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1 Abstract

M ulti-objective optimization addresses problems with several design objectives, which are often conflicting, placing different demands
on the design variables. In contradiction to traditional optimization methods, which combine all objectivesinto asingle figure of merit,
parallel optimization strategies such as evolutionary algorithms allow direct convergence to the Pareto front. This permits adesigner to
choose a posteriori adesign from avariety of Pareto-optimal solutions.

In this paper, we introduce a new evolutionary approach called the subdivision method (SDM), using geometrical relations for the
fitness assignment in the population, which guaranty diversity preservation and fast convergence to the Pareto set. New properties of
the SDM are the constraint-free integration of target objective regions, and the ability to converge to the nondominated bounds of the
objective space (Pareto solutions) as well asto the dominated bounds. The algorithm is applied to structural optimization problems and
compared with state-of-the-art optimization algorithms.
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3 Introduction

Today’ s design processes are increasingly complex and interdisciplinary tasks involving large design spaces, multiple objectives, and
constraints. Finding a good solution is difficult, since objectives are usually conflicting and there exists no best solution to the problem,
but a set of Pareto solutions representing the best compromise among the objectives. Pareto solutions are characterized that no other
solution exists being superior in all objectives. Nevertheless, a decision-maker has come up with one design and has to choose the
Pareto solution that fits best to his needs.

For solving multi-objective problems, several approaches are defined in literature. Horn [1] presents an overview and relates
optimization strategies. Different approaches can be distinguished by the point of time, a decision maker introduces knowledge about
the different objectives to the design process.

One approach is the multicriterion decision making before search. All objectives are aggregated into asingle figure of merit. Examples
for aggregation methods are weighted-sum, constraint approach or lexicographic ordering. Aggregation is mainly used for
gradient-based strategies, which search in a point-to-point order.

A second approach is the multicriterion decision making after search. With no a priori knowledge about the objectives, an optimization
run is executed converging towards the set of Pareto solutions. From the set, the decision-maker chooses the solution that isin his
opinion the best compromise.

In this paper, we focus on the second approach. The first section of this paper performs a short overview on current state-of-the-art
multi-objective evolutionary algorithms and presents a new method called the sibdivision method. Preliminary versions of this
algorithm have successfully been applied to multi-disciplinary problemsin the field of turbomachinery design [2] [ 3]. Its features are
now described in detail. The second part of this paper benchmarks the al gorithm and analyzes the specia features of the method.

4 M ulti -obj ective Optimization Algorithms

Much effort has been spent over the past twenty years in the development and application of evolutionary algorithms for
multi-objective optimization. Their fundamental property of population-based parallel search is one of the main reasons for their
success in multi-objective optimization. It allows a parallel convergence towards the Pareto front within asingle run.

Algorithms differ mainly in their selection operator, while recombination and mutation operators are usually taken from standard
(single-objective) algorithms. Two main goals have to be considered for the sel ection operator: in average, superior solutionshaveto be
selected and diversity must be preserved in the population. Both goals are needed in order to converge and to avoid concentration to
small regions of the Pareto front, respectively. The latter is known as genetic drift [4]. An overview on state-of-the-art evolutionary
algorithms can be found in Van Veldhuizen et.al. [5]. A detailed list of references for papersis presented by Coello on the web [6].
According to Van Veldhuizen [5], Pareto-based selection is most popular. Pareto-based selection uses the dominance aiteria for the
fitness assignment. In average, solutions that are dominated by fewer solutions are assigned a higher fitness and therefore have a higher
probability to reproduce. Two promising algorithms are the Nondominated Sorting Genetic Algorithm (NSGA) [7] and the Strength
Pareto Evolutionary Algorithm (SPEA) [8]. Both have been analyzed by many authors and are commonly used in applications [9].
NSGA assignsfitnessby sorting the solutionsin layers of nondominated solutionsand uses niching to preserve diversity. SPEA usesthe
nondominated solutions for the fitness assignment and to preserve diversity. These two algorithms are later referred for comparison
with the new subdivision method.

5 Subdivision M ethod
Inthefollowing, anew method for multi-objective optimization is presented called the Subdivision Method (SDM). The SDM baseson



an evolutionary algorithm with a special formulation for the fitness assignment and selection. Instead of using the dominance criterion
like NSGA and SPEA, the SDM compuites fitness locally in a subdivided objective space. It preserves diversity by selecting solutions
uniformly out of all subdivisions.

In afirst step, SDM is explained for the 2-objective case and then transferred to an arbitrary number of objectives. Certain features are
further discussed.

51 Basic Algorithm for the 2 Objective Case

Consider the objective space of the two-objective minimization problem shown in Figure 1a. The objective space consists out of a
feasible solution space, which isin this example completely bounded. The bounds are distinguished in nondominated and dominated
areas. The main goal of the optimization processis to converge towards the nondominated area, representing the Pareto optimal and
therefore best solutions to the problem. SDM proposes to divide the objective space into intervals along one objective axes. Figure 1b
illustrates two intervals taken along objective 1. In the figure, an exemplary population of 6 solutions is given. A certain number of
solutions can be found in each interval. The SDM performs a separate (local) selection in each interval. All individuals compete on
behalf of objective 2. The best solution in the interval is selected, i.e. solution 5 and 6 are selected in the first and second interval,
respectively. Then, the same processis repeated, but thistime using interval s along objective 2 and considering objective 1 as selection
criterion. The unification of the solutions of the both selections isthe parent population for the next generation.

This selection treats every interval equally by selecting exactly one individual, independent on the number of individualsin an interval,
and therefore avoids genetic drift.
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Figure 1: Objective space of atwo-objective optimization problem (a) and illustration of the subdivision method (b).

5.2 Basic Algorithm for an Arbitrary Number of Objectives

Now the subdivision method is extended to an arbitrary number of objectives. Consider an objective space of M objectives. Each
objective axisi is subdivided into k; intervals. The SDM chooses one objective as selection criterion and the remaining M-1 objectives
are subdivided into intervals. The algorithm can be explained in the following steps:

Algorithm 1:

Consider a current population P.

Generate an empty parent population P'.

Subdivide all objective axesin intervals.

Choose one of the M objectives as selection criterion and the remaining M-1 objectives as auxiliary objectives.
Generate an empty population P*™,

Select oneindividual from P.

Find the interval in which theindividual islocated for all auxiliary objective axes.

Check if another individual exists in P*™, which is located in the identical intervals. If no other individual exists, store the
individual in P*™. |f one exists, store the superior with respect to the selection criterion and remove the inferior.
9. Repeat with step 6. until all individuals of the population P are considered once.

10. Add population P*™Pto the parent population P’ .

11. Repest with step 4. until all objectives have been considered once as selection criterion.

ONOOAWNE

The maximal size of the population P*™ can be computed by the product of the intervals for the auxiliary objective axis. An upper
bound S for the size of the parent population P can be computed by the sum of all populations P*™:
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Setting an equal number of intervals for all objectives, Equ. 1 simplifiesto:
S=MxM? 2



53 Setting the Intervals

An essential issue in the SDM isright setting of the intervals. The intervals can be determined by specifying alower and upper bound
for the objective vaue and the number of intervals. The intervals may be equally spaced. For specifying the bounds, two different
methods are proposed:

Asafirst method, the bounds can be defined by the user. Thisisuseful if the target objective ranges are known. Often they are known
from previous optimization runs. In addition, some objective ranges are known without previous calculations. For example, if the
objective isthe stress in abody, than the bounds may be set equal to the admissible stress.

A salf-adaptive setting of the boundsisasecond method. Among the popul ation and their parents, all Pareto solutionsare searched. The
bounds for the intervals are set equal to the Pareto solution with the lowest and highest value for each objective.

While a user-input alows a constraint-free formulation of a particular target objective region, the self-adaptation is used for
convergence towards the whole Pareto front.

The number of intervals is dependent on the desired number of parents. The relation between the number of parents and intervals is
gvenin Equ. 1. The equation does not specify the exact number of parents but gives an upper bound, since no adways all intervals are
filled with solutions. Especialy if theinterval bounds are user-defined and represent target regions for the optimization processonly a
limited number of intervals will be filled in the beginning of the optimization run. For this case, an additional mechanism is
implemented. If aminimal number of parentsis not obtained from the selection, further intervals are added by increasing the interval
bounds and the selection processis restarted. Thisis repeated until aminimal number of parentsisreached.

Theinterval spacing isalso afreeparameter for the user. Theinterval spacing may be equidistant or logarithmically distributed, in order
to select uniformly or to refine the intervals for small objective values, respectively.

54 Elitism

Elitism is a technique of conserving the best solutions obtained so far in the optimization process. For multi-objective optimization,
elitism is seen as a necessity [1][5]. For Pareto-based agorithms like NSGA and SPEA, dlitism is usually performed by storing the
nondominated solutions in a secondary population [5]. The secondary population is updated with the current population by adding new
nondominated solutions and removing dominated.

The subdivision method does not store elite solutions. Instead, the selection process considers al solutions computed so far. Thisis
possible since the computational cost of the selectionislow and linear to the number of individuals, aswill be shown in the next section.
Assigning alimited lifetime to the solutions is reducing the computation costs and limiting the impact of a solution.

55 Computation Costs

For most applications, the computational cost of the optimization algorithm can be neglected compared to the cost of the application.
Nevertheless, costs are analyzed in literature. Van Veldhuizen [5] computed the costs for different of Pareto-based multi-objective
algorithms. According to him, the costs of Pareto-based selection schemes like SPEA and NSGA is proportional to (N+N,)?, where N
and N; are the size of the population and secondary population, respectively.

For the SDM, the computational are computed for a population of size N asfollows: According to the algorithm in Section 5.2, each of
the M objectivesis chosen once as selection criterion. A solution has to be sorted into the k; intervals of the auxiliary (M-1) objectives.
Then the solution is compared to best solution already found for this combination of intervals. In total, an upper bound for the
computational cost Cisequal to the product of these steps, given by:
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The cost is linear in the population size N, quadratic with the number of objectives and linear in the number of intervals along the
objective axis. For equal number of intervals for all objectives, Equ. 3 simplifiesto:

C=N>M - 1)xM xk+1) 4
The linearity of the cost over the population size is an advantage compared to the Pareto-based agorithms, for which cost increases
quadratic over the population size.

6  Applications

In the following two structural optimization problems are presented. The first problem is the optimization of a 2D truss with two
objectives and one constraint. It is used to compare SDM with NSGA and SPEA. The second problem is a simple 1D tower with 3
objectives. This problem shows SDM for higher objective dimensions and illustrates its special properties.

6.1  Ten-bar Truss

A well-known structural design problem is the ten-bar truss [10] as shown in Figure 2. Two loads F are applied. The free design
variables are the 10 cross-sections of the bars. The objectives are to minimize the total weight of the truss as well asto minimize largest
deflection of the 4 unconstrained bar intersections. Constraints are applied to the admissible stress in the bars for tension and
compression. The properties of the truss are taken from [10], but converted to the Sl system of units and rounded. They are given in
Figure 2. The stress in the bars and the nodal deflections are calculated by a standard Finite Element code for two-node bars and small
deflections. The performance of the NSGA, SPEA and SDM is analyzed.



—r—> Truss properties
Element length L 9 m
Y oung’ smodulus 70.000 N/mm?
L specific weight 2.700 kg/m®
Loading F 45.000 N
Stress contraint 1170 N/mm
Cross-section [50 26.000] _mnt

Figure 2: Ten-bar truss problem

6.1.1 Optimizer Settings

For NSGA, SPEA and SDM, the population size is set to 60 and the optimization is limited to 2.000 computed solutions. Binary
intermediate and uniform recombination is used with equal probability and the overall recombination probability is set to 60%. A
normal distributed mutation is applied with arelative standard deviation of 10% of the design variable range and a mutation probability
of 15% per design variable. For NSGA and SPEA a secondary population is used as described by Zitzler und Thiele [5] with the
maximal size of 15 individuals. For the subdivision method, both objective axes are subdivided into 15 intervals and the lifetime of the
individualsis not limited. SDM is executed with self-adapting subdivision boundsin order to allow afair comparison with NSGA and
SPEA and not introducing any a priori user knowledge.

6.1.2 Optimization Results

Figure 3a shows the Pareto solutions for NSGA, SPEA and SDM. The performance of the algorithms differs mainly for low weight
structures, since from the problem definition thisismore difficult to design. For this problem, SDM performsbest and isdominating the
Pareto front of NSGA and SPEA for low weights. SDM shows also awider Pareto front.

6.1.3 SDM with User-defined Subdivisions

In Figure 3b the performance of SDM is shown for user-defined settings. The intervals were set between 1800 to 2500 kg for the weight
objective and between 40 to 60 mm for the displacement objective. The figure shows all evaluated solutions. A clear concentration of
solutions occurs in the regions of the user-defined intervals. Comparing the result with the self-adaptive setting in Figure 3a, the
convergence improved within the user defined bounds.

@) : ‘ : : , (b) : : ‘ : :
--== SPEA + SDM with ranges
140+ ——— NSGA , 140} — highly converged run
S ] SDM
— higly converged run
120r gy g b 120+ B
g €
=100~ 1 %-100, ]
C C
£ £
+
¢ 8ot ¢ 8o 1
& &
“ 6o 1 © 6o} 1
40+ b 40+ b
'l-tn-"' :—+
1000 2000 3000 4000 5000 6000 7000 1600 2060 30b0 40b0 5060 6060 7600
weight [kg] weight [kg]

Figure 3: Ten-bar truss problem: Pareto-front after 2.000 computations for NSGA, NPEA and SDM (a) and convergence of SDM for
user-defined objective bounds (b).

6.2 Brick Tower

A brick tower is considered as a second structural optimization problem and is illustrated in Figure 4. The tower consists of six
cylindrical bricks. All bricks are of the same height h and density ?. The tower is |oaded by its dead load.

The design variables of this problem are the cross-sections A of the bricks. All necessary datais given in Figure 4. The objectives are to
minimize weight, stress and fundamental frequency of the tower.

The weight W of the tower is calculated as the sum of the brick weight by:

w=_éerth ©)



Stresses are computed at bottom of each brick by summing up the weights of the bricks on top. Stress concentration factors are
neglected. The largest stress in the bricks is considered as objective and is given by:
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The vibration of the tower is approximated by a 1D model in vertical direction. Each brick is discretized by a 2 node constant strain
finite element. The fundamental eigenfrequency is computed as the lowest frequency of the 6 possible eigenmodes of the tower.

Tower of 6 bricks FEM model Brick geometry:
Truss properties

6
A Brick height h 10006 m
5 2-node I h Y oung'smodulus E 210° N/mm’
4 constant Gravity constant g 10 ms’
strain g specific mass ? 10°  kgm?
3 elements M Cross-section A [110] n¥
2
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Figure 4: Brick tower probl/em: TovJer consisting of 6 bricks with variable cross-section and is optimized for minimal stress, weight and
fundamental frequency

6.2.1 Optimizer Settings

The aim of the brick tower is give insightsin the features of the SDM and not be used to benchmark different algorithms. Therefore,
NSGA and SPEA are not considered here. The application underlines the role of user defined objective bounds.

For this optimization problem, we simplify Algorithm 1 by just considering one objective as selection criterion instead of all 3
objectives. The fundamental frequency is chosen as selection criterion, while the maximal stress in the bricks and the truss weight are
chosen as auxiliary objectives. Stress and weight are chosen as auxiliary objectives, since bounds can easily be defined for them.

The exact lower and upper bound for the weight of the tower is obtained by setting all bricks to the smallest and largest cross-section,
respectively. This results in truss weights of 107 and 108 N. A save lower bound assumption for the stress in the bricks is given by
computing the stress by asingle brick instead of the whole tower. This is areaindependent and leads to a stress of 1,67 N. A save upper
bound for the stress is given by dividing the maximal truss weight through the minimal cross-section, leading to a highest stress of 100
N.

For both auxiliary objectives, 25 intervals were chosen. For the weight axistheintervals are set equidistant between the bounds and for
the stress axis, the intervals are exponentially growing over the axis. The intervals are shown in Figure 5. The optimization processis
limited to 20.000 evaluations and a population of 300 individualsis considered.

6.2.2 Optimization Result

The results of this optimization problem are shown in Figure 5. The weight and stress objectives are plotted in the paper space, while
the fundamental frequency is given by the color. The figure contains a surface that is obtained by connecting always the individual with
thelowest fundamental frequency of each rectangle. Thefigureillustratesthe conflict in minimizing all 3 objectives. Four characteristic
designs are given in the right part of the figure. They illustrate the extreme solutions to the problem. It can be seen that for a high stress
and low frequency, the thinnest bricks are at the bottom and the thicker ones are at the top of the tower. For a low stress and high
frequency it isvice versa

Each solution in arectangle is optimal in the sense that no other solution was found with lower minimal fundamental frequency for this
rectangle. However, this does not include Pareto optimality. Selecting the Pareto-ideal solutions among all computed leads to the
surface shown in Figure 6. The Pareto front isincoherent and represents a subset of the solutionsin Figure 5. The Pareto-front would be
the result of Pareto-based optimization strategies like NSGA or SPEA. The result of the subdivision method inFigure 5 was ableto find
the Pareto-ideal solutions. In addition, it provides for each possible combination of truss weight and stress the solution with minimal
fundamental frequency. These solutions represent the dominated and nondominated bound of the of the feasible objective space for
minimizing the fundamental frequency.
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Figure 5: Three-objective brick tower problem: Solutions of the subdivision method for the weight, stress and fundamental frequency
optimization of abrick tower: The 3-dimensional surface was created by connecting always the best solution of each rectangle. The
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Figure 6: Three-objective brick tower problem: Pareto-front for the weight, stress and fundamental
frequency optimization of abrick tower

7 Conclusions

This work introduced a new multi-objective selection algorithm, which uses a geometrical subdivision of the objective space and
performs local selection. It allows a constraint free integration to user-defined target objective regions and a self-adaptive setting for
converging towards the Pareto ideal solutions. The user-defined approach isimportant if certain minimal requirement to the objective
values exist. It converges towards the dominated and nondominated bound of the feasible solution space in the target region.

The self-adaptive setting was compared with two state-of-the-art algorithms for a two-objective truss problem and showed excellent
convergence properties towards the whole Pareto front.

The SDM is simple to implement. A short algorithm is given in this paper and modern aspects for multi-objective optimization like
elitism are described.

The SDM performs to a uniformly selection of solutions in the objective space, regardless if they are Pareto-ideal ore not. Thisis of
particular interest for a disrupted, discontinuous Pareto front as obtained for the brick tower optimization. In addition, it allows the
convergence to the dominated boundary of the objective space. It provides additional insights in the objective space and retrieves the
definite bounds of the Pareto front, which is not always captured by Pareto-based methods.
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