially in memory with
the size of the system being studied.

5. Then compute (30) as Ĝ0 (!) = Q̂0ĝ (!) Q̂0†. This
is the most time-consuming step on a classical com-
puter, especially at non-zero temperature.

6. The grand potential functional (27) and the lattice-
perturbed Green’s function (41) can then be evalu-
ated to respectively solve the saddle-point problem
and compute observables.

B. The method on a quantum computer

Computing the Green’s function of the cluster Ĝ0 (!, t)
on a quantum computer is possible in a hybrid analog-
digital simulator. The first step generates a Gibbs state
⇢Gibbs (T ) with some temperature T (or � = 1

T ) measured
on the digital register and the second step measures the
correlation function of the cluster on an analog channel.
The Jordan-Wigner transformation is used to map the
Fermi-Hubbard Hamiltonian to a quantum register. The
general procedure is the following:

1. Map the cluster Hamiltonian (15) to a qubit system
with the Jordan-Wigner transformation.

2. Evaluate the two-point correlation functions (30)
for many different times for at least a full Hamil-
tonian cycle (at zero temperature) or until corre-
lations flatten out. Fourier transform to obtain
the frequency-dependent correlation functions. The
Hamiltonian is evolved in time using Trotter steps.
Note that in the Jordan-Wigner basis, O (Lc) gates
are needed at each time step. The full density ma-
trix does not need to be measured, only O

�
L
2

c

�
cor-

relation functions need to be evaluated.

3. Again, the grand potential functional (27) and the
lattice-perturbed Green’s function (41) can then be
evaluated efficiently on a classical computer (simple
linear algebra on small 2Lc ⇥ 2Lc matrices) to re-
spectively solve the saddle-point problem and com-
pute observable.

Memory needs for thermal density matrix

Reach precision: Put the cluster onto quantum computer



Hybrid algortihm

Superconducting quantum simulator for the Fermi-Hubbard model
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Abstract

Many phenomena of strongly correlated materials are encapsulated in the Fermi-Hubbard model. In general, no closed-form solution is known
for lattices of more than one spatial dimension, but they can be numerically approximated using cluster methods. To model long-range
e↵ects such as order parameters, a powerful method to compute the cluster’s Green’s function consists in finding its self-energy through
a variational principle. This allows the possibility of studying various phase transitions at finite temperature in the Fermi-Hubbard model.
However, a classical cluster solver quickly hits an exponential wall in the memory (or computation time) required to store the computation
variables. We show theoretically that the cluster solver can be mapped to a subroutine on a quantum computer whose quantum memory
usage scales linearly with the number of orbitals in the simulated cluster and the number of measurements scales quadratically. We also
provide a gate decomposition of the cluster Hamiltonian and a simple planar superconducting architecture for a quantum simulator that
can also be used to simulate more general fermionic systems. A quantum computer with a few tens of qubits could therefore simulate the
thermodynamic properties of complex fermionic lattices inaccessible to classical supercomputers.

Self-Energy functional theory

The Hamiltonian of the Fermi-Hubbard model (FHM) [1] describes
a simple electronic band in a periodic lattice � where electrons are
free to hop between orbitals with kinetic energy t and interact
via a simple two-body Coulomb term U . The occupation of the
electronic orbitals is controlled by the chemical potential µ.

H = �t

X

hi ,ji,�

c
†

i�cj� � U

X

i

ni"ni# � µ
X

i ,�

ni� (1)

The self-energy functional theory (SFT) can be used as a general
theoretical framework to systematically construct approximations
to compute the thermal properties and the spectrum of single-
particle excitations of a certain class of strongly correlated electron
systems. The prototypical system that can be studied is the FHM.

Figure: The reference system generates a manifold of trial self-energies

⌃
0
parametrized by single-particle parameters t

0
. The self-energy functional

[5] can be evaluated exactly on this manifold as the interaction part of the

Hamiltonian is left unchanged.

The prime application of the SFT is to construct the variational
cluster approximation (VCA) [2]. An approximate solution of an
infinite lattice is obtained from an all-order perturbation theory of
terms connecting exactly solvable clusters. If Nc is the number of
cluster along each dimension of the lattice, then the superlattice
reciprocal space is given by

k̃x/y =
2⇡qx/y
Na

, qx/y = 0, . . . , Nc � 1 . (2)

Figure: The essence of the VCA method is to remove the one-body links

(denoted t) between small clusters (contained in V) from the lattice � and

consider only the reference lattice �
0
whose Hamiltonian H

0
is block

diagonal in the Wannier basis and easier to solve than the complete

problem H. The solution become asymptotically exact as the clusters are

made to include more sites.

The set of one-body terms linking the clusters are

V̂

⇣
k̃

⌘
⌘ t̂

⇣
k̃

⌘
� t̂

0. (3)

The exact Green’s function of a cluster is written as

G
0 (!) = 1

!�t0�⌃0(!)

=

✓
G

0 (!) F
0 (!)

F
0† (!) �G

0 (�!)

◆
.

(4)

Solutions to the FHM can be found by varying the functional of the
self-energy until a physical value of the Green’s function is found

⌦t = ⌦0

t 0 �
1

N

I

C

dz

2⇡i

X

k̃

ln det
h
Î� V̂

⇣
k̃

⌘
Ĝ

0 (z)
i

(5)

and the Dyson equation is satisfied:

@⌦t

@t0
= 0. (6)

Then the approximate Green’s function of the lattice of clusters is
given by

G

⇣
k̃,!

⌘
=
⇣
Ĝ

0�1 (!)� V̂

⇣
k̃

⌘⌘�1

(7)

and the Green’s function of the full lattice is obtained by a peri-
odization procedure such that

G (k,!) =
1

Lc

LcX

i ,j=1

Gij (k,!) e
�ik·(ri�rj). (8)

Quantum variational cluster approach

Scaling to larger clusters on classical computers requires an ex-
ponential amount of memory as a function of cluster size. We
propose solving the cluster problem on a quantum computer as a
quantum subroutine.

Figure: Hybrid quantum-classical loop to solve the Fermi-Hubbard model

using the variational cluster approach.

The quantum circuit involved in creating a low-temperature Gibbs
state [4] of the cluster Hamiltonian and measuring its time-
dependent correlation functions is shown in the next figure:

Figure: When the bath is traced out the system channel S is left in a

Gibbs state from which the di↵erent correlation functions can be read from

the one-qubit register P . Register R is used as a digital component and q

should therefore be the size required for the desired floating point accuracy

on s⇤, which is related to the inverse temperature � [4]. The numbers in

the controlled gates of register R denote the index of the qubit which is

acting as the control.

After a Gibbs state is prepared:

⇢Gibbs (�) ⌘
1

Z

X

m

e
��Em |�mi h�m| , (9)

the correlation functions of the Majorana operators

Xi� ⌘ ci� + c
†

i�

Yi� ⌘ +i
⇣
ci� � c

†

i�

⌘ (10)

are measured using the following circuit:

Figure: Circuit to measure the correlation function Cµ⌫ (⌧) from an input

Gibbs state

The measured functions are extracted from the P register as prob-
abilities

Cµ⌫ (⌧ ) = 2 (Pµ⌫ (M = 0, ⌧ )� Pµ⌫ (M = 1, ⌧ ))

=
P

1

s=0

⌧ s

s!
C

(s)

µ⌫ .

(11)

There is a linear map to recover the single-particle correlation func-
tions.
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(12)
The retarded Green’s functions can be recovered from

G
R

µ⌫ (!) = �i lim
⌘!0+

1X

s=0

C
(s)

µ⌫

(⌘ + i!)s+1
. (13)

Gate decomposition of a square cluster

The Fermionic creation and annihilation operators are mapped to
Pauli operators using the Jordan-Wigner transformation:

c
†

i"
= I⌦2(Lc�i)+1

⌦ �+ ⌦ �⌦2(i�1)

z

c
†

i#
= I⌦2(Lc�i)

⌦ �+ ⌦ �⌦2i�1

z .

(14)

The important types of Hamiltonian terms for a cluster are intro-
duced through the concrete example of a 2⇥ 2 cluster.

Figure: For a n = 2Lc square lattice, the sites are labeled sequentially in

linear stripes, this ensures that nearest-neighbor coupling terms of the

Hamiltonian in the Jordan-Wigner basis can be represented as Pauli string

of length at most O
�
2
p
Lc

�
.

The form of the Hamiltonian of a 2D cluster including the varia-
tional terms is the following:

H
0 = Hkin +Hint �Hs�pair �Hdx2�y2

�Hlocal �HAF. (15)

The local terms include the variational chemical potential that
enforces thermodynamical consistency and a possible symmetry-
breaking anti-ferromagnetic ordering:

Hlocal = µ0
X

i ,�

ni� +M
0
X

i

e
iQ·Ri (ni" � ni#) . (16)

The gate decomposition of the local terms has the form

Figure: The local terms of the cluster Hamiltonian corresponding to the

time evolution of Hlocal and HAF. The single qubit rotation

R
⇥
�n

⌘ e
�i ⇥2 e�i ⇥2 �z , the angles ⇥

±

loc ⌘ ��⌧ (µ0
±M

0
).

The kinetic term that describes nearest-neighbor hopping is

Hkin = �t

X

hi ,ji,�

c
†

i�cj� + c
†

j�ci�. (17)

It can be exactly implemented on a quantum simulator with a gate
sequence of the following form:

(a)

(b)

Figure: The hopping terms of the cluster Hamiltonian corresponding to

the time evolution of Hkin are decomposed into gates.

The two-qubit + and � gates correspond to ±iSwap, which can
be physically implemented by �x ⌦ �x + �y ⌦ �y Hamiltonians.
The FHM has local interaction terms of the form

Hint = U

X

i

ni"ni#. (18)

They can be implemented with the gate sequence

(a)

(b)

Figure: The interaction terms of the cluster Hamiltonian corresponding

to the time evolution of Hint are decomposed into gates. The angle

⇥int ⌘ +�⌧U . The single-qubit rotation gate R
⇥
�U ⌘ e

+i ⇥2 e�i ⇥2 �y .

In the case of attractive interaction U < 0, the FHM displays a
s-wave superconducting order parameter. The symmetry-breaking
term is modeled by

Hs�pair = �0

s

X

i

⇣
c
†

i"
c
†

i#
+ ci#ci"

⌘
. (19)

It can be decomposed as the following gate sequence:

(a)

(b)

Figure: The s-wave pairing terms of the cluster Hamiltonian

corresponding to Hs�pair are decomposed into gates. The angle

⇥� ⌘ ��⌧�0

s .

In the case of repulsive interaction U > 0 close to half-filling, the
FHM shows a d-wave ordering parameter of the form

Hdx2�y2
= �0

d

X

hi ,ji

dij

2

⇣
c
†

i"
c
†

j#
� c

†

i#
c
†

j"
+ cj#ci" � cj"ci#

⌘
, (20)

where

dij =

8
>><

>>:

1 if Ri � Rj = ±aex

�1 if Ri � Rj = ±aey

0 otherwise.

(21)

The gate sequence for a d-wave ordering term has the form

(a)

(b)

(c)

Figure: The d-wave pairing terms of the cluster Hamiltonian

corresponding to the time evolution of Hdx2�y2
are decomposed into gates.

The angle ⇥d ⌘ ��⌧�0

d .

Since the kinetic and interaction terms of the FHM do not com-
mute, a Trotter-Suzuki approximation must be used to do the time
evolution of the simulated system:

e
�iH

0
�⌧

'

 
MY

i=1

e
�

iH0
i�⌧

N

!N

. (22)

The time decimation can be used to achieve arbitrary precision of
the evolution operator:

Figure: Numerical worst case error

✏ (�⌧) = 1�
1

16Lc

��Tr
⇥
UTS (N�⌧)U†

(N�⌧)
⇤��2 for the Trotter-Suzuki

(order O
�
�⌧ 3

�
) and the Ruth (order O

�
�⌧ 4

�
) decompositions for a

constant simulation time such that ⌧ = N�⌧ = 3. To emulate a typical

worst-case error, all variational parameters µ0
= M

0
= �

0

s = �
0

d = 3. The

interaction U = 8 and all energy and time units are made unitless by

referencing them to the hopping energy t = 1.

Superconducting quantum simulators

As shown in the following table, the amount of quantum resources
to simulate a cluster of the FHM scale favorably when compared
to the memory requirement on a classical computer.

Figure: Quantum resources required to solve a cluster of the

Fermi-Hubbard once the Gibbs state is prepared. The information processed

by the classical computer is proportional to the number of measured

correlation functions which scales quadratically with the number of orbitals

in the cluster.

The form of the quantum algorithm suggests a natural layout of
qubits where the analog simulation occurring in registers S + B

is separated from the digital register R by qubit P , which is both
used to mediate information and measure correlation functions.

Figure: Proposed layout of physical qubits with no crossing interaction

line. Boxes represent physical qubits in di↵erent labelled registers. Arbitrary

single qubit gates are assumed to be implementable on every qubit.

The following notation is introduced to apply controlled gates from
register R on registers S+B by swapping back and forth in register
P :

Figure: How the interaction through register P is done.

This way, it is possible to build a QFT with no crossing interaction
lines.

Figure: Recursive gate decomposition of the QFT . It uses

2(n � 1) SWAPs and an ancilla qubit P . This variant can be implemented

physically by having all qubits couple to the middle qubit P .

Here we introduce Superconducting Planar ARchitectures for
Quantum Simulations (SPARQS). We present two variations. The
first is based on Google’s RezQu architecture where qubits are
coupled by bringing them in and out of resonance with a fixed-
frequency bus:

Figure: This is a modified RezQu architecture [3]. Each

frequency-tunable qubit (represented by a crossed box) is coupled to a

common transmission line. Not shown are the flux control lines of the

qubits to change their detuning from the bus.

The two-qubit ±iSwap can be implemented quickly in this archi-
tecture using optimal control methods:

10�4

10�3

10�2

10�1

100

20 24 28 32 36 40 44 48 52 56 60

In
fid

el
ity

1
�
�

Gate duration tg [ns]

iSwap
iFredkin

Figure: Speed limit for the 3 Z -controls of the iFredkin for the fidelity

� = 0.9999, compared to the iSWAP-gate with only two Z -controls, S1

ans S2, and P is set to a parking frequency of 10GHz. The target fidelity

in both cases is � = 0.9999.

The second variant is based on IBM’s architecture where fixed-
frequency qubits are coupled with tunable couplers:

Figure: A modified IBM architecture [6] with fixed frequency

superconducting qubits that also implements the quantum simulator layout.

Our main results are the following:

I It scales linearly in memory: 1 spin orbital corresponds to 1
qubit.

I It scales favorably in number of measurements which are
proportional to L

2

c at worst.

I The number of time measurements determines precision in
frequency space (same as classical, decoherence means less
information, good enough is possible).

I The most di�cult terms require O
⇣
L

2D�1
D

c

⌘
±iSWAPs (the

longest gate).

I Trotter-Suzuki errors can be made as small as desired.

I The proposed architecture has no crossing interaction lines
whose number scales as O (Lc) with no long range
interaction required.

I The number of gates that need to be tuned scales as
O (Lc).

I The architecture could be used to factorize if modular
exponentiation can be implemented in register S + B .
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Figure 17: Proposed layout of physical qubits with no crossing interaction
line. Boxes represent physical qubits in different labelled reg-
isters. Arbitrary single qubit gates are assumed to be imple-
mentable on every qubit. Solid lines are tunable exchange in-
teractions (sx ⌦ sx + sy ⌦ sy). Early numerical work also sug-
gests using tunable dispersive interactions (sz ⌦ sz) for the S � P
and B� P connections to implement the required conditional two-
qubit gates more efficiently. The interactions between the qubits
in registers S (or B) and the qubit in P are used to implement
conditional ±iSWAPs and controlled single-qubit gates. The in-
teractions between the qubits in register R and the one in register
P are only used to implement SWAP gates. The interactions be-
tween the qubits in R are used to implement QFT† on this register.
Dashed lines are linked to qubits that are measured in the com-
putational basis at the end of the protocol. There are only a very
limited number of gates to benchmark and tune. The size the
register R depends on the desired precision and accuracy of the
Gibbs state preparation (floating point accuracy should roughly
correspond to the quantum supremacy crossover for this register).
The size of register S should be at least as large as the number of
spin orbitals in the simulated cluster Hamiltonian and the size of
register B is equal to the size of register S such that it can absorb
the excess entropy of the Gibbs state preparation.

[ June 14, 2016 at 1:01 – classicthesis version 1.0 ]
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1D 2 4 16 5 64 28 6 24

1D 3 6 64 7 144 42 10 48

1D 4 8 256 9 256 56 14 72

2D 2 ⇥ 2 8 256 9 256 56 14 96

2D 3 ⇥ 3 18 262, 144 19 1, 296 126 34 336

2D 4 ⇥ 4 32 4, 294, 967, 296 33 4, 096 224 62 768

3D 2 ⇥ 2 ⇥ 2 16 65, 536 17 1, 024 112 30 416

3D 3 ⇥ 3 ⇥ 3 54 1.8 ⇥ 1016 55 11, 664 378 106 2, 736

3D 4 ⇥ 4 ⇥ 4 128 3.4 ⇥ 1038 129 65, 536 896 254 10, 368

Table 3: Quantum ressources required to solve a cluster of the FHM once the
Gibbs state is prepared. The information processed by the classical
computer is proportional to the number of measured correlation
functions which scales quadratically with the number of orbitals in
the cluster.
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Limitations and 
classification

• Limited length of algorithms: (Error rate)-1

• Builds on algorithms that are classically 
limited by memory

• Probably restricted to simulation of 
quantum systems

How do we run longer, time-limited algorithms?



Other algorithms
• Quantum Fourier transform

• Prime factoring = breaking 
encryption

• Machine learning: Exponential 
speedup w/gigantic QRAM

• Solving linear equations

• exploring graphs w/ quantum 
walks

• matrix permanent

Peter Shor

Seth Lloyd

Scott 
Aaronson

Edward Farhi



Fault-tolerant quantum 
computing



Classical vs. quantum errors

Classical stability

0 1

Energy barrier: 

Error rate 

/ exp� �U

kBT

Quantum: 

cos ✓|0i sin ✓ei�|1i

Bit-flip+phase errors
amplitudes matter

How do we deal with analog errors?



Error correction: 
Classical and quantum
• similar to error correction in 

communication

• redundantly encode data

• compare bits to identify where error 
happened

• relies on errors being uncorrelated

• more redundancy = more protection



Quantum measurement

• Measuring data qubits destroys superposition, kills 
quantum advantage: don’t 

• Measurement of error syndrome realizes error 
probability: do

Measurement affects the quantum state

Arbitrary state: 
Observables uncertain

State with certain 
observableMeasurement



Digitization of errors
Projective quantum measurement:  No error detected -> error eliminated

| i = cos ✓|00i+ sin ✓|01i

In practice: 
• Syndrome measurement digitizes error
• Digital errors are tracked and matched but only corrected in the output
• Topological protection: Only errors that change the genus / connect surfaces remain 

uncorrected

ZZ = +1 : p1 = cos2 ✓, | i1 = |00iMeasure: 

ZZ = �1 : p�1 = sin2 ✓ | i�1 = X2|01i

Ûerror|00i Miscalibration of Q2



Syndrome extraction

Syndrome extraction:  

Measure error without learning state
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Error tracking
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Fault tolerant computation
• Logic without decoding to 

preserve protection 

• punch out qubits by 
interrupting error correction 

• local X and Z gates 

• similar construction for many 
other gates 

• at least one gate needs to be 
made externally

CHAPTER 7. QUANTUM ERROR CORRECTION 57

Figure 7.3: Three-dimensional space-time lattice of syndrome measurement outcomes. One horizontal
layer corresponds to one round of syndrome measurement, where the signs indicate the outcomes. Red
lines show where a change of measurement outcome occurs. A single error (X or Z) of a data qubit
leads to a neighboring pair of sign changes in a spatial dimension - with the faulty data qubit lying in
the middle, a single error on the measurement qubit leads to a pair in temporal dimension - with the
error happening between the two changes (M). Error chains lead to pairs of sign changes lying further
apart. Source: [FMMC12]
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Figure 7.4: Implementation of logical qubits: (a) Double Z-cut qubit, (b) double X-cut qubit. The
logical operators XL (ZL) consist of X (Z) operations on the physical qubits along the blue (red) lines.
Source: [FMMC12]



Threshold-Theorem
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Overhead extrapolation

• PL: Logical error 

• ℇ: physical error rate 

• ℇc: critical error rate (2% for surface code) 

• n: Code distance (needs (4n+1)2 physical qubits)

PL =

✓
✏

✏c

◆n+1

Single fit parameter

Once below threshold, QEC is exponentially effective



Adiabatic algorithms 
and annealing



Basic idea

Find solution of hard constrained optimization problem by adiabatic sweep

Speed: (Gap)-1

Numerical studies of the adiabatic algorithm applied
to this problem were reported in [2,4]. Instances of EC3
with n bits were generated by adding random clauses
until there was a unique satisfying assignment, giving
a distribution of instances that one might expect to be
computationally difficult to solve. The results for a small
number of bits (n ≤ 20) were consistent with the possi-
bility that the adiabatic algorithm requires a time that
grows only as a polynomial in n for typical instances
drawn from this distribution. If this is the case, then the
gap ∆ does not shrink exponentially. Although the typ-
ical spacing between levels must be exponentially small,
since there are an exponential number of levels in a poly-
nomial range of energies, it is possible that the gap at the
bottom is larger. For example, Fig. 1 shows the spectrum
of a randomly generated seven-bit instance of EC3. The
gap at the bottom of the spectrum is reasonably large
compared to the typical spacing. This feature is not spe-
cific to this one instance, but is characteristic of randomly
generated instances, at least for n <

∼ 10, beyond which
the repeated matrix diagonalization required to create a
picture of the spectrum becomes computationally costly.
A large gap makes an instance readily solvable by the
adiabatic algorithm, and also provides robustness against
thermal transitions out of the ground state.
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FIG. 1. Spectrum of a randomly generated n = 7 bit in-
stance of EC3 with a unique satisfying assignment. Note that
the energy gap between the ground state and the first excited
state is significantly larger than all other gaps. An expanded
view would show that there are no level crossings anywhere
in the spectrum (except for the degeneracies at s = 0 and
s = 1).

IV. DECOHERENCE

Perhaps the most significant impediment to building a
large-scale quantum computer is the problem of decoher-
ence. No quantum device can be perfectly isolated from

its environment, and interactions between a device and
its environment will inevitably introduce noise. Fortu-
nately, such effects can be countered using fault-tolerant
protocols, but as we have already mentioned, these pro-
tocols can be costly. Therefore, we would like to consider
quantum systems with inherent resistance to decohering
effects. If the ground state of our adiabatic quantum
computer is separated from the excited states by a sizable
energy gap, then we expect it to exhibit such robustness.
Here, we consider how the adiabatic algorithm for EC3
is affected by decoherence.

First, we briefly review the master equation formalism
for describing the decohering effects of an environment
on a quantum system. Suppose that our quantum com-
puter is a collection of spin- 1

2 particles interacting with
each other according to the Hamiltonian HS and weakly
coupled to a large bath of photons. The total Hamilto-
nian of the quantum computer and its environment is

H = HS + HE + λV , (14)

where HE is the Hamiltonian of its environment, V is
an interaction that couples the quantum computer and
the photon bath, and λ is a coupling constant. We may
describe the state of the quantum computer alone by the
density matrix ρ found by tracing over the environmen-
tal degrees of freedom. In general, the time evolution of
ρ is complicated, but under reasonable assumptions, we
can approximate its evolution using a Markovian master
equation.

One way of deriving such a master equation is to con-
sider the weak coupling limit, in which λ≪ 1 [19]. If the
environment is very large and only weakly coupled to the
quantum computer, it will be essentially unchanged by
the interaction. Furthermore, in this limit, we can expect
the evolution of the quantum computer to be Markovian,
or local in time, if we filter out high-frequency fluctua-
tions by some coarse-graining procedure. Assuming that
the combined state of the quantum computer and its en-
vironment begins in a product state ρ(0) ⊗ ρE , Davies
derives the master equation

dρ

dt
= −i[HS, ρ] + λ2K♮ρ , (15)

where

Kρ = −

! ∞

0
dxTrE [U(−x)V U(x), [V, ρ⊗ ρE ]] (16)

K♮ρ = lim
x→∞

1

x

! x

0
dy U(−y){K[U(y)ρU(−y)]}U(y) (17)

with

U(x) = e−ix(HS+HE) , (18)

where we have (temporarily) assumed that HS is time-
independent. Although the ♮ operation defined by (17)
does not appear in some formulations of the Markovian
master equation, it appears to be essential for the equa-
tion to properly describe the weak coupling limit [20],

4

1� p = exp

✓
��2

hv

◆



Proven result

• Assumes 6-state 
„qubits“

• Assumes 3-body 
coupling Z1Z2Z3

• Proves that gap 
shrinks 
proportional to  
number of gates
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Abstract

Adiabatic quantum computation has recently attracted attention in the physics and com-
puter science communities, but its computational power was unknown. We describe an effi-
cient adiabatic simulation of any given quantum algorithm, which implies that the adiabatic
computation model and the conventional quantum computation model are polynomially equiv-
alent. Our result can be extended to the physically realistic setting of particles arranged on a
two-dimensional grid with nearest neighbor interactions. The equivalence between the models
provides a new vantage point from which to tackle the central issues in quantum computation,
namely designing new quantum algorithms and constructing fault tolerant quantum computers.
In particular, by translating the main open questions in the area of quantum algorithms to the
language of spectral gaps of sparse matrices, the result makes these questions accessible to a
wider scientific audience, acquainted with mathematical physics, expander theory and rapidly
mixing Markov chains.

1 Introduction

The study of adiabatic quantum computation was initiated several years ago by Farhi, Goldstone,
Gutmann and Sipser [14], who suggested a novel quantum algorithm for solving classical optimiza-
tion problems such as Satisfiability (Sat). Their algorithm is based on a celebrated theorem
in quantum mechanics known as the adiabatic theorem [19, 25]. Although the exact worst-case
behavior of this algorithm is not known, several simulations (see, e.g., [13]) on random instances
of up to 20 quantum bits led to various optimistic speculations. The bad news is that there is now
mounting evidence [9, 10, 29] that the algorithm of [14] takes exponential time in the worst-case
for NP-complete problems. Nevertheless, adiabatic computation was since shown to be promising
in other less ambitious directions: it possesses several interesting algorithmic capabilities, as we
will soon review, and in addition, it exhibits inherent robustness against certain types of quan-
tum errors [8]. We note that a small scale adiabatic algorithm has already been implemented
experimentally, using a Nuclear Magnetic Resonance (NMR) system [36].
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Any quantum gate circuit can be 
run on a quantum annealer

(but nobody is building that)

Does not currently apply to optimization problems (and is unlikely to)



Quantum annealing
Temperature and speed 
lead to excitations

But tunneling gets us to the minimum faster

Nishimori (spin systems), Amin (quantum computers)



Optimization problems
• programmable processor 

with 2K units

• units = incoherent qubits 
(large temporal error rate)

• local X+Z Hamiltonians, ZZ 
two-body couplers

• Compact package with 
cryogenics and all

• Versatile programming 
interface



Is there speedup?

Faster than all-purpose 
simulated annealing

On par with custom 
simulated 
quantum annealing

Apples-to-Apples 
comparison:
Probably no speedup 
in d-wave 

Ronnow et al., Science 2014

6

FIG. 3. Scaling of time to solution for the ranges r = 1 (panels A, C and E) and r = 7 (panels B, D and F). Shown
is the scaling of the time to find the ground state at least once with a probability p = 0.99 for various quantiles of hardness,
for A,B) simulated annealing (SA), C,D) simulated quantum annealing (SQA) and E,F) the DW2. The SA and SQA data is
obtained by running the simulations at an optimized annealing time for each problem size. The DW2 annealing time of 20µs is
the shortest possible. Note the di↵erent vertical axis scales, and that both the DW2 and SQA have trouble solving the hardest
instances for the large problem sizes, as indicated by the terminating lines for the highest quantiles. More than the maximum
number of of repetitions (10000 for SQA, at least 32000 for DW2) of the annealing we performed would be needed to find the
ground state in those cases.

in the scaling plots shown in Figure 3. The appropriate
speedup quantity is then the ratio of these quantiles. De-
noting a quantile q of a random variable X by [X]q we
can define this as

SRofQ
q (N) =

[TC(N)]q
[TDW(N)]q

/
[TSA(N)]q
[TDW(N)]q

1

N
. (6)

Plotting this quantity for the DW2 vs SA in Figure 4
we find no evidence for a limited quantum speedup in

the interesting regime of large N . That is, while for all
quantiles, and for both ranges (with the exception of the
50th quantile and r = 1), the initial slope is positive,
when N becomes large enough we observe a turnaround
and eventually a negative slope, showing that SA outper-
forms the DW2.

Taking into account that (as discussed in Sec. IVA)
due to the fixed suboptimal annealing times the speedup
defined in Eq. (6) is an upper bound, we conclude that



But is it quantum?
…. probably yes? (resonant flux tunneling)

These are also quantum:

Laser Esaki diode Transistor

Quantum 1.0: Use a quantum effect to process information classically
Quantum 2.0: Get advantage from single quantum systems



The way ahead

• Coherent qubits

• Manybody couplers 
 

• Non-Stoquastic Hamilto-
nians (classical sign 
problem)

Chancellor et al., 2017

XiXj 7! XiXjXkXl

Hq = EzZ + ExX Hint = V Y1Y2



Evaluating physical 
platforms



Levels of performance
All qubit functionalities met

Reaches high fidelities

Allows for error correction

Executes fault-tolerant  
operations

Fault-tolerant 
algorithms

A

E

D

C

B



• Keine über C 

• noch nicht besonders geordnetes Feld 

• Festkörper und Atomar-Molekular-Optisch (AMO) 

• Momentaufnahme - Bewegung im Feld
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DiVincenzo-Criteria
• A scalable array of well-defined two level systems 

(qubits)

• A universal set of gates 
Universal = can generate SU(2N)

• Initialization to a fiducial state

• A low error rate  
Low enough for error correction

• Qubit-specific measurement

D.P.  DiVincenzo, Fortschr. Phys. 2000A



Standard Randomized Benchmarking

| 0i C1 ⇤ · · · Cy ⇤ Cy+1 ⇤

I applying random Clifford gate sequences of length y

I inverting the sequence – single Clifford gate efficiently found
via Gottesman–Knill theorem ) scalability

I sample average fidelity �y over few different sequences
I robust against State Preparation And Measurement errors
I error amplification

Randomized Benchmarking

• Uses Clifford gates: Map Paulis 
on Paulis

• Random seq. of Clifford gates

• Gottesman-Knill theorem: Can 
be efficiently simulated

• Can be inverted (Clifford 
group)

• Random sequence twirls error

• SPAM-Errors + Error per gate

qubit at the end of each sequence to this expected result to
reveal errors.

For the experiment, we must determine an implementa-
tion of the Clifford unitaries in terms of the elementary
gates available. There exist efficient algorithms that trans-
late an arbitrary n-qubit Clifford unitary into order of
n2= log ðnÞ elementary one- and two-qubit gates [33,34],
each of which can then be mapped into experimentally
available operations. However, for two qubits we used the
following optimized strategy: By listing compact circuits
of one-qubit rotations and phase gates Ĝ, we determined
for each of the 720 Clifford unitaries (modulo Pauli matri-
ces) a circuit with the minimum number of phase gates to
implement the corresponding Clifford unitary. On average,
1.5 phase gates and 6.5 effective !

2 pulses (1 times the
number of !

2 pulses plus 2 times the number of ! pulses
about the # x̂ or # ŷ axes) are required per Clifford unitary
including the Pauli randomization.

The process of generating and implementing ran-
dom sequences at each length is repeated in order to
ensure randomization of the unitaries and their associ-
ated implementation errors. For our two-qubit bench-
marking demonstration, we used the set of lengths
f1; 2; 3; 4; 5; 6g and generated between 15 and 55 random
sequences of each length. We implemented approxi-
mately 100 runs for each sequence to determine its
probability of error.

The experimental runs yield an average probability of
error EðlÞ for each length l shown in Fig. 1. To analyze
EðlÞ we start by assuming that each unitary’s error be-
haves as a completely depolarizing channel (see, for
example, Ref. [35], p. 378) characterized by error proba-
bility "g independent of its gates or position in the
sequence. Similarly, we assume an overall error probabil-
ity "m for state preparation, the last inverting unitary and
its Pauli randomization, and measurement. In this case the
mean of EðlÞ with respect to repetitions of the experiment
satisfies

!EðlÞ ¼ 1

"n
½1& ð1& "n"mÞð1& "n"gÞl'; (1)

where "n ¼ 2n

2n&1 ("2 ¼ 4
3 for our two-qubit benchmark).

Fitting the average probability of error to the above
equation (red line fit to circles, Fig. 1) we find "g ¼
0:162ð8Þ. Assuming that experimental observations are
consistent with the simple exponential behavior suggested
by this formula, we use it as the defining formula for the
EPO of a random Clifford unitary, regardless of the actual
behavior of errors. In particular, we associate the EPO
with the decay parameter of the error probabilities !EðlÞ
rather than a particular exact parameter of the underlying
physical errors. If the simple depolarizing assumption
does not hold, then !EðlÞ may exhibit nonexponential
and transient behaviors; however, the randomization is
intended to induce behavior that matches the one implied

by this assumption. In the experiment we were not able to
implement sufficiently long sequences to clearly observe
stationary behavior or to determine the extent to which
the behavior is nonstationary [22].
To isolate the EPG of the phase gate Ĝ, we generated a

second set of sequences by inserting Ĝ after each random
Clifford unitary. The final inverting Clifford unitary is
chosen in the same way as before, taking into account
the effect of the additional Ĝ gates to ensure that the final
state is a predictable computational basis state in the
absence of errors. The average probability of error mea-
sured for the implementation of this experiment should
also satisfy Eq. (1), but with a different value of "g due
to the additional gate in each step. In an ideal experiment
"m should be the same, but the model must take into
consideration that it might have changed, for example,
due to experimental drifts. The EPG is given by

"G ¼ 1

"n

!
1& 1& "n"

0
g

1& "n"g

"
; (2)

where "0g is the probability of error of a step consisting of a
random Clifford unitary with an extra Ĝ inserted.

FIG. 1 (color online). The red circles show one minus the
average probability of measuring an error at the end of sequences
of random Clifford unitaries !EðlÞ as a function of the sequence
length l in the two-qubit benchmarking experiment. By fitting
the data to the expression in Eq. (1) (red, upper line), we find an
error per random Clifford unitary "g ¼ 0:162ð8Þ. The prepara-
tion/measurement error, "m, is 0.086(22) (recall that measure-
ment error includes the error for an additional inverting unitary
before detection). Blue squares show the results for running
random sequences with an additional Ĝ inserted after each
Clifford unitary. Fitting this data to the same functional form
(blue, lower line) and using Eq. (2) yields an error of "Ĝ ¼
0:069ð17Þ and "m ¼ 0:132ð26Þ. The error bars in the plot repre-
sent the standard deviation of the mean of the sequences’
frequency of correct measurement outcome. Error bars for
inferred parameters are based on bootstrap resampling [22,38].

PRL 108, 260503 (2012) P HY S I CA L R EV I EW LE T T E R S
week ending
29 JUNE 2012

260503-3

B+ verify with a complementary method



Error correction volume
• determine algorithmic volume and physical error 

rate 

• count gates, separate Clifford+T 

• plot out size of quantum computer dictated by error 
correction 

• demonstrate error correction

PL =

✓
✏

✏c

◆n+1

C



Compilation in Clifford +T 

E

D

Solovay-Kitaev: All gates can be approximated by 
Clifford + T with logarithmic overhead

Appendix D

Fault-tolerant implementation
of a small rotation: A
practical example

As described in section 4.2.4, a key challenge in fault-tolerant computation is
to implement fault tolerant logic gates. For the surface code, this can be done
within the code for all Clifford gates. In section 4.2.4.3, the implementation of
necessary non-Clifford gates has signficant computational overhead, suggesting
the use of a minimal gate set consisting of the Clifford (section 4.2.4) and T gates
(section 4.2.4.3). The reason for the restriction on the T (and T�1) gate is that
there it is known how to implement it with an ancilla factory (section 4.2.4.3),
and that only one type of factory is needed. It is possible based on the Solovay
Kitaev-Theorem to approximate any non-Clifford gate with Clifford plus T with
only logarithmic overhead in time [163, 95]. We would like to exemplify this
along the example of a small rotation based on [155] which says that a rotation

✓
ei⇡/128 0

0 e�i⇡/128

◆

can be approximated by the gate sequence

HTSHTSHTSHTHTHTHTSHTHTSHTSHTSHTHTHTSHTSHTH
THTSHTHTSHTHTHTHTHTHTHTSHTSHTSHTHTSHTHTSHT
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THTSHTHTHTHTSHTSHTSHTHTSHTSHTHTHTSHTHTHTHT
HTSHTSHTHTHTHTHTSHTHTHTHTSHTHTHTHTHTHTH!7

with a deviation below 10�10. ! here is a global phase. How do we implement
it with the surface code? Before performing the cycle, we need to determine
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Volume of fault-tolerant algorithms

• Space-time tradeoff from 
error correction  

• sharp threshold 
• Gradual changes above 

10-4

CHAPTER 9. ALGORITHMIC INNOVATIONS 101
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Figure 9.1: Physical volume required for performing dlog (blue) or factoring (orange) algorithms of
different problem sizes (numbers on the right) as a function of the physical error rate. We use a
threshold of pth = 10�2 and assume a symmetric error model (all kinds of errors equal possible) with
equal rates p for initialization, gates, waiting and readout.

dlog
n 160 224 256 384 521

# SC cycles 8.2 · 109 2.3 · 1010 3.5 · 1010 1.2 · 1011 3.2 · 1011
factoring

n 1024 2048 3072 7680 15360
# SC cycles 1.6 · 1011 1.4 · 1012 5 · 1012 8.4 · 1013 7.7 · 1014

Table 9.6: Minimal number of surface-code cycles for performing dlog or factoring algorithms with
problem sizes n with one surface code cycle typically corresponding to a time of ⇠ 10tM . Thus, during
one surface code cycle one can run 10 subsequent T gates.
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You are here …

• Current goal: 
Consistently 
p=10-4  

• Technlogical 
challenge: Scale-
up

CHAPTER 21. GLOBAL CONCLUSIONS 189
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Figure 21.1: Comparison of algorithmic demands with currently achieved hardware performance. The
plot shows required resources as number of qubits times rounds of error correction in the surface code
for dlog (blue) and factoring (orange) for common key sizes (s. chapteras a function of the physical
error rate p. The squres show current realizations assuming one day run time (solid) oder 100 days
(empty), the yellow area shows expected near-term progress. . Both scales are logarithmic. .

N.B: Ion traps are cleaner than superconducting chips 
but have a slower clock 
Filled: 1 Tag, Open: 100 Tage



Moore’s law?

1

100
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1000000

100000000

10000000000

1999 2017 2019 2021 2023 2025 2027 2029 2031 2033

Initial development Mega Giga

Gordon Moore did not have more data than this …



Technology drive
• IBM Q: Mayi 2016 - 5 Qubits; 

May 2017 - 17 Qubits; November 
2017 - 20 Qubits, Test: 50 Qubits 

• „Moore’s law“: 11 years to 1 
MQubits, 17 years to 1 GQubits 

• Google Quantum AI: Currently  
22 Qubits, Goal 50 Qubits

Current quantum advantage developments drives 
scaling in general



Hardware platforms



Compare classical 

Babbage engine: Gears Zuse Z3: Electromechanics ENIAC: Tubes

Discrete transistors Integrated circuits Integrated optics



Qubit candidates
Atomic systems

up to 18 qubits in ion traps

Nuclei

Up to 12 qubits in  
liquid state

Natural quantum systems:
✔ very coherent
✘ challenging to scale



Solid state qubits
Spins controlled in solid matrix

Quantum dotDiamond Superconducting 
circuit

✔ engineering flexibility, control
✘ coherence

atom-like engineered



Main obstacles
Natural quantum system

Few qubits easy

Engineered system

Easy to make many

Scaling challenge
But how to get one
of them quantum?



Level C: Ion traps
• Charged Ion: Can be trapped 

electrically 

• Single valence electron: 
Simple and clean energy 
levels 

• Technological predecessor: 
Atomic clock 

• Control with lasers and 
microwaves 

• Leading Teams: Uni Innsbruck, 
University of Maryland



Level 3: Josephson Qubits
• Integrated circuit from 

superconducting metal (Al, 
Nb) 

• Low temperature operation: 
3He/4He 

• Technical predecessor: 
SQUID field sensor 

• Electrical / microwave control  

• Leading groups: Google, IBM, 
TU Delft



Level B 
Si-Quantum dots  Rydberg-Atoms

Just reached 2 qubit gates

Needs better fidelities through less
charge noise

Appeal: 
Semiconductor industry toolset

Needs better fidelities through faster gates

Needs less qubit loss

Appeal: Long-range interaction, scaling 
through optical trappling



Level A 
Si-Donors (1 Qubit gates) Topological bound states 

(Qubit likely identified) 

Needs 2 qubit gates

Appeal: Long coherence times

Appeal: Semiconductor industry 
toolset

Needs gates, initialization, readout

Appeal: Potentially built-in error protection

Appeal: May race through B+C



Josephson qubits and 
scaling



Superconductivity
Use superconductors:

Lossless conduction of electricity

Common in metals (Hg, Sn, Pb, Al, Nb ...)

at low temperatures

known since 1911, understood since 1957

Josephson junctions: 

Thin barrier between 
superconductors

V =
�0

2⇡
�̇

Quantum Faraday law Nonlinear inductance

I = I0 sin� � = �1 � �2



Electrical pendulum

• Pendulum equations 
from electric circuit 
equations

• Phase = angle

• Capacitance = mass



„Schoelkopf’s law“ of coherence
4
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(a)

0
2

1 2 3

T1 = 1.2 ms

T2 = 0.7 ms

(b)

(c)

Sup. Fig. 3. Coherence of the quantum memory. (a) Arbi-
trary Fock state superpositions can be written to the cavity
memory using a series of displacements on the cavity and
number-selective phase gates on the qubit. (b) To prepare
the Fock state |1i, the optimal choice of displacements is
�1 = 1.14 and �2 = �0.58 [14, 27]. A single-photon decay
lifetime of T1 = 1.22 ± 0.06ms is extracted from the decay
of the state. (c) A superposition of the Fock states |0i and
|1i is created with �1 = 0.56 and �2 = �0.24. A final dis-
placement of �1 = 0.8 exp(j!t) is used to measure the co-
herence of the superposition. This Ramsey-like experiment
yields T2 = 0.72± 0.03ms, and we infer T� ⇡ 1ms.

is the detuning, and � the dissipation rate of the qubit.

For a quantitative analysis we perform a numerical fi-
nite element simulation of our system, predicting an en-
hancement of q ⇡ �/600 [25]. We can experimentally
test this model even without in situ control over g or
� (Fig. 4a). Instead, we make use of the higher sen-
sitivity to quasiparticles of the transmon [35] to tune
� via the base temperature of our refrigerator and ob-
serve the resulting change in the decay time of the res-
onator (Fig. 4a). The linear scaling between the two
rates is in quantitative agreement with the prediction
from the simulation (tot = q + 0), with the best fit
q = (650 ± 200)�1

� [25]. The measurement further
yields an intrinsic resonator lifetime of 1/0 = 2ms, con-
sistent with measurements on empty cavities. These find-
ings suggest that any enhancement in the energy decay
rate of the resonator originates from the coupling alone,

Sup. Fig. 4. Qubit-induced decoherence. (a) (inset) We ex-
pect the cavity to inherit a photon-loss channel from coupling
to the lossy qubit. This e↵ect can be revealed by tuning the
decay rate of the qubit in situ. (main) We measure the de-
cay rates of the cavity and qubit across a temperature range
of 20-180 mK. The observed correlation agrees with the pre-
dicted qubit-induced loss channel from a three-dimensional
electromagnetic simulation of the device [25]. (b) (inset)
A histogram of single-shot measurements of the qubit state,
taken in equilibrium with a parametric amplifier, reveals a
finite population in the qubit |ei state of Pe = 0.8%. In
the histogram, the measurement records, {Im, Qm}, from the
homodyne detection have been scaled by the vacuum fluc-
tuation amplitude, �. Quantum jumps due to this thermal
bath, �", will dephase the state in the cavity memory at rate
Peq. (main) The dephasing rate of the cavity memory ��

is measured while the qubit is excited weakly via a resonant
drive. The observed total cavity dephasing rate, as a function
of Pe, is in agreement with a model that assumes no intrinsic
dephasing in the cavity. For error analysis, see [25].

and is not caused ‘accidentally’ by the methods used to
physically assemble the qubit-cavity system.

Interestingly, we observe a finite pure dephasing time
for the resonator state, such that T2 < 2T1. This means
that energy decay is not the only source of decoherence
in the resonator, with serious implications for quantum
error correction schemes that only assume photon loss
[36]. It has been shown that photon shot noise inside
a resonator leads to enhanced qubit dephasing in cQED
[2, 37, 38]. We investigate whether a thermal excited

Reaching 1 ms
Gate times: 
10 ns (single qubit), 100 ns (two qubit)

R.S. Schoelkopf, Yale



Scale-up science
Chip in package Chip with peripherals

Cryogenics and controls



How do we do this?

First transistor Modern processor



Scaling

• d-wave Systems 
Inc. crams a lot of 
devices onto a 
chip demonstrates 
technical viability 

• does not need 
microwave 
control

Large chips can be made and sold

Quantum annealing: Computation encoded in ground state
(no proven speedup)



Cryogenics

• Cryostat: Copper plates 
provide sample space 

• Different levels=Different 
temperatures 

• Electronics rack

CHAPTER 2. DEUTSCHE ZUSAMMENFASSUNG 23

\

Figure 2.5: Infrastructure units for quantum computers in leading platforms. Left: Dilution cryostat
optimzed for large cooling power and large wire-count for the operation of Josepjsom qubits (opened);
qubits and other electronics units are mounted on the copper plates on different temperatures, the rack
on the left contains control electronics. (Image: Edward Leonard jr. , University of Wisconsin-Madison);
Right: Parts of a vibration-controlled optical table ontaining two vacuum chambers for separate ion
traps (Image: Jürgen Eschner, Saarland University)

are met - somewhat better operations, sparse use of voluminous perhiphery, larger chip areas, interchip
connects and upgrades to cryogenic technology - it seems to be possible to have a computer with a
Million planar transmons and a physical error rate of 1:1000. This would allow to attach 1024 Bit RSA
in a few hundered hours. A faster attack (in one hour) would require to connect up to 1000 such units.
This would require new techological solutions to connect these units - which have been demonstrated
but currently would be too slow. Also, the initial filling of these machins with Helium 3 would require
roughly the full annual industrial demand of Helium 3, likely requiring new nuclear facilities to produce
this isotope. The financial and human investment in such an effort would be by far larger than current
efforts in quantum computing.

An analogous activity in ion taps would require to bring the currently developed scalable trap
technology to the same quality as linear traps. If successful, building the required quantum processor
occupying roughly a soccer field would again require a concerted program.

2.8 Alternative Platforms
A number of quantum computing platforms and protcols cannot be evaluated by direct application of our
scheme. Most prominently, adiabatic quantum computing / quantum annealing is less technologically
demanding than the fault-tolerant model. In particular, Canadian compan d-Wave sytems offers such
a machine and serves the international hype machine. At the moment, there is no proof of quantum
accelaration of this machine and it is unlikely. Thus, the direct impact of this machine on crytography
is low, but these machines are interesting test-beds for quantum technologies.

A further direction are efforts, to demostrate quantum supremacy with error correction. Application
of the first generation of these processors is expected to be the simulation of quantum phsysics. For
cryptoanalysis this is merely an early milestones.

The third direction are optimized photonic protocols that are making optimal use of the capabilities



Cooling
• Low temperature technology is established 

and used commercially (d-Wave!)

• Challenge: Low cooling power at low T; 
Design rules

• Challenge: 1K requires 4He (expensive), 
lower temperatures need 3He (hardly 
available)



1 MTransmon?

• Need to 
assume that 
the plane can 
be broken: 3D 
integration



Size
Q1

Q2Q3

Q4

100 um

a b

Figure 1. a. Optical micrograph of two-by-two lattice device. Four qubits are labeled, with Q1 and Q3 serving as code
qubits and Q2 and Q4 serving as either bit-flip or phase-flip error syndrome qubits. This is the same device studied in
Ref. 11. The device contains four quantum bus resonators which couple nearest neighbor qubits, as well as four additional
readout resonators, one per qubit, for independent determination of the qubit state and for independent addressability.
b. False-colored zoom-in optical micrograph of the transmon qubit used in the four-qubit lattice device. The transmon
islands are colored in blue, connected by the Josephson junction in the middle. The red-colored arm on the top of the
transmon structure defines the coupling capacitance to the readout resonator, while the two red-colored arms on the
left and right bottom of the transmon structure define the coupling capacitance to two bus resonators for coupling to
neighboring transmons. A scale bar is included for dimensional reference.

2. DEVICE DESIGN AND PARAMETERS

We construct a four-qubit lattice using four superconducting transmon qubits,12 connected in a ring arrangement
with four coplanar waveguide quantum bus resonators,13 and each transmon qubit has an independent readout
resonator. Every quantum bus connects two qubits, and every qubit is connected to two buses. The four-qubit
device is shown in Fig. 1a with labels for each of the four qubits. The red (Q4) and blue (Q2) qubits are used for
syndrome error detection, whilst the two purple qubits (Q1 and Q3) are code qubits. The four-qubit device is a
small modification to the three-qubit half-plaquette device of Ref. 9. The major di↵erences are the addition of one
transmon, an additional readout resonator for that transmon, and two additional bus resonators for completing
the lattice connectivity. We next describe the design of this transmon, along with reasoning for targeting
particular circuit parameters and qubit properties. That is followed by a section describing experimentally
obtained device parameters for the four-qubit device that we have studied, and we include a discussion about
the comparison with the targeted simulation values.

2.1 Transmon design and parameter selection

An optical micrograph of the superconducting transmon qubit design used in both Refs. 9 and 11 is shown in
Fig. 1b. The particular parameter regime which we aim for is strongly influenced by the need for high quality
controls and readout of the qubits.

One key aspect of constructing our devices is to preserve the ability to perform high-fidelity two-qubit gates.
Although there are a host of di↵erent implementations of two-qubit gates for superconducting qubits, the one
which we focus on is the cross-resonance (CR) gate. The CR gate has the advantages that it can be performed
with microwave control, and does not require dynamic tunability of the qubit frequencies. Details about the CR
gate and interaction have been published previously,14–16 but functionally, there are two labeled qubits, a control
qubit and a target qubit. A microwave drive onto the control qubit at the target transition frequency, will result
in a control qubit state dependent rotation of the target qubit. Via proper calibration of this rotation, it is
possible to realize either a controlled-NOT operation, or a ⇡/2 rotation around the ZX two-qubit axis (ZX⇡/2,
where the notation follows with the control-qubit labeled first), which serves as the primitive for constructing
gates from the two-qubit Cli↵ord group.17

Detailed experimental and theoretical study of the CR gate18 with transmon qubits have shown that there
is an optimal detuning window between the control and target transmon qubit frequencies which results in
stronger interactions and hence faster gates. This detuning window corresponds to placing the target transmon
transition frequency right between the two frequencies corresponding to the lowest two energy level di↵erences

Transmon: 
ca. 0.1 mm
(1000 times CMOS)

(IC: 1960s)

10 mk

Microwave periphery: 
Circulator, wavelength limited
about 1 cm 1 K

Baseline: 2 circulators / qubit
Next step: multiplexing (multiple qubits / channel)

  digital measurement (no circulators), smaller circulators
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Figure 1. a. Optical micrograph of two-by-two lattice device. Four qubits are labeled, with Q1 and Q3 serving as code
qubits and Q2 and Q4 serving as either bit-flip or phase-flip error syndrome qubits. This is the same device studied in
Ref. 11. The device contains four quantum bus resonators which couple nearest neighbor qubits, as well as four additional
readout resonators, one per qubit, for independent determination of the qubit state and for independent addressability.
b. False-colored zoom-in optical micrograph of the transmon qubit used in the four-qubit lattice device. The transmon
islands are colored in blue, connected by the Josephson junction in the middle. The red-colored arm on the top of the
transmon structure defines the coupling capacitance to the readout resonator, while the two red-colored arms on the
left and right bottom of the transmon structure define the coupling capacitance to two bus resonators for coupling to
neighboring transmons. A scale bar is included for dimensional reference.

2. DEVICE DESIGN AND PARAMETERS

We construct a four-qubit lattice using four superconducting transmon qubits,12 connected in a ring arrangement
with four coplanar waveguide quantum bus resonators,13 and each transmon qubit has an independent readout
resonator. Every quantum bus connects two qubits, and every qubit is connected to two buses. The four-qubit
device is shown in Fig. 1a with labels for each of the four qubits. The red (Q4) and blue (Q2) qubits are used for
syndrome error detection, whilst the two purple qubits (Q1 and Q3) are code qubits. The four-qubit device is a
small modification to the three-qubit half-plaquette device of Ref. 9. The major di↵erences are the addition of one
transmon, an additional readout resonator for that transmon, and two additional bus resonators for completing
the lattice connectivity. We next describe the design of this transmon, along with reasoning for targeting
particular circuit parameters and qubit properties. That is followed by a section describing experimentally
obtained device parameters for the four-qubit device that we have studied, and we include a discussion about
the comparison with the targeted simulation values.

2.1 Transmon design and parameter selection

An optical micrograph of the superconducting transmon qubit design used in both Refs. 9 and 11 is shown in
Fig. 1b. The particular parameter regime which we aim for is strongly influenced by the need for high quality
controls and readout of the qubits.

One key aspect of constructing our devices is to preserve the ability to perform high-fidelity two-qubit gates.
Although there are a host of di↵erent implementations of two-qubit gates for superconducting qubits, the one
which we focus on is the cross-resonance (CR) gate. The CR gate has the advantages that it can be performed
with microwave control, and does not require dynamic tunability of the qubit frequencies. Details about the CR
gate and interaction have been published previously,14–16 but functionally, there are two labeled qubits, a control
qubit and a target qubit. A microwave drive onto the control qubit at the target transition frequency, will result
in a control qubit state dependent rotation of the target qubit. Via proper calibration of this rotation, it is
possible to realize either a controlled-NOT operation, or a ⇡/2 rotation around the ZX two-qubit axis (ZX⇡/2,
where the notation follows with the control-qubit labeled first), which serves as the primitive for constructing
gates from the two-qubit Cli↵ord group.17

Detailed experimental and theoretical study of the CR gate18 with transmon qubits have shown that there
is an optimal detuning window between the control and target transmon qubit frequencies which results in
stronger interactions and hence faster gates. This detuning window corresponds to placing the target transmon
transition frequency right between the two frequencies corresponding to the lowest two energy level di↵erences

1 mm2 per Transmon:   1m2 for 1 MTransmons

Neads fast, coherent chip-chip interconnects: 
Possible yet not established

Large cryostat: Kalte Platte etwa 0.1 m2



3He Crisis

• Nuclear by-product, dropping production

• Strong demand for neutron detection

• currently at  $2000/liter

• current industrial demand: 70000 liter/year

Modern large dilution cryostat (Oxford Triton XL):  
50 liter initial filling, low loss



Periphery
Circulator volume 2.5 x 2.5 x 1.5 cm
= 10-5 m3

Optimistic assumption: 10 channels/ Zirkulator:
1m3 circulators at 1 K

Cryostat volume: 10 times Triton XL

1 MQubits / custom cryostat possible

1 Million control channel: Expensive, possible development goal

(within an concerted effort, comparable Manhattan project)



Giga-Qubits?

• Inter-cryostat connections?

• Microwave connection via superconducting 
lines: fast and low-loss

• remote entanglement involves 
measurement: slow

• big challenge



Multi-Mega-Qubits?

• miniature circulators (DiVincenzo / Reilly)

• digital control without circulators  (McDermott / 
Hypres / Wilhelm)

• specialized pulse generation

• verkleinere Qubits bei akzeptablem Übersprechen 
(dwave: 1000 qubits auf 1cm2)

Incremental improvements

10s MQubits / Kryo möglich mit großen Innovationen
(Benötigt konzertierte Aktivität, vergleichbar Manhattan Projekt)



Actors

• Universities, reseach organizations

• Firmen: Google, IBM, Microsoft, Rigetti QC, 
Atos,  Alibaba

• Government programs u.a. IARPA, ARO, 
Darpa

• Quantum technology flagships: Europe, 
China



Summary

• 3 paths to quantum computing

• early stages with fast development

• multitutde of platforms


