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ABSTRACT

Wepresent a novel strategy to improve load balancing for large scale

Bayesian inference problems. Load imbalance can be particularly

destructive in generation based uncertainty quantification (UQ)

methods since all compute nodes in a large-scale allocation have

to synchronize after every generation and therefore remain in an

idle state until the longest model evaluation finishes. Our strategy

relies on the concurrent scheduling of independent Bayesian infer-

ence experiments while sharing a group of worker nodes, reducing

the destructive effects of workload imbalance in population–based

sampling methods.

To demonstrate the efficiency of ourmethod, we infer parameters

of a red blood cell (RBC) model. We perform a data-driven calibra-

tion of the RBC’s membrane viscosity by applying hierarchical

Bayesian inference methods. To this end, we employ a computa-

tional model to simulate the relaxation of an initially stretched RBC
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towards its equilibrium state. The results of this work advance upon

the current state of the art towards realistic blood flow simulations

by providing inferred parameters for the RBC membrane viscosity.

We show that our strategy achieves a notable reduction in im-

balance and significantly improves effective node usage on 512

nodes of the CSCS Piz Daint supercomputer. Our results show that,

by enabling multiple independent sampling experiments to run

concurrently on a given allocation of supercomputer nodes, our

method sustains a high computational efficiency on a large-scale

supercomputing setting.
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1 INTRODUCTION

Bayesian inference of parameters of physical models is an essential

part of evidence-based modeling of physical systems. At the same

time it requires extensive model evaluations as it relies on sampling

of the parameter space through Monte Carlo methods. These meth-

ods imply the repeated evaluation of thousands (or even millions)

of independent model evaluations (samples), in repeated phases

(generations) to produce a faithful representation of their associated

uncertainty. This type of inference has become more viable in the

recent years thanks to the availability of large supercomputers. The

samples can be easily evaluated across different nodes thus making

such approaches highly suited to large scale computing architec-

tures. However, sampling methods can be highly inefficient in the

presence of a parameter-based load imbalance in the computational

model.

Load imbalance can be particularly destructive in generation

based UQ methods such as Bayesian Annealed Sequential Impor-

tance Sampling (BASIS) since all compute nodes in a large-scale

allocation have to synchronize after every generation and there-

fore remain in an idle state until the longest model evaluation

finishes. The effect is a drastic decrease in the overall usage of com-

putational resources, even when the computational model is, itself,

efficient. This inefficiency is a waste of node hours, detrimental to

high-throughput, and increases energy waste, a primary concern

towards the upcoming era of exascale computing [1].

We demonstrate the capabilities of our approach by inferring

the membrane dissipation of a RBC model. The model is employed

to simulate the relaxation of an initially stretched RBC towards

its equilibrium shape. We analyze five independent data sets from

experimental studies [2, 3] to perform the parameter inference

in the context of hierarchical Bayesian inference as, for example,

described in [4]. To the best of our knowledge, a Bayesian UQ

for the membrane dissipation of the RBC has not been performed

before. Previous computational studies of RBCs relied on distinct

fits to experimental data yielding a range of plausible values for

the membrane viscosity, ηm = [0.05 − 0.8] × 10
−6

Pa sm [2, 5].

The sources of the discrepancy between estimations of ηm are

not the focus of this study. Instead, we concentrate on inferring a

probability distribution for the membrane dissipation, given two

independent sources of experimental data and the particular RBC

computational model.

The software implementation of the RBC model is optimized for

graphics processing unit (GPU) architectures. The runtime of this

model is in direct correlation with the inferred parameter and thus

shows an uneven distribution of work among samples. The resulting

workload imbalance reduces the effectively used computational

resources, keeping GPUs busy only 74% of the time.

This article presents a novel strategy to deal with the problem

of load imbalance for population based methods. Our approach

relies on the concept of oversubscription of computational resources,

where more computational tasks than available workers are created.

Through oversubscription, processors remain busy even when parts

of the parallel application need to synchronize and wait for the

exchange of data [6]. We extend this concept to BASIS, by enabling

multiple independent sampling experiments to run concurrently

under the same group of worker nodes, keeping nodes busy at

almost all times.

We report the improvements obtained with our proposedmethod

in terms of effective core usage, total node hours required, and

power consumption. We demonstrate that different job scheduling

methods, including the one presented in this paper, play a notable

role in solving the problem of load imbalance in our RBC study.

We furthermore demonstrate that our approach improves the node

usage efficiency from 74% to 98%, and validate it on 512 nodes of

the CSCS Piz Daint supercomputer.

2 STUDY CASE: RBC RELAXATION

The RBC membrane consists of a lipid bilayer anchored on a net-

work of proteins called the membrane skeleton (MS), both of which

contribute to highly non-linear elastic mechanics. In physiologi-

cal conditions, RBCs are surrounded by plasma, a water-rich liq-

uid which is essentially Newtonian. The RBC contains a solution

of hemoglobin, which also behaves as a Newtonian fluid. Conse-

quently, RBCs are highly deformable, allowing for complex dy-

namical transitions in response to external disturbances [7]. The

dynamics of single cells in simple flow conditions lay the founda-

tion for understanding more complex behaviors, existing in flows

through capillaries, vascular networks, and the flow in microflu-

idic devices. Therefore, to understand the complex rheology of

the whole blood, we have to model the dynamics of single RBCs

accurately.

For half a century, there have beenmany ingenious developments

on RBC membrane mechanics. For example, the model proposed by

Lim et al. [8] represents a remarkable breakthrough, combining the

complete area-difference elasticity (ADE) model of the lipid bilayer

and a non-linear strain-hardening model of MS. This RBC model

is termed as Lim-Wortis-Mukhopadhyay (LWM) model for brevity.

With a single parameter for the bending reference state to reflect

the surrounding solution status, such as PH value or other chemical

agents, the model can generate equilibrium configurations for the

whole stomatocyte-discocyte-echinocyte (SDE) sequence, which

have been unanimously observed in experiments [9]. Although

the original study of the LWM model was based on Monte Carlo

sampling of the energy landscape, a recent numerical study has

already put forth the bending force computation due to the lipid

bilayer in the model [10]. Following this line, we further developed

the force computation arising from the in-plane elasticity of the

MS, which allows for simulations of the LWM model coupled with

a dissipative particle dynamics (DPD) fluid solver in a dynamic

context.

Figure 1: Illustration of the relaxation sequence of a RBC. Left: Initial elon-

gated shape. Middle: Intermediate shapes during the relaxation process.

Right: Relaxed biconcave shape.
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Increasing evidence from experimental [2, 11], theoretical [12],

and computational studies [13–15], indicate that a significant contri-

bution on the total viscous dissipation arises from the lipid bilayer

membrane, in addition to the commonly acknowledged contribu-

tions from the outer and inner viscous fluids of the RBCs. However,

in many computational studies for RBCs, membrane viscosity is

neglected [16, 17]. To this end, we study the pairwise dissipative

interactions controlled by the dissipative parameter, γC , between
neighboring vertices on the triangulated mesh, inspired by the pio-

neering work of a coarse-grained perspective [18, 19]. The complete

mathematical model of the RBC is described in detail in Appendix B.

One of the unambiguous experiments to determine the RBC

membrane viscosity is the relaxation of a stretched RBC to its equi-

librium shape, as demonstrated in Fig. 1. First, the RBC is stretched

by pulling two opposite sides of the cell with micro-beads [3] or

micro-pipettes [2]. After the release of the external force, the RBC

restores its original biconcave shape. The time of this relaxation

process results from an interplay between the elastic energy and

viscous dissipation of the RBC membrane. The relaxation time in-

creases proportionally to the viscosity, and inversely to the elastic

energy [2, 20]. To obtain a reliable estimation (Section 2.1) of the

RBC membrane viscosity we systematically infer the membrane

dissipation parameter γC , based on five experimental data set from

[3] and [2].

2.1 Statistical Method

Our goal is to estimate the parameter γC and its uncertainty based

on five experimental data sets. Due to the presence of heterogeneous

data, we formulate the inference problem as a hierarchical Bayesian
inference problem [21]. We assume that for each data set we have to

infer a different parameter for the computational model (ϑ := γC ).
Additionally, we assume that each ϑi , i = 1, . . . , 5, follows the

same distribution that is controlled by a hyperparameter vector (ψ).
In Appendix A we describe in detail the Bayesian framework and

the necessary statistical assumptions. The statistical setup for our

study case can be found in Appendix B.4.

In order to sample the individual parameters (ϑi , i = 1, . . . , 5) for

each experiment, we use a sampling technique based on importance

sampling [22]. In the first step of the algorithm we sample the

distribution of the parameters ϑi conditioned on the i-th data set

as if they were independent. These distributions will serve as the

importance sampling distribution. In the second phase, we sample

the vector of hyperparameters conditioned on all the available

data. Finally, we use the samples of the hyperparameters to obtain

samples for each ϑi conditioned on all data. The details of this

approach are discussed in Appendix A.2.

We perform the sampling using BASIS [21], a reduced bias vari-

ant of the Transitional Markov Chain Monte Carlo (TMCMC) al-

gorithm [23]. The choice of BASIS is supported by the fact that it

is one of the most efficient Markov chain Monte Carlo (MCMC)

algorithms in the context of Bayesian uncertainty quantification

that is targeted to parallel computing architectures. Efficiency is

a major requirement since every MCMC step is coupled with a

computationally expensive RBC relaxation simulation.

BASIS is a population-based algorithm that successively samples

from intermediate annealed distributions that eventually converge

to the target distribution. On each generation, samples from the

previous generation are being resampled. From each sample a small

MCMC chain (e.g., of length one) is generated in order to rejuvenate
the sample-set. The algorithm is approximate and in the limit of

infinitely many samples or intermediate steps is exact.

Although chains in BASIS are independent from each other and

can run in parallel, this algorithm is particularly susceptible to the

problem of load imbalance. We discuss this problem in the following

section.

3 PROBLEM: LOAD IMBALANCE

In parallel algorithms, many processors work simultaneously to

reach a common goal. During runtime, processors synchronize

–wait for each other– at given points to, for example, exchange

data required to continue the computation. Whenever one proces-

sor takes longer than the others to reach a given synchronization

point, all other computational resources have to idle. Such idling

time represents a waste of computational resources and delays the

desired results. The non-uniform distribution of workload among

computational resources, known as Load imbalance, is often the

cause for such a problem in parallel algorithms [24].

3.1 Imbalance on generation-based algorithms

Population-based methods belong to the category of embarrass-
ingly parallel [25] algorithms. These methods rely on the execution

of many independent tasks that can be executed in parallel with-

out synchronization. As a consequence, the performance of these

methods is expected to scale perfectly with the number of com-

putational resources. However, in generation based algorithms all

sample evaluations of the same generation need to be synchronized

before starting the next. Therefore, the runtime of one generation

is dominated by the sample evaluation with the longest runtime.
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Figure 2: An illustrative example of two execution timelines of BASIS, each

running four generations and four samples per generation. On top, an experi-

ment with load imbalance. On the bottom, illustration of an experiment with

perfect work balance. Even though the computational demands of both exper-

iments are the same, the imbalanced experiment takes 1800 seconds longer

to complete.

The impact of load imbalance in a generation based algorithm is

exemplified by the timelines shown in Fig. 2. These timelines rep-

resent two experiments where the workload is unfairly distributed

(top) and perfectly balanced (bottom). The model parameters which

directly impact the runtime of a sample evaluation amplify the load
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Figure 3: Core usage timeline of sequentially scheduled BASIS experiments. The horizontal axis represents the elapsed time (hours) from the start of the exper-

iment. On the vertical axis, each line represents a different Piz Daint node. Whenever the line is colored, this means that Mirheo is actively using the node’s

GPU to evaluate a given sample. Different colors represent different experiments, starting from the left with Henon (darkest shade), and ending on the right with

Hochmuth04 (lightest shade). Blank spaces represent times where the node is idle, waiting for the next sample to be processed.

imbalance in population and generation based sampling algorithms

such as BASIS. As the algorithm explores the parameter-space, the

parameter variance will cause a wide variety of model evaluation

times. This problem occurs during the inference of the posterior

distribution of the model parameter γC described in Section 2.

3.2 Imbalance in the RBC Model

In this work, we infer the posterior distribution of the membrane

dissipation parameter γC of the RBC and the posterior of the hy-

perparameters in the hierarchical Bayesian setting. A preliminary

analysis shows that the constraints described in Appendix B im-

ply that the time step of the numerical time integration scheme

decreases linearly with γC . As a consequence, increasing values

of γC result in an increased number of simulation steps, and thus

higher execution times.

After running BASIS on all data sets, we analyzed the individual

model evaluations and we found a linear relationship between

runtimes and themodel parameterγC . This behavior aligns with our
preliminary analysis and is responsible for most of the encountered

load imbalance. Based on the linear relationship between model

runtime and γC , we estimate the expected load imbalance ratio

given by

L =
Tmax −Tavд

Tavд
, (1)

where Tmax is the maximum runtime, and Tavд is the average

runtime of the sample evaluations. Assuming that we sample the

membrane dissipation parameter γC ∼ U(8000, 32000) (expressed

hereafter in units of UM /UT , see Appendix B for details) from a

uniform distribution we can estimate the load imbalance ratio as

L =
T (γCmax ) −T (γCavд)

T (γCavд)
≈ 0.44 , (2)

withT (γCavд) = 1.16h and expectedmaximal runtimeT (γCmax ) =

1.67h as E[γC ] = 20000 and E[maxγC ] ≈ 32000 (in simulation

units). Based upon this calculation, we can express the inefficiency,

in terms of effective node usage, by

E =
1

1 + L
= 69% . (3)

This estimation shows that computational resources will remain

idle 31% of the time. Note that this is a conservative estimate since

we expect the sampling to converge to the mass of the posterior

distribution at later generations of BASIS and hence the variance

within the sample population will decrease.

3.3 Preliminary runs

We performed a preliminary run of the proposed setup to verify

that the load imbalance estimated in Section 3.2 is reflected in the

experiments runtime. The results from this case will constitute a

baseline for our improved method presented in Section 4.

3.3.1 Testbed. We performed all simulations on Piz Daint, a Cray
supercomputer [26] located at the Swiss National Supercomputing
Centre (CSCS) [27]. We used the GPU-based XC50 partition, com-

prising 5’704 compute nodes, each equipped with a single proces-

sor socket populated with a 2.6GHz 12-core Intel Xeon E5-2690v3

“Haswell” processor and 64GB of DRAM. Each node also contains

an NVIDIA “Tesla” P100 GPU with 16GB of device memory.

The RBC model is implemented in Mirheo, a high-performance

software formicrofluidic simulations that outperforms current state-

of-the-art packages [28]. Mirheo is written in C++/CUDA and

targets NVIDIA GPUs with compute capability 3.5 and greater.

We base our choice on the fact that Mirheo is optimized for the

NVIDIA-Pascal architecture and is specifically tailored for the Piz
Daint supercomputer platform.Mirheo has shown exceptionally

low time to solution on several benchmark problems [28]. For our

sampling engine, we use Korali [29], a high-performance frame-

work for Bayesian uncertainty quantification and optimization of

engineering models that allows running computational models on

large-scale jobs.

3.3.2 Observations. As a preliminary run, we executed five BASIS

sampling experiments, one per data set, using 512 nodes. These

experiments use Korali as our sampling engine with 512 samples

per generation. By running these experiments sequentially, using

a 1:1 node per sample ratio, we maximize the experimental-wise

parallelism, but also expose all possible load imbalance as shown

in Section 3.2.
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Fig. 3 shows the results of our preliminary run. The run took

48.1h1 to complete on 512 nodes, requiring a total of 24.6k node

hours. The figure shows the impact of load imbalance on our exper-

iments. We observed a sustained efficiency of E = 73% throughout

the run, meaning that the nodes waste 27% of their running time.

The bottom line in Fig. 6 shows the time evolution of efficiency E

of the sequential execution.

This observation agrees with our conservative estimate of 30%

idle time presented in Section 3.2. Of the 24.6k node hours con-

sumed, only 18.1k node hours were effectively used for computation.

To prevent this problem in future studies, we implemented a more

effective way of work scheduling in Korali, as presented in the

next section.

4 IMPROVINGWORKLOAD DISTRIBUTION

To improve the distribution of work among nodes, we resorted to

processor oversubscription. Oversubscription is a technique that has

been proposed to improve load balancing and reduce the cost of

communication in the context of parallel algorithms [30–32].

Oversubscription means to subdivide the required work into

more subtasks than available processors. In this way, every proces-

sor must compute on average more than one task. At any given

point, if a particular processor is overloaded, one of its tasks can be

bestowed to an underloaded processor. In the context of sampling,

each model evaluation (sample) within a given generation can be

considered as a single indivisible task. Therefore, computing as

many tasks as available nodes (512, in our case) represents the case

where no oversubscription is applied.

The load imbalance that occurred during our preliminary run

were introduced due to sequential scheduling. In this approach, the

five experiments were executed independently, one after the other.

This kind of scheduling gives no possibility for oversubscription,

as only one sample is available to each node at a given time (see

Fig. 3).

In Table 1, we observe that by scheduling experiments sequen-

tially, we wasted 6398 node hours, out of the total 24,605 allocated

hours for the job, yielding an efficiency of only 73.9%. The experi-

ment ran for 48.05 hours and incurred an energy usage of 10.45GJ.

4.1 Alternative Scheduling Methods

The reduced efficiency of the sequential scheduling approach moti-

vated us to find alternative methods to improve efficiency in these

types of experiments. We used the metadata from Korali to obtain

the runtimes for each sample and thus be able to simulate the be-

havior of other scheduling methods given the same conditions. We

analyze two scheduling methods which we denote as partial and
dynamic scheduling.

4.1.1 Partial Scheduling. One way to achieve oversubscription for

population and generation based sampling methods is to reduce

the number of nodes available to each experiment. When using a

fixed node count, oversubscription is achieved by allowing each

experiment to execute on a subset of nodes. The effect is that all

five BASIS runs will be executing simultaneously, increasing the

1
Since Piz Daint scheduler is limited to 24h runs, we were required to launch multiple

jobs to obtain the final results. Since we used Korali’s capability for suspending and

resuming jobs on a per-generation basis, sample selection remained unaltered.
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Figure 4: Core usage timeline of partially scheduled BASIS experiments in

which each experiment run on its own 103 node subset.
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Figure 5: Core usage timeline of inter-experiment scheduled BASIS runs. Sam-

ples generated from all experiments can be scheduled for execution on any

of the available 512 nodes.
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Figure 6: Node usage efficiency across time. A higher percentage indicates

better node usage.

overall number of samples per node. For our study, we defined five

subsets of nodes of 102.4 nodes each in average
2
.

Fig. 4 shows the simulated execution of our partial scheduling

experiment. We observed that, thanks to oversubscription, nodes

can remain busy for longer before imbalance appears. The results in

Table 1, indicate that this strategy resulted in improved efficiency

(91.7% in average), wasting much fewer node hours (1628), and

requiring less energy (8.42GJ). It did not improve much in terms of

running time, since it required 47h to complete all experiments, due

2
In our experiments, we use 103 nodes for all subsets, for a total of 515 nodes to prevent

outstanding samples to artificially introduce load imbalance due to a faulty division of

work, where an outstanding sample remains for evaluation towards the end. By using

an extra node, we avoid this problem and guarantee a fair comparison with our next

method, where we use full node/experiment scheduling.
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Node Hours

Experiment Node # Time (h) Used (Total) Effective Wasted Efficiency Energy Usage (GJ)

Partial (Henon) 103 32.53 3350 2923 427 87.2% 1.42

Partial (Hochmuth01) 103 33.83 3484 3178 306 91.2% 1.48

Partial (Hochmuth02) 103 36.93 3803 3508 295 92.2% 1.62

Partial (Hochmuth03) 103 47.47 4889 4589 300 93.8% 2.07

Partial (Hochmuth04) 103 41.83 4308 4008 300 93.0% 1.82

Partial Scheduling (Total): 19836 18207 1628 91.7% 8.42

Sequential Scheduling 512 48.05 24605 18207 6398 73.9% 10.45

Dynamic Scheduling 512 36.33 18601 18207 394 97.8% 7.90

Table 1: Run statistics for the three scheduling strategies described in this paper. The data for sequential scheduling are taken from preliminary run on Piz
Daint. The values for partial and dynamic scheduling are simulated and show how the experiment would have run with these scheduling strategies. The power

consumption estimates are extrapolated from the actual measured power consumption (10.45GJ) on Piz Daint.

to sampling the posterior corresponding to data from Hochmuth03
taking longer than the rest of the experiments.

4.1.2 Dynamic Scheduling. Another way to achieve oversubscrip-

tion is to run all experiments simultaneously such that all samples

can be scheduled among any of the available nodes. This approach

achieves oversubscription, not by reducing the number of nodes,

but by increasing the number of tasks. In this case, the increase in

tasks comes from scheduling multiple independent experiments
3
.

In our case, this approach requires that the scheduler imple-

mented in Koraliwill be able to sample five experiments in parallel

and distribute the workload among all 512 nodes. Fig. 5 shows a

simulated execution of our dynamic scheduling experiment. We

observed that almost all nodes can remain busy during the entirety

of execution, only to lose efficiency towards the end. This efficiency

loss comes from the fact that some experiments finish before others,

reducing available oversubscription towards the end.

The results summarized in Table 1 indicate that this strategy

yields in a superior efficiency (97.8% on average) than the others,

wasting much fewer node hours (394), as well as requiring less

energy (7.90GJ). Furthermore, it also reduced the runtime from 48

to 36h until completion.

4.2 Statistical Analysis of the Methods

There are two ways to implement the dynamic scheduling discussed

in Section 4.1.2: (i) evaluating all samples from one experiment

before moving to the next one (see Fig. 5), or (ii) alternate sample

evaluations from the individual BASIS runs in a cyclic way without

prioritizing a sampling problem. To find which strategy performs

better, we conduct a bootstrap analysis on both dynamic scheduling

strategies and calculate the mean, median, and standard deviation

of the effective node usage E. Through the bootstrap approach

we are able to alleviate the randomness associated in the ordering

of the samples. Table 2 summarizes our results, from which we

conclude that E is insensitive with respect to strategies (i) or (ii).

For a practical reason we favor the former strategy: Korali stores

intermediate results after termination of a generation, we prefer

to reduce the time taken between start and end of a generation

and hence maximize the recovery rate in the case of an unforeseen

interruption.

3
As opposed to dividing a sample into finer-grained pieces, the way oversubscription

is typically attained in the context of parallel algorithms.

Additionally, we analyze the behavior of partial scheduling, dis-

cussed in Section 4.1.1, with varying number of nodes. Although

reducing the number of nodes E increases the expected effective

node usage, we observe that with N = 16 nodes we can achieve the

same expected node usage (≈ 98%) as with dynamic scheduling (see

Table 2). This results shows that we can reduce the time to solution

by a factor of 32 while running with almost no resource waste.

Dyn. (i) Dyn. (ii) Part. Part. Part. Part.

Node # 512 512 16 32 128 512

E[E] 0.98 0.98 0.98 0.97 0.93 0.863

Median[E] 0.98 0.98 0.98 0.97 0.93 0.863

SD[E] 0.001 0.001 0.001 0.002 0.002 0.003

Table 2: Bootstrap analysis of the effective node usage E based on 100 simu-

lated BASIS runs with different work distribution strategies (Dynamic (i) &

(ii) and Partial Scheduling) and nodes (N).

4.3 Experimental Validation
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Figure 7: Scheduling under a multiple-experiment configuration on Korali.

This 12 hour timeline shows how Korali scheduled all five BASIS experi-

ments simultaneously for a limited two-generation run on 512 Piz Daint job.

To validate the dynamic scheduling approach in an actual run

on Piz Daint, we extended Korali capability to allow for sched-

uling of independent experiments though one Korali instance.

Therefore we re-ran our five BASIS experiments on 512 Piz Daint
nodes and re-evaluated the behavior of Korali and the achieved

load balance. To avoid excessive node hour usage, we limit all five



Load Balancing in Large Scale Bayesian Inference PASC ’20, June 29-July 1, 2020, Geneva, Switzerland

BASIS experiments to evaluate 2 generations, as opposed to run

until completion.

The timeline in Fig. 7 shows that Korali yields a similar inter-

lacing pattern to that from our simulated load balancing strategy.

Korali achieves close to 100% efficiency during steady-state, before

the tail-end of the experiment.

5 RESULTS OF RBC INFERENCE

5.1 Surrogate model based on BASIS output

In order to improve the accuracy of the sampling algorithm, we

use the simulation output of the BASIS samples from all genera-

tions to generate a surrogate model for the RBC relaxation. The

surrogate is an analytical function following an exponential decay

[2], where the decay constant is set through a least-squares fit to

the simulation outputs. We use these surrogates to conduct a new

series of sampling experiments with an increased sample size (10
4
)

whilst avoiding the use of computationally additional model evalu-

ations. Using the output of BASIS to construct a surrogate shows

to be a reasonable approach, as BASIS samples the parameter space

uniformly at start and then converges to the mass of the posterior

distribution.

5.2 Sampling results

maximum a posteriori (MAP)

Parameter HO1 HO2 HO3 HO4 HE HB

γC × 10
−3

14.676 18.896 23.576 17.912 19.513 24.848

σ1 × 10
2

3.846 6.733 3.822 1.888 - 7.230

σ2 × 10
3

- - - - 3.977 2.389 ×10−4

Table 3: MAP parameter values of the Bayesian inference for each data set.

We denote by MAPx the MAP parameter values corresponding to the infer-

ence performed on data set x , and byMAPHB the MAP from the hierarchical

inference.

The MAP values for the parameters are summarized in Table 3.

We observe that each data set has a different set of MAP values,

practically showing that each data set is best fitted by a different

set of parameters. These differences can be due to inherent dif-

ferences in the mechanical parameters of RBCs, or experimental

measurement errors causing variations among the data sets.

A general posterior distribution p(ϑnew |d), obtained from the

hierarchical Bayesian inference, is shown in Fig. 8. The marginal

posterior distribution for γC follows a unimodal distribution, with

a MAP value at γC = 24.848 × 10
3
.

This value of γC corresponds to a membrane surface viscosity

of ηm = 0.63 × 10
−6

Pa sm, which is within the range estimated

in the literature, ηm = [0.05 − 0.8] × 10
−6

Pa sm [2, 5] (details

for transformation between SI and simulation units are given in

Appendix B).

To our knowledge this is the first time that the dissipation coef-

ficient has been inferred, for a membrane dissipation model that

employs friction only along the lines of centers of the membrane

vertices. Previous studies [33] have calibrated the membrane dissi-

pation based on twisting torque cytometry experiments and cross-

validated the relaxation timescale with the relaxation data of [2, 3],

however using both central and tangential dissipation terms, and

thus not conserving angular momentum. Future simulations em-

ploying this model can use the MAP value of γC = 24.848 × 10
3

from the results of the hierachical inference, or use the full posterior

distribution to obtain predictions with uncertainty.

Figure 8: Results of the hierarchical Bayesian inference for p(ϑnew
|d ). The

diagonals represent the marginal distributions of the parameters, below the

diagonal are 2D projections of the posterior distributions p(ϑnew
|d , MHB ),

and above the diagonal are samples from the posterior distribution.

6 RELATEDWORK

The application of uncertainty quantification methods on large

scale computational models and massively parallel computer ar-

chitectures entails a number of challenges that have scarcely been

addressed before. We have found, very few frameworks besides

Korali that are suitable for the validation of parameter against

experimental data through a large-scale Hierarchical Bayesian anal-

ysis as the one presented in this work.

The Π4U [34] offers a framework for the execution of MPI-based

parallel applications at a large scale for Bayesian Inference and

optimization methods. Π4U employs the tasking library TORC [35],

which uses job-stealing to deal with load imbalance. By enabling

idle worker nodes to gather pending samples from another busy

worker’s queue, it actively responds to the load imbalance origi-

nated from an unfair initial distribution of work queues [36]. This

source of workload imbalance, however, is not present in Korali

since its scheduling engine distributes one sample at a time in real-

time, guaranteeing a continuous fair distribution across all workers.

Furthermore, TORC’s load-balancing method does not address the

source of work imbalance discussed in this paper since this im-

balance arises from the sampling method rather than the initial

distribution of work. Moreover, since Π4U does not offer support

for hierarchical inference where many concurrent experiments re-

quire sampling, it is unlikely that experiments running under Π4U
allow the implementation of the solutions discussed here.

The use of processor oversubscription has been described previ-

ously to deal with load imbalance and the cost of communication in

parallel algorithms. The Charm++ programming model [37] and the

AMPI interface [31] use virtualization, where tasks can be migrated

among systems by a distributed runtime system, to actively balance
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the workload of distributed algorithms. The authors of MATE [32]

describe the use of oversubscription to distribute uneven numbers

of tasks among workers to enforce balancing with a priori infor-

mation [6] on Cart3D, a high-fidelity inviscid analysis package for

conceptual and aerodynamic design [38]. We will explore the use

of integrating a priori information into the scheduling strategy

to improve the strategies presented in this paper for cases where

there are few available samples to compensate for imbalances in

the model.

7 CONCLUSION

State-of-art blood flow simulations have demonstrated the poten-

tial of computational studies to contribute in the development of

novel diagnostics and treatments for life-threatening diseases, by

being able to simulate full microfluidic devices [39] and large mi-

crovascular networks [40]. We seek to advance these studies with

more detailed and physically precise simulations. In this context,

the contributions of our work are, therefore, twofold:

First, the inferred values of RBC membrane dissipation in this

work will enable us to perform realistic studies of RBC dynamics,

having now a complete model with validated strain [41] and cali-

brated dissipation models. Armed with this information, we will

seek to improve on previously two-dimensional simulations [42],

for the optimization of a deformability-based cell sorting device, by

correctly capturing the relaxation timescale of RBCs.

Second, parametric investigations, inference and optimization

problems may all suffer from load imbalance due to parameter-

dependent model runtimes. In order to address this problem, we

presented and implemented a method to improve effective node

usage of such studies, reducing the overall cost in computational

and physical time.

Our next research goals target algorithm dependent scheduling

strategies within Korali. The state of running algorithms could be

used to prioritize model evaluations from inference/optimization

problems that approach the termination criteria slower than others.

Through that, early termination of problems can be avoided, main-

taining flexibility for oversubscription for a longer time and hence

further increase effective node usage. These improvements will

enable the efficient simulation of multiple large systems, necessary

to transit from simulations of simplified systems, to optimization

studies of full microfluidic devices, large vasculature networks, and

drug transport in patient-specific vasculatures.
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Appendices

A STATISTICAL METHODS

A.1 Bayesian Inference

We are interested in estimating the posterior probability distribu-

tion of a parameter (or a vector of parameters) conditioned on a

set of observations. The computational parameters ϑc ∈ RNϑc pa-

rametrize a computer simulation with F (x ;ϑc ) ∈ R the simulation

output with input variables x ∈ RNx
.

We observe the vectors d = (d1, . . . ,dN ), e.g., from experiments.

We assume that the vector of observations y ∈ RN is a random

variable and d is a realization of y. In addition, we assume that y is

linked to the model through the error equation,

y = F (x ;ϑc ) + ε, ε ∼ N(0, Σ) , (4)

where Σ = Σ(ϑs ) is, in general, a function of the statistical parame-
ters ϑs . Here, we assume that Σ(ϑs ) = σ 2

n IN with ϑs = σn and IN
the identity matrix in RN×N

. The density of y is given by

p(y |ϑ) = N(y | µ(ϑc ), Σ(ϑs )) , (5)

with µ(ϑc ) =
(
F (x1,ϑc ), . . . , F (xN ,ϑc )

)
andx i are the different in-

put variables linked to the the observation di . Here, ϑ = (ϑc ,ϑs ) ∈
Ω ⊆ RNϑ is the augmented parameter vector including computa-

tional and statistical parameters.

For the estimation of the probability of ϑ conditioned on the

observations d we apply Bayes’ theorem,

p(ϑ |d,M) =
p(d |ϑ,M) p(ϑ |M)

p(d |M)
, (6)

where p(d |ϑ,M) is the likelihood function, p(ϑ |M) is the prior

probability distribution, and p(d |M) is the model evidence. All

other model assumptions are denoted by the variableM. The model

evidence can be obtained by marginalizing the likelihood function

over the parameters ϑ , i.e.

p(d |M) =

∫
Ω
p(d |ϑ ,M) dϑ . (7)

The Bayesian framework is a useful tool for model comparison in

the advent of limited experimental data.

A.2 Hierarchical Bayesian Inference

The hierarchical Bayesian framework is an extension to the single-

staged Bayesian framework (Appendix A.1). In a two-staged hier-

archical model we first group data in smaller data sets and infer

the posterior distributions of the model parameters conditioned

on each data set. In the second stage, we combine the posterior

distributions and then we infer the hyper-parameters describing

the posterior distributions.

For example, each data set corresponds to the observed out-

put of a single experiment from a series of experiments. By infer-

ring the posteriors on an experiment basis, we can capture sys-

tematic errors found in the experimental setups. In this setup we

denote the collection of data sets as

#«

d = {d1, . . . ,dNd
}, where

di = {di,1, . . . ,di,Ni } is the observed data of to the i-th experi-

ment and x i j is the input vector corresponding to di j . Finally we

can obtain better informed individual parameter probabilities, since
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information from all data sets can be used in the posterior distri-

bution of the individual ϑi . The hierarchical Bayesian framework

and the concurrent sampling process employed in this work will

be described in the following.

ϑ

y

M

(a)

yi

i = 1, . . . , Nd

ϑi

ψ

MHB

ynew
i

ϑnew

(b)

yi

i = 1, . . . , Nd

ϑi

Mi

(c)

Figure 9: DAGs representing three statistical models: (a) One model param-

eter ϑ explaining all observations across all experiments, (b) hierarchical

Bayesian model, observations from individual experiments are associated

with a parameter ϑ i , ϑ i belong to a common distribution that is described

by a vector of hyperparameters ψ , (c) individual experiments are described

by individual parameter ϑ i

The joint probability distribution of data

#«

d , model parameters

#«

ϑ and hyper-parametersψ is given by

p(d,
#«

ϑ ,ψ) =
N∏
i=1

p(di |ϑi )p(ϑi |ψ)p(ψ) = p(
#«

d |
#«

ϑ )p(
#«

ϑ |ψ) . (8)

Our goal is to draw samples from the distribution p(
#«

ϑ ,ψ |
#«

d ). By

applying Bayes’ theorem we can write

p(
#«

ϑ ,ψ |
#«

d ) =
p(

#«

d |
#«

ϑ ,ψ)p(
#«

ϑ ,ψ)

p(
#«

d )
=
p(

#«

d |
#«

ϑ )p(
#«

ϑ |ψ)p(ψ)

p(
#«

d )
, (9)

where we write the likelihood as p(
#«

d |
#«

ϑ ) =
∏N

i=1 p(di |ϑi ). Sam-

pling the target distribution in Eq. (9) usually becomes inefficient

as the number of parameters of the target probability grow with

the number of experiments Nd .

In order to obtain samples from the posterior distribution of the

hyperparameters we have to proceed as follows,

p(ψ |
#«

d ) =
p(

#«

d |ψ)p(ψ)

p(
#«

d )
, (10)

where

p(
#«

d |ψ) =
N∏
i=1

p(di |ψ)

=

N∏
i=1

∫
p(di |ϑi )p(ϑi |ψ) dϑi

=

N∏
i=1

∫
p(di |ϑi )p(ϑi |ψ)

p(ϑi |di ,Mi )
p(ϑi |di ,Mi ) dϑi

=

N∏
i=1

∫
p(di |ϑi )p(ϑi |ψ)p(di |Mi )

p(di |ϑi ,Mi )p(ϑi |Mi )
p(ϑi |di ,Mi ) dϑi

=

N∏
i=1

∫
p(ϑi |ψ)p(di |Mi )

p(ϑi |Mi )
p(ϑi |di ,Mi ) dϑi ,

(11)

which can be approximated by

p(
#«

d |ψ) ≈
N∏
i=1

p(di |Mi )

Ns

Ns∑
k=1

p(ϑ (k )
i |ψ)

p(ϑ (k )
i |Mi )

, (12)

using samples drawn from the posterior distributions of the model

parameter for each of the experiments ϑ (k )
i ∼ pϑ i (· |di ,Mi ) .

B INFERENCE OF RBC MEMBRANE

DISSIPATION

B.1 Experimental data

The experimental data used for the Bayesian inference correspond

to relaxation of RBCs, after elongation with either micro-pipettes or

optical tweezers.We consider five relaxation data sets, four obtained

from the studies of Hochmuth et al. [2] and one from Henon et al.

[3], describing the length over width (L/W ) of a RBC and the length

(in pixels) over time respectively. We transform the measurements

of Henon to L/L0 such that they can be directly compared to the

simulations.

B.2 Computational model

Wemodel one RBC as a visco-elastic membrane enclosing a viscous

solvent (hemoglobin). The membrane is discretized into Ne edges

and Nv vertices, with positions ri and velocities vi , i = 1, 2, . . . ,Nv .
The connectivity is fixed over time, and the particle positions and

velocities evolve in time according to Newton’s law of motions.

The incompressibility of the lipid bilayer and the hemoglobin is

modeled through area and volume energy constraint terms[33],

Eco = kA

(
A −Aeq

)
2

2Aeq
+ kV

(
V −V eq )2
2V eq , (13)

where kA and kV are the computational area and volume moduli

and Aeq and V eq
are the area and volume of the RBC at equilib-

rium, respectively. The elastic forces are derived from the bending

energy potential Ebe and shear energy potential Esh . We employ
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the discretization for the bending energy as [10, 43]:

Ebe =2κb

Nv∑
i=1

(
Mi
Ai

− H0

)
2

Ai+

ακbπ

2AD2

©«2D
Nv∑
i=1

Mi − ∆A0

ª®¬
2

,

(14)

where κb and ακb are local and non-local bending muduli, and H0

and ∆A0 are their reference states, respectively. Furthermore, D
is half the lipid-bilayer thickness and Ai is the Barycentric area
associated to vertex i and

Mi =
1

4

∑
⟨i, j ⟩

li jθi j . (15)

The above summation goes over the direct neighbors of vertex i ,
li j = |ri − rj | is the length of the edge and θi j is the angle between
the normals of the two triangles adjacent to the edge ij . We employ

the strain energy proposed in Lim et al. [8, 41],

Esh =
ka
2

Nt∑
i=1

A
sf
i

(
α2i + a3α

3

i + a4α
4

i

)
+

µ

Nt∑
i=1

A
sf
i

(
βi + b1αiβi + b2β

2

i

)
,

(16)

where A
sf
i is the area of triangle i in the associated stress-free

shape, αi and βi are the triangle area and shear strain invariants of

triangle i with respect to the MS stress-free shape, a3, a4, b1 and
b2 are constants, ka is the dilatation energy coefficient and µ is the

shear energy coefficient. The elastic forces acting on each vertex is

thus given by Feli = −∇iE
el = −∇i

(
Eco + Ebe + Esh

)
, where ∇i

is the gradient with respect to ri .
The membrane dissipation is modeled as proposed in [33], al-

beit excluding the non-radial component such that the angular

momentum is conserved and viscous effects remain in-plane,

Fvisci = −γC
∑
⟨i, j ⟩

vi j · r̂i j r̂i j , (17)

where γC is the friction coefficient, vi j = vj − vi , ri j = rj − ri and
r̂i j = ri j/|ri j |. The membrane surface viscosity can then be approx-

imated as ηm ≈ γC
√
3/4 [33]. The model includes an additional

fluctuation term to satisfy the fluctuation-dissipation theorem,

Ff lucti =
√
2γCkBT

∑
⟨i, j ⟩

ξi j r̂i j , (18)

where kBT is the temperature in energy units and ξi j are indepen-
dent Gaussian random variables with zero mean and unit variance,

chosen independently for each pair of particles and at each timestep.

The fluids inside and outside of the membrane are both modeled

with the DPD method [18, 44], with the dissipative kernel elevated

to the power k < 1 in order to increase the solvent viscosity. The

flow-structure Interactions (FSI) are modeled through viscous fric-

tion between the mesh vertices and the suspended DPD particles

[33, 45–47]. Furthermore, the solvent particles are bounced back

to satisfy no-through and no-slip boundary conditions. The time

integration is performed using a modified velocity-verlet algorithm

with λ = 1/2 [44]. The timestep is set through CFL-type conditions

for the viscous, sonic and acceleration timescales, following Morris

et al. [48].

B.3 Simulation setup

The relevant dimensionless quantities for the RBC relaxation are

the characteristic relaxation time tc = ηm/µ [2, 3], the Föppl von

Kármán number FvK = µR2/kb , the relative strength between

bending and thermal energies kb/kBT , and the ratio between the

linear elastic moduli of the strain energy kα /µ, where ηm denotes

the membrane surface viscosity and R =
(
A/(4π )

)
1/2

denotes the

effective size of the RBC. The RBC is immersed in a solution of

viscosity ηo , and encloses a liquid with viscosity ηi , with λ = ηi/ηo
defining the viscosity ratio. The relaxation experiments [2, 3] are

performed at room temperature with ηo ≈ 1mPa s. Experimental

studies for the viscosity of hemoglobin at room temperature [49, 50]

show that ηi = 10mPa s. This leads to a viscosity ratio λ = 10. The

RBC mechanical properties are set as defined in Table 2.2 in [41],

leading to FvK = 139.26, kb/kBT = 48.94 and kα /µ = 2. The

MS stress-free shape is an oblate-like configuration with a reduced

volumev = 0.95, generated by a quasi-vesicle minimization process

[8, 41].

Despite all the advantages of the DPD model [16, 39] for ap-

proximating the Navier-Stokes equations, the simulation of low

Reynolds number flows, where viscous effects dominate over iner-

tial, implies the usage of large solvent viscosities, requiring smaller

time steps and leading to unrealistically long simulation run-times.

A remedy to this problem is the realization (and confirmation from

preliminary simulations) that the exact values of all viscosities do

not affect the relaxation of the RBC, as long as the dimensionless

ratios mentioned above retain their values, and the Reynolds num-

ber is kept well below 1. Therefore, a common practice is to scale

the viscosities (ηo , ηi , ηm ) by the same factor fsc < 1, allowing for

larger simulation time steps and thus reasonable simulation run-

times. We use fsc = 0.005. As the physical objective of this study is

the calibration of the dissipation model to capture the timescale of

the RBC relaxation, it is important that we preserve the timescale

in the simulations. We thus scale the elastic and bending moduli

(µ, kα , kb , kBT ) by the same factor fsc , such that the values of all

aforementioned dimensionless quantities are preserved as well.

The basic mass, length and energy scales in the simula-

tion are set as m = 1, rc = 1, kBT = 0.02, where m
is the mass of a DPD particle, rc the DPD cutoff radius and

kBT the thermal energy. Through these, we define the fol-

lowing conversion factors between the physical and simula-

tion (_s ) units: A length unit, UL = R/Rs = 8.344 × 10
−7
m, a

mass unit, UM = U
3

Lρ/ρs = 5.810 × 10
−17

kg, and a time unit,

UT = (U 2

LUM (kBTs )/(kBT ))
1/2 = 1.989 × 10

−4
s, where the den-

sity of water at room temperature is assumed to be ρ = 1000kg/m3
,

and ρs = mnd . We use a number density nd = 10, R = 4 and

Nv = 642 mesh vertices. The total membrane mass isMm = ρsAs ,
assuming a two-dimensional membrane surface, and the mass of

each membrane particle ismm = Mm/Nv . The domain size is set to

Lx = 5.5R, Ly = 3.5R and Lz = 1.2R, based on a preliminary study

for the effect of periodic boundary conditions on the relaxation

curve of the RBC. Finally, the DPD dissipative kernel power is set to

k = 0.125 and the conservative DPD parameter to αi jrc/kBT = 50,
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a value obtained from our preliminary studies to ensure that the

DPD fluid remains in the liquid phase, similarly to other studies

[51, 52].

B.4 Statistical Setup

In this work we consider Nd = 5 experiments found in the litera-

ture [2, 3]. Each experiment contains time series measurements of

RBC extensions during relaxations. The computational parameter

ϑc ,i = γC,i for i = 1, . . . , 5. The statistical parameter σn in the error

equation Eq. (4) is σn,i = σ1,i for i = 1, . . . , 4 and σn,i = σ2,1 for
i = 5. This choice reflects the fact that the datasets 1-4 come from

[2] and dataset 5 from [3]. The data from [2] show the extensions in

the form of the ratio of length (L) over width (W ), whereas the data

from [3] show the extensions in the form of the ratio of length (L)
over the initial length (L0). The two data sources measure the RBC

extension in different units, (L/W and L/L0), therefore in order to

be able to write an additive error equation, σ1,i , i = 1, . . . , 4 must

be expressed in units of L/W , and σ2,1 must be expressed in units

of L/L0.

y1 y4 y5

ψ

· · ·

· · ·γC,1, σ1,1 γC,4, σ1,4 γC,5, σ2,1

Figure 10: DAG for the relaxation parameter inference.

For the first step of the hierarchical inference, the posterior

distribution of the p(ϑi |di ,Mi ) is given by Eq. (6) with priors

p(γC,i ) ∼ U(8000, 32000) and p(σn,i ) ∼ U(0.0, 1.0) for i = 1, . . . , 5.

The bounds for γC,i are taken wide enough, such that the RBC

model covers all experimental data.

Further, we assume that the relaxation parameter conditioned on

the hyperparameters follows a normal distribution:p(γC,i |ψ1
,ψ

2
) =

N(γC,i |ψ1
,ψ

2
). The statistical parameters σn,i follow a gamma

distribution: p(σ1,i |ψ3
,ψ

4
) = Γ(σ1,i |ψ3

,ψ
4
) for i = 1, . . . , 4 and

p(σ2,1 |ψ5
,ψ

6
) = Γ(σ2,1 |ψ5

,ψ
6
). For the prior distributions of the

hyperparameterswe assumeψ
1
∼ U(8000, 32000),ψ

2
∼ U(0, 16000),

ψ
3
∼ U(0, 10), ψ

4
∼ U(0, 0.5), ψ

5
∼ U(0, 5), and ψ

6
∼ U(0, 1).

The posterior distribution of the hyperparameters is shown in

Fig. 11.
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