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The nose-up effect in twin-box bridge deck flutter:
Experimental observations and theoretical model
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For the past three decades a significant amount of research has been conducted on bridge flutter. Wind tunnel tests
for a 2000 m class twin-box suspension bridge have revealed that a twin-box deck carrying 4 m tall 50% open area ratio wind
screens at the deck edges achieved higher critical wind speeds for onset of flutter than a similar deck without wind screens. A
result at odds with the well-known behavior for the mono-box deck. The wind tunnel tests also revealed that the critical flutter
wind speed increased if the bridge deck assumed a nose-up twist relative to horizontal when exposed to high wind speeds – a
phenomenon termed the “nose-up” effect. Static wind tunnel tests of this twin-box cross section revealed a positive moment
coefficient at 0⁰ angle of attack as well as a positive moment slope, ensuring that the elastically supported deck would always
meet the mean wind flow at ever increasing mean angles of attack for increasing wind speeds. The aerodynamic action of the
wind screens on the twin-box bridge girder is believed to create the observed nose-up aerodynamic moment at 0⁰ angle of attack.
The present paper reviews the findings of the wind tunnel tests with a view to gain physical insight into the “nose-up” effect and
to establish a theoretical model based on numerical simulations allowing flutter predictions for the twin-box bridge girder.
Abstract.

twin-box girder; flutter prediction; aerodynamic derivatives; nose-up effect; suspension bridges; wind tunnel test;
numerical simulations; long-span bridges; force and moment coefficient
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1. Introduction
Suspension bridges having main spans less than
1200 m - 1500 m can, as a rule of thumb, be designed
with streamlined trapezoidal mono-box deck sections to
fulfil common code of practice requirements to flutter wind
speeds. Also, it is well known that a streamlined mono-box
bridge deck usually achieves the highest flutter wind speeds
at 0⁰ angle of attack (deck chord aligned with the wind
direction) and that placement of wind screens along the
girder edges will lead to a degradation of the flutter wind
speed compared to the deck without wind screens (Larsen
1993).
To achieve flutter stability for suspended spans longer
than approximately 1500 m it often becomes necessary to
split the deck into two box structures separated by a central
air gap and interconnected by cross beams at regular
intervals (Richardson 1981) - the so-called twin-box bridge
deck. Aerodynamic design efforts related to the twin-box
bridge deck often focuses on optimizing the deck shape, the
width of the central air gap and appendages with a view to

Corresponding author, Ph.D. Student
E-mail: mjre@cowi.com
Associate Technical Director
E-mail: aln@cowi.com
b
Professor
E-mail: jhw@mek.dtu.dk
a

Copyright © 2021 Techno-Press, Ltd.
http://www.techno-press.com/journals/was&subpage=7

maintain a requested minimum critical wind speed for onset
of flutter and to ensure a desirable traffic wind climate for
vehicles travelling on the bridge.
Numerous theoretical, numerical and experimental
investigations on the shape of the twin-box section and the
air gap width have been conducted in order to understand
the aerodynamics and flutter performance of the twin-box
girder (e.g., Yang et al. 2015a, 2015b, Larsen and Astiz
1998, Sato et al. 2002, Chen et al. 2014, de Miranda et al.
2015). These investigations suggest that an increase of the
centre air gap (until a certain point) improves the flutter
stability, but that the favourable aerodynamic effects also
strongly depend on the shape of the box girder. Ogawa et al.
(2002) found that the steady pitching moment and flutter
stability could be improved for the twin-box girder by
attaching rails for an inspection carriage to the bottom
fairing and vertical plates to the lower flange of the girder.
Kwok et al. (2012) observed, through their study of the
effect on the gap width on the aeroelastic forces and vortex
shedding mechanisms, that the effect on the gap width on
the lift force and pitching moment was smaller than that of
the angle of wind incidence. Further investigations on the
dependency on the angle of attack of the bridge deck flutter
aerodynamic derivatives have been conducted for both
mono and multi box suspension bridge girders (e.g., Diana
et al. 2004, Mannini and Bartoli 2008).
Wind tunnel tests of elastically sprung section models
carried out for a design study of a series of suspension
bridges for crossing of the Strait of Gibraltar revealed that
twin-box decks carrying large 50% open area ratio wind
ISSN: 1226-6116 (Print), 1598-6225 (Online)
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Fig. 1 The twin-box deck cross section of the Dardannelles Strait suspension bridge including sign convention for static force
coefficients. The centre of rotation is placed at 2.25 m above the bottom of the cross section. The angle θ is shown positive
(nose-up) relative to the mean wind direction.

Fig. 2 Details of wind screens for the Dardannelles Strait suspension bridge
screens at the deck edges achieved higher critical wind
speeds than the similar deck without the wind screens
(Larsen and Astiz 1998). A result at odds with the wellknown behaviour for the mono-box deck and not fully
understood at the time.
More recent wind tunnel tests made for the design of a
2000 m class twin-box suspension bridge for crossing of the
Dardanelles Strait revealed similar trends for the flutter
speed to increase when wind screens where added to the
edge of the cross section as compared to the deck without
winds screens. Furthermore, the design of the Dardanelles
bridge revealed that the critical flutter wind speed could be
increased beyond current empirical predictions b y a
modified Selberg formula (Larsen and Astiz 1998), if the
girder assumes a certain nose-up twist relative to horizontal
when exposed to high wind speeds - a phenomenon termed
the “nose-up” effect. Static wind tunnel tests of the
Dardanelles deck cross section revealed a positive moment
coefficient at 0⁰ angle of attack as well as a positive
moment slope ensuring that the elastically supported deck
would always meet the mean wind flow at ever increasing

mean angles of attack (nose up) for increasing wind speeds.
The aerodynamic derivatives and moment coefficient
obtained from numerical simulations of this bridge deck are
reviewed to assemble a theoretical model for the
aerodynamic derivatives that provides some physical insight
into the observed “nose-up” effect. Further this model is
applied to flutter predictions taking into account the mode
shapes and wind induced static twist angles of the complete
bridge span.

2. The Dardanelles twin-box suspension bridge
The twin-box suspension bridge designed for crossing
the Dardanelles Strait has a total span (𝐿) of approximately
3500 m with a main span of approximately 2000 m. The
bridge features a 45 m wide twin-box deck (𝐵) with a
central 9 m wide air gap (𝐺). The two individual box
girders are designed to carry three traffic lanes each and are
interconnected by cross beams at 24 m intervals spacing.
The bridge deck includes 4 m tall (𝐻) 50% open area
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Table 1 The dynamic properties for the Dardanelles twin-box suspension bridge
Torsional freq. [Hz] Bending freq. [Hz]
𝑓𝛼
0.146

𝑓ℎ
0.072

Mass moment of
inertia [kgm2/m]
𝐼
6.215 ∙ 106

Mass [kg/m]

Structural Damping [-]

𝑚
28853

𝜁𝑆
0.0065

Fig. 3 The setup of the section model in the wind tunnel

ratio wind screens produced by 6 horizontal slats carried by
vertical posts. The wind screens are located along the outer
edges of the cantilevered inspection walkways, see Figs. 12. The bridge deck also includes traffic crash barriers along
the edges of the roadway and maintenance gantry rails
below the girder hulls.
The dynamic properties relevant to the flutter analysis of
the Dardanelles twin-box suspension bridges are presented
in Table 1.

3. Wind tunnel tests and numerical flow simulations
for the Dardanelles twin-box girder

(a)

3.1 Wind tunnel section model tests
The behavior of the Dardanelles suspension bridge was
studied through static and dynamic wind tunnel tests of the
of the twin-box bridge deck carried out in the high speed
test section of the Boundary Layer Wind Tunnel II, at the
Boundary Layer Wind Tunnel Laboratory (BLWTL),
University of Western Ontario, Canada (Kong and King
2018). The tests were performed in smooth flow with
turbulence intensity 𝐼𝑢 < 0.5% using a 2.286 m long
section model built to a geometric scale of 1:60. The setup
of the section model in the wind tunnel is shown in Fig. 3
and more details of the model are seen in Fig. 4. The sign
convention for measured forces and response are shown in
Fig. 1.
Initial wind tunnel measurements of the static force and
moment coefficients were conducted for the section model

(b)
Fig. 4 The section model including traffic crash barriers,
gantry rails and wind screens used for the wind tunnel tests
(a) top view of spring suspended model and (b) bottom
view
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(a)

(b)

(c)

(d)

Fig. 5 Wind tunnel test results for static and the elastically sprung section model. Lift (a), drag (b) and moment coefficent (c)
as function of the angle of attack 𝜃 measured for the static section model with and without wind screens at Re = 3.6 ∙ 105 .
(d) Mean rotation angle 𝜃 as a function of full-scale wind speed 𝑈 measured for the elastically sprung section model with
wind screens.

with and without wind screens for different angles of attack
(𝜃) and at different wind speeds (𝑈), to investigate the
sensitivity of the Reynolds number Re = 𝜌𝑈𝐵 ⁄𝜇 , where 𝜌
is the air density, B is the overall deck width and 𝜇 is the
dynamic viscosity (Kong and King 2018). The static force
and moment coefficients expressed in Eq. (1), exhibit little
Reynolds number dependency beyond Re = 2.0 ∙ 105 .
𝐶𝐿 =

𝐹𝐿
1 2
𝜌𝑈 𝐵
2

,

𝐶𝐷 =

𝐹𝐷
1 2
𝜌𝑈 𝐵
2

,

𝐶𝑀 =

𝐹𝑀
1 2 2
𝜌𝑈 𝐵
2

(1)

In Eq. (1), the 𝐶𝐿 , 𝐶𝐷 and 𝐶𝑀 are the aerodynamic
coefficients of the lift, drag and pitching moment
respectively, and 𝐹𝐿 , 𝐹𝐷 and 𝐹𝑀 are the mean
aerodynamic lift force, drag force and moment per unit span
length of the bridge deck respectively.
Lift, drag and moment coefficients obtained from the
static wind tunnel tests of the section model with and
without wind screens at Re = 3.6 ∙ 105 are shown in Figs.
5(a)-5(c). From Figs. 5(a)-5(c) it is noted that the drag
coefficient of the section model with wind screens at 0⁰
angle of attack, 𝐶𝐷0 =0.106, is significantly increased as
compared to the model without wind screens, 𝐶𝐷0 =0.081.

The lift coefficient at 0⁰ angle of attack is decreased from
𝐶𝐿0 =-0.022 for the model without wind screens to 𝐶𝐿0 =0.058 for the model with wind screens. The increased drag
and reduced lift result in a doubling of the of the moment
coefficient at 0⁰ angle of attack from 𝐶𝑀0 =0.011 without
wind screens to 𝐶𝑀0 =0.020 with wind screens, ensuring
that the cross section with wind screens achieves larger
nose-up rotations for a given wind speed than the deck
section without wind screens. Besides the positive moment
coefficient at 0⁰ angle of attack it is noted that the cross
section has a positive moment slope, Fig. 5(c), decreasing
with increasing angles of attack, ensuring that the elastically
supported deck model will always meet the wind at ever
increasing mean angles of attack (nose-up) for increasing
wind speeds. The same tendency for the moment slope is
observed by Yang et al. (2015b) and Kwok et al. (2012)
where the positive moment slope at 0⁰ angle decreases with
increasing mean angles of rotation and when increasing
central air gap width to yield an increased flutter wind
speed.
Wind tunnel tests of the elastically sprung section model
of the Dardanelles twin-box girder with wind screens were
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Fig. 6 Geometry of the twin-box bridge section used in the numerical DVMFLOW simulations.

conducted in order to determine the critical wind speed for
onset of flutter which is determined as the wind speed for
which the model enters self-induced harmonic
torsional/vertical oscillations. The first test run of the
elastically sprung model started at a rotation angle of
𝜃0 =0⁰ (horizontal for no wind) did not identify a critical
wind speed for onset of flutter. The free movements of the
model were limited by physical restrictions in the wind
tunnel when the model encountered a mean rotation angle
of about 8.7⁰ reached at a full-scale wind speed of 97 m/s –
the red x-marker curve in Fig. 5(d). By changing the initial
(no wind) rotation angle setting to 𝜃0 =-1⁰ (nose down
relative to horizontal) flutter was encountered at a full-scale
wind speed 𝑈𝑐𝑟 = 68 m/s at a mean rotation angle of 0.5⁰ –
blue ∆-marker curve in Fig. 5(d). Critical wind speeds and
corresponding rotation angles obtained for initial angle of
attack settings of 𝜃0 =-1.5⁰ and 𝜃0 =-2.0⁰ were found to
be 𝑈𝑐𝑟 = 65 m/s at a mean rotation angle of -0.6⁰ and
𝑈𝑐𝑟 = 59 m/s at a mean rotation angle of -2.3⁰ respectively.
These measurements support the observation that the
critical wind speed of the twin-box section increases with
increasing (positive) angles of rotation (nose up).
3.2 Numerical simulations for the fixed twodimensional section
In order to provide a physical understanding of the noseup effect, numerical simulations are carried out for a panel
model of the Dardanelles deck cross section by means of
the discrete vortex method computer code DVMFLOW,
developed by Walther and Larsen (Larsen and Walther
1997, Walther and Larsen 1997). The computations
included simulations for the fixed section at various angles
of rotation for calculation of the lift, drag and moment
coefficients followed by forced harmonic heave and
pitching rotation simulations for determination of the
aerodynamic derivatives.
DVMFLOW is a two-dimensional grid-free time
domain discrete vortex simulation of the incompressible
flow around bluff bodies of arbitrary shape. DVMFLOW
provides particle trace type solutions to the twodimensional incompressible Navier-Stokes equations. The
geometry input to DVMFLOW is a boundary panel model
of the bridge section contour. The output of DVMFLOW
simulations consists of time-histories of surface pressures
and section loads (lift, drag and moment), as well as maps
of the flow field and vortex positions at prescribed time
steps. The aerodynamic derivatives to be applied in a
separate flutter routine are obtained as transfer functions
between the imposed vertical and rotational motions and the

resulting sectional forces (Larsen and Walther 1998).
The simulations in DVMFLOW are conducted for a
Reynolds number of Re = 1.0 ∙ 105 . The input boundary
panel model of the bridge section contour for the
Dardanelles bridge is shown in Fig. 6. The number of
panels making up the contour is important for the accuracy
of the modelling of the shed vortices and surface pressure
and thus the total forces on the geometry. The number of
panels used for the simulations of the twin-box deck is 390
and 10 panels are used for each of the elements in the wind
screens. Due to the limitations in DVMFLOW, traffic crash
barriers and gantry rails are omitted in the model.
Furthermore, the wind screens are represented by only 4
element each, instead of the 6 beam elements as shown in
Fig. 2. The wind screen element in DVMFLOW are
however scaled in such a way that the total hight of the
wind screens corresponds to that of the real bridge and that
the open area ratio is 50%.
The aerodynamic derivatives from DVMFLOW are
obtained by post processing of simulated time series of
aerodynamic forces in response to forced harmonic vertical
(heave) or rotational (pitch) motion. The amplitude of
imposed rotational motion is chosen from experience to
𝑎𝛼 = 3⁰, while the amplitude of the vertical motion 𝑎ℎ is
adjusted by the reduced velocity 𝑈𝑟 = 𝑈⁄𝑓𝐵 , Eq. (2). All
simulations are performed for a normalized time duration of
2.5 periods of the motion.

𝑎𝛼 = 30

,

𝑎ℎ =

𝐵𝑈𝑟
tan(3⁰)
2𝜋

(2)

The static lift and moment coefficients obtained from
the numerical simulations for a fixed model are shown in
Fig. 7, together with the similar coefficients obtained from
the static wind tunnel tests. From Fig. 7 it is noted that the
lift and moment coefficients obtained from the numerical
simulations are in good agreement with the coefficients
obtained from the wind tunnel tests for positive angles of
attack. For negative angles of attack the simulations and
measurements deviates considerably more. It is speculated
that this may be because the DVMFLOW code does not
properly handles the separated flows which are more
present at negative angels of attack due to the wind screens.
However, in the present situation this is considered of less
importance as only the positive mean rotation angles are of
interest for the investigation of the nose-up effect. The
flutter derivatives determined from the forced harmonic
motion of the bridge deck may to some extent be influenced
by this deficiency of DVMFLOW as some parts of the
forced motion will travel through negative angles of attack.
However, the aerodynamic stability is mainly influenced by
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(a)

(b)

Fig. 7 Lift (a) and moment coefficients (b) as a function of mean rotation angle θ relative to horizontal (angle of attack), for
wind tunnel test (WTT) measurements and numerical simulations (DVMFLOW)

(a)

(b)

Fig. 8 Lift (a) and moment slopes (b) as a function of mean rotation angle 𝜃 relative to horizontal (angle of attack), for wind
tunnel test (WTT) measurements and numerical simulations (DVMFLOW)

the moment slope which is not affected for angles larger
than - 2⁰ , see Fig. 7(b). For further application, the
simulated and measured lift and moment slopes, 𝑑𝐶𝐿 /𝑑𝜃
and 𝑑𝐶𝑀 /𝑑𝜃 , determined using a finite difference
approach, are shown in Fig. 8 for the positive rotation
angles.
It is seen from Fig. 8(b) that the moment slopes obtained
from the numeric simulations and wind tunnel tests are in
good agreement for positive angles of attack. For small
positive angles (𝜃 < 5⁰) the results are almost identical.
The lift slopes obtained from the numerical simulations,
however, deviates considerably from the lift slopes obtained
from the wind tunnel tests, Fig. 8(a). As the moment slopes
are of greater interest for the investigation of the nose-up
effect, the deviation in the numerical simulations and wind
tunnel tests for the lift slopes are considered to be of less
importance. For further application, the numerical simulated
𝑑𝐶𝐿 /𝑑𝜃 and 𝑑𝐶𝑀 /𝑑𝜃 ar e f itt ed b y se co nd o rd e r

polynomials for the lower positive angles of attack
(𝜃 < 5⁰), see Eq. (3). The values for the coefficients are
given in Table 2. The fits are shown in shown in Fig. 8 as
solid pink lines, and the extrapolated part of the fit to the
higher angles of attack are presented by dashed lines. These
curve fits are used in the flutter prediction to be discussed in
section 4.

𝑑𝐶𝐿
,
𝑑𝜃

𝑑𝐶𝑀
= 𝑃1 𝜃 2 + 𝑃2 𝜃 + 𝑃3
𝑑𝜃

(3)

Table 2 Parameters for the curve fit to 𝑑𝐶𝐿 /𝑑𝜃 and
𝑑𝐶𝑀 /𝑑𝜃 calculated from DVMFLOW
Curve fit
𝑑𝐶𝐿 /𝑑𝜃
𝑑𝐶𝑀 /𝑑𝜃

𝑃1
𝑃2
7.684 ∙ 10−3
6.501 ∙ 10−2
−1.177 ∙ 10−2 −4.626 ∙ 10−2

𝑃3
1.401
5.718 ∙ 10−1
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angle 𝜃 are approximated as.

4. Flutter simulations and approximation
4.1 Aerodynamic derivatives
A well-established formulation of the motion induced
aerodynamic loads (lift 𝐿𝑎𝑒 and moment 𝑀𝑎𝑒 ) acting on a
two-dimensional cross-section in cross wind bending and
rotational motion (flutter) is proposed by Scanlan and
Tomko (1971). The original formulation involved 6
aerodynamic derivatives, but the formulation was extended
during the 80’ties to include 8 aerodynamic derivatives
(Jain et al. 1996, Dyrbye and Hansen 1997). Note that the
self-excited aerodynamic forces are made non-dimensional
by twice the dynamic head as originally proposed by
Scanlan and Tomko:
𝐿𝑎𝑒 (𝑡)
ℎ̇(𝑡)
𝐵𝛼̇ (𝑡)
ℎ(𝑡)
= [𝐾𝐻1∗
+ 𝐾𝐻2∗
+ 𝐾 2 𝐻3∗ 𝛼(𝑡) + 𝐾 2 𝐻4∗
] (4)
2
𝜌𝑈 𝐵
𝑈
𝑈
𝐵
𝑀𝑎𝑒 (𝑡)
ℎ̇(𝑡)
𝐵𝛼̇ (𝑡)
ℎ(𝑡)
= [𝐾𝐴1∗
+ 𝐾𝐴∗2
+ 𝐾 2 𝐴∗3 𝛼(𝑡) + 𝐾 2 𝐴∗4
] (5)
𝜌𝑈 2 𝐵 2
𝑈
𝑈
𝐵

where 𝐾 = 𝜔𝐵/𝑈 is the reduced frequency, ℎ(𝑡), ℎ̇(𝑡)
are the vertical (heave) displacement and its time derivative,
𝛼(𝑡) , 𝛼̇ (𝑡) are the section rotation (pitch) angle and
∗
∗
corresponding time derivative, and 𝐻1..4
, 𝐴1..4
are the
aerodynamic derivatives.
Assuming a harmonic motion in time, ℎ(𝑡) = ℎ ∙ 𝑒 𝑖𝜔𝑡
and 𝛼(𝑡) = 𝛼 ∙ 𝑒 𝑖𝜔𝑡 , where ℎ and 𝛼 indicate the
amplitude of motion, the expressions in Eqs. (4)-(5) can be
rewritten in frequency space as:
𝐶𝐿𝑎𝑒 =

𝐿𝑎𝑒
ℎ
= 𝐾 2 [(𝐻4∗ + 𝑖𝐻1∗ ) + (𝐻3∗ + 𝑖𝐻2∗ )𝛼]
2
𝜌𝑈 𝐵
𝐵

𝐶𝑀𝑎𝑒 =

𝑀𝑎𝑒
ℎ
= 𝐾 2 [(𝐴∗4 + 𝑖𝐴1∗ ) + (𝐴∗3 + 𝑖𝐴∗2 )𝛼] (7)
2
2
𝜌𝑈 𝐵
𝐵

(6)

4.2 Aerodynamic derivatives for a twin-box bridge
girder
The assumption taken for the present study is that the
aerodynamic derivatives of any bridge deck section in small
amplitude harmonic motion can be expressed as
polynomials in the non-dimensional wind speed 𝑈𝑟
multiplied by steady state lift and moment slopes which are
functions of the mean rotation angle. In case of the flat plate
this assumption is a good approximation to the classical
formulation involving the Theodorsen circulation function,
see Appendix A. It is assumed that the aerodynamic
derivatives for 𝜃 = 0⁰ are represented by a polynomial
approximation, while the aerodynamic derivatives for
different angles are obtained by multiplying the same
𝑑𝐶
𝑑𝐶
polynomial expression through the factor of 𝐿 | ⁄ 𝐿 |
or

𝑑𝐶𝑀

| ⁄

𝑑𝜃 𝜃

𝑑𝐶𝑀

𝑑𝜃 𝜃

|

𝑑𝜃 𝜃=0
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𝑑𝜃 𝜃=0

. Following this idea, the expressions for

the aerodynamic derivatives for the Dardanelles twin-box
∗ (𝑈
∗
suspension bridge, 𝐻1..4
𝑟 , 𝜃), 𝐴1..4 (𝑈𝑟 , 𝜃), as functions
of non-dimensional wind speed 𝑈𝑟 and mean rotation

𝑑𝐶𝐿
𝑑𝜃 |𝜃
𝐻1∗ (𝑈𝑟 , 𝜃) =
(𝑎𝐻1∗ 𝑈𝑟2 + 𝑏𝐻1∗ 𝑈𝑟 )
𝑑𝐶𝐿
𝑑𝜃 |𝜃=0
𝑑𝐶𝑀
𝑑𝜃 |𝜃
𝐴1∗ (𝑈𝑟 , 𝜃) =
(𝑎𝐴∗1 𝑈𝑟2 + 𝑏𝐴∗1 𝑈𝑟 )
𝑑𝐶𝑀
𝑑𝜃 |𝜃=0
𝐻2∗ (𝑈𝑟 , 𝜃)

𝑑𝐶𝐿
𝑑𝜃 |𝜃
=
(𝑎𝐻2∗ 𝑈𝑟2 + 𝑏𝐻2∗ 𝑈𝑟 )
𝑑𝐶𝐿
|
𝑑𝜃 𝜃=0

𝑑𝐶𝑀
|
𝑑𝜃 𝜃
𝐴∗2 (𝑈𝑟 , 𝜃) =
(𝑎𝐴∗2 𝑈𝑟2 + 𝑏𝐴∗2 𝑈𝑟 )
𝑑𝐶𝑀
𝑑𝜃 |𝜃=0

(8)

𝑑𝐶𝐿
𝑑𝜃 |𝜃
𝐻2∗ (𝑈𝑟 , 𝜃) =
(𝑎𝐻3∗ 𝑈𝑟2 + 𝑏𝐻3∗ 𝑈𝑟 )
𝑑𝐶𝐿
𝑑𝜃 |𝜃=0
𝑑𝐶𝑀
𝑑𝜃 |𝜃
𝐴∗3 (𝑈𝑟 , 𝜃) =
(𝑎𝐴∗3 𝑈𝑟2 + 𝑏𝐴∗3 𝑈𝑟 )
𝑑𝐶𝑀
|
𝑑𝜃 𝜃=0
𝑑𝐶𝐿
|
𝑑𝜃 𝜃
∗ (𝑈
𝐻4 𝑟 , 𝜃) =
(𝑎𝐻4∗ 𝑈𝑟2 + 𝑏𝐻4∗ 𝑈𝑟 )
𝑑𝐶𝐿
𝑑𝜃 |𝜃=0
𝑑𝐶𝑀
𝑑𝜃 |𝜃
∗ (𝑈
𝐴4 𝑟 , 𝜃) =
(𝑎𝐴∗4 𝑈𝑟2 + 𝑏𝐴∗4 𝑈𝑟 )
𝑑𝐶𝑀
|
𝑑𝜃 𝜃=0
∗
∗
where (𝑎𝑖 𝑈𝑟2 + 𝑏𝑖 𝑈𝑟 ), 𝑖 = 𝐻1..4
, 𝐴1..4
, are obtained from
fitting of second order polynomials to the aerodynamic
derivatives obtained from the DVMFLOW simulations for
the deck section at 0⁰ mean angle of attack. Coefficients 𝑎𝑖
and 𝑏𝑖 applicable to Eq. (8) are presented in Table 3. The
simulated aerodynamic derivatives and the approximations,
Eq. (8), are shown in Figs. 9 and 10 as functions of the
reduced velocity.
From Figs. 9 and 10 it is noted that all eight
aerodynamic derivatives are influenced by the rotation
angle but to various degree. The mean rotation of the
section influences the magnitude of the aerodynamic
derivatives. For a given reduced velocity the amplitude
appears to increase or decrease depending on the angle and
aerodynamic derivative. The approximated fit to the
aerodynamic derivatives seems to be in good agreement
with the numerical simulated aerodynamic derivatives for
𝐻1∗ , 𝐻3∗ , 𝐴1∗ and 𝐴∗3 . For 𝐻4∗ and 𝐴∗4 the simulated
derivatives are more scattered which makes the
approximation difficult. However, the 𝐻4∗ and 𝐴∗4
coefficients do not have a significant impact on the flutter
calculation, as will be discussed in section 5, thus the

300

Maja Rønne, Allan Larsen and Jens H. Walther
∗
∗
Table 3 Parameters for the polynomial fit to the aerodynamic derivatives 𝐻1..4
and 𝐴1..4
obtained for 0⁰
mean rotation angle.

Parameter
𝑎𝑖
𝑏𝑖

𝑖 = 𝐻1∗
1.05∙10-4
-1.22∙10-1

𝑖 = 𝐻2∗
4.89∙10-3
-1.85∙10-1

𝑖 = 𝐻3∗
-1.85∙10-2
3.26∙10-2

𝑖 = 𝐻4∗
-2.98∙10-3
8.47∙10-2

𝑖 = 𝐴1∗
3.23∙10-4
3.48∙10-2

𝑖 = 𝐴∗2
6.33∙10-4
-6.65∙10-2

𝑖 = 𝐴∗3
7.02∙10-3
-1.88∙10-2

𝑖 = 𝐴∗4
-8.29∙10-4
2.37∙10-2

Fig. 9 Aerodynamic derivatives for the twin-box section obtained from DVMFLOW simulations and curve fits based on the
simulated 𝜃 = 0⁰ aerodynamic derivatives following Eq (8).
quality of the fits are not considered important. For 𝐻2∗ the
approximated fit to the aerodynamic derivatives for the
different angles does not quite seems to follow the tendency
of the simulated derivatives. In the case of 𝐴∗2 the
numerical simulations show little variation with the mean
rotation angle thus the approximation following Eq. (8) is
not quite in line with the simulated derivatives.

5. Flutter estimation
The critical flutter wind speed is determined by the Air
M a te ri a l Co m ma n d ( AM C ) me t h o d ( S mi l g a n d
Wassermann 1942, Scanlan and Rosenbaum 1962) by
balancing the apparent aerodynamic damping 𝑔 to twice
the structural damping 2𝜁𝑠 of the bridge. The AMC
method, which is outlined in Appendix B, transforms the

flutter problem into the solution of a complex eigenvalue
problem. This procedure is better suited for analyses involving
multiple modes as compered to the general Theodorsen method,
which becomes combersome as the number of algebraric root
curves increases linearly with the number of modes included in
the analysis. Other approches for multimode flutter analysis are
proposed by D’Asdia and Sepe (1998), Jain et al. (1996) and
Chen et al. (2001). A general overview of methods for flutter
stability analysis are given by Abbas et al. (2017). Estimation
of the flutter wind speed for the Dardanelles twin-box
bridge deck section model is shown in Fig. 11. The critical
estimated and calculated flutter wind speed for the different
rotational angle are compiled in Table 4.
As can be seen from Fig. 11 and Table 4, the critical
flutter wind speed increases with increasing rotational angle
(nose-up) in qualitative agreement with the wind tunnel
tests cf. Fig. 5(d). For the estimated flutter approximation at
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Fig. 10 Aerodynamic derivatives for the twin-box section obtained from DVMFLOW simulations and curve fits based on the
simulated θ=0⁰ aerodynamic derivatives following Eq (8).

Fig. 11 Flutter estimation by balancing the apparent aerodynamic damping g to twice the structural damping. The estimation
is based on the numerical model of the Dardanelles twin-box deck section bridge following Eq. (8) involving allowance for
the section rotation angle.

302

Maja Rønne, Allan Larsen and Jens H. Walther

Table 4 Estimation of critical wind speed for onset of flutter from the numerical simulations
Angle [⁰]
0
+1
+2
+3

Calculated flutter wind
speed (from DVMFLOW) [m/s]
88
89
100
103

Estimated flutter wind
speed (using Eq. (8) [m/s]
88
90
96
103

Estimated flutter wind speed
(using Eq. (8) but 𝐻4∗ = 𝐴∗4 = 0) [m/s]
92
96
100
107

Fig. 12 Lowest normalized symmetrical torsion (red □), vertical bending (blue ∆) modes and mean rotation angle (black solid
line) due to mean wind loading of the Dardanelle twin-box bridge
0⁰ angle, the critical velocity is found to 𝑈𝑐𝑟 = 88 m/s
identical to the critical wind speed calculated directly from
the DVMFLOW simulations as is expected. For 𝜃 = 1⁰
the estimation using the approximation in Eq. (8) yields
𝑈𝑐𝑟 = 90 m/s compared to the 𝑈𝑐𝑟 = 89 m/s for the direct
calculation based on aerodynamic derivatives. For 𝜃 = 2⁰
the approximation yields 𝑈𝑐𝑟 = 96 m/s compared to
𝑈𝑐𝑟 = 100 m/s and for 𝜃 = 3⁰, 𝑈𝑐𝑟 = 103 m/s compared
to 𝑈𝑐𝑟 = 103 m/s. A rather satisfactory agreement
between approximation and actual simulations considering
the deviations in the aerodynamic derivatives apparent from
Figs. 9 and 10.
From Table 4, the estimated flutter wind speed ignoring
the fit for 𝐻4∗ and 𝐴∗4 (𝐻4∗ = 𝐴∗4 = 0) is also shown. These
results show a good agreement with the estimated flutter
wind speed, including the approximated fit for 𝐻4∗ and 𝐴∗4
and with the directly calculated flutter wind speed. Thus,
the relatively poor fits for 𝐻4∗ and 𝐴∗4 do not have a
significant impact on the flutter calculation. Ignoring the
𝐻4∗ and 𝐴∗4 derivatives, the estimated flutter wind speed is
a bit higher than when including the fits for these two
aerodynamic derivatives. It is thus conservative to include
𝐻4∗ and 𝐴∗4 .
The results presented in Table 4 appear to support the
“nose-up” effect for twin-box bridge deck observed from
the wind tunnel tests presented in Fig. 5 - i.e., that the
critical wind speed for onset of flutter increases with
increasing nose-up rotation angle of the section. The flutter
estimation based on the 0⁰ aerodynamic derivatives but
corrected by the appropriate lift- and moments slopes,
displays the same trend, i.e. an increase of the critical wind
speed for onset of flutter for increasing mean angles of
rotation. This indicates that the decreasing lift and moment
slopes as function of mean rotation angle are responsible for

the increase in critical wind speed.
An important conclusion drawn from the estimations
following Eq. (8) is that a moment coefficient having a
positive value at 0⁰ of rotation angle and a positive slope
decreasing with increasing mean angle of rotation leads to a
decrease in the reduction of aerodynamic stiffness, through
the 𝐴∗3 coefficient. This in turn ensures an increase in
aerodynamic stability. Thus, a positive moment coefficient
at 0⁰ with a positive slope, decreasing with increasing
mean angels of rotation is desirable for achieving higher
critical wind speeds than predicted for the deck cross
section being horizontal.

6. Flutter estimation for the complete Dardanelles
twin-box bridge
A full bridge is dynamically different to the section
model in that the section rotation angles due to the static
(mean) wind loading varies continuously along the span.
Torsion and vertical flutter responses are expected to occur
in a combination of the lowest torsion and bending
eigenmodes having lower eigenfrequencies, see Fig. 12.
The relative mean section rotation angle 𝜃(𝑠) as
function of span wise position 𝑠, the lowest torsion mode
shape 𝛼(𝑠) and the lowest two vertical bending mode
shapes ℎ1(𝑠), ℎ2(𝑠), see Fig. 12, were obtained from a
finite element model of the bridge. The maximum mean
rotation angle at mid span is found to be 𝜃(𝐿⁄2) = 2.8⁰ at
a mean wind speed of 95 m/s.
Assembly of the flutter determinant proceeds as outlined
in Larsen 2016a, the influence coefficients that couple the
aerodynamic derivatives and the mode shapes now involve
the allowances for section angle of rotation (dependency of
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𝑑𝐶𝐿 /𝑑𝜃 and 𝑑𝐶𝑀 /𝑑𝜃 for the 𝐻𝑖∗ and 𝐴∗𝑖 derivatives) are
as follows for the 𝐶𝛼𝛼 , 𝐶𝛼ℎ , 𝐶ℎ𝛼 and 𝐶ℎℎ coefficients:
𝐶𝐴𝛼𝛼

Table 5 The dynamic properties for the full bridge model of
the Dardanelles suspension bridge
Modal
1st
2nd
Torsional
mass
Model Model Structural
Bending Bending
freq.
moment mass mass damping
freq.
freq.
[Hz]
of inertia [kg/m] [kg/m]
[-]
[Hz]
[Hz]
[kgm2/m]
2𝜁𝑆
𝑓𝛼
𝑓ℎ1
𝑓ℎ2
𝐼𝛼
𝑚ℎ1 𝑚ℎ2

1 𝐿
= ∫ 𝜑𝐶𝑀 (𝜃(𝑠))𝛼(𝑠)2 𝑑𝑠
𝐿 0

1 𝐿
𝐶𝐻ℎ1ℎ2 = ∫ 𝜑𝐶𝐿 (𝜃(𝑠))ℎ1(𝑠)ℎ2(𝑠)𝑑𝑠
𝐿 0
1 𝐿
𝐶𝐻ℎ1ℎ1 = ∫ 𝜑𝐶𝐿 (𝜃(𝑠))ℎ1(𝑠)2 𝑑𝑠
𝐿 0

0.146

0.072

0.112 2.221 ∙ 106 9297

8746

0.013

1 𝐿
𝐶𝐻ℎ2ℎ2 = ∫ 𝜑𝐶𝐿 (𝜃(𝑠))ℎ2(𝑠)2 𝑑𝑠
𝐿 0
1 𝐿
𝐶𝐴𝛼ℎ1 = ∫ 𝜑𝐶𝑀 (𝜃(𝑠))𝛼(𝑠)ℎ1(𝑠)𝑑𝑠
𝐿 0

(9)

1 𝐿
𝐶𝐴𝛼ℎ2 = ∫ 𝜑𝐶𝑀 (𝜃(𝑠))𝛼(𝑠)ℎ2(𝑠)𝑑𝑠
𝐿 0
1 𝐿
𝐶𝐻𝛼ℎ1 = ∫ 𝜑𝐶𝐿 (𝜃(𝑠))𝛼(𝑠)ℎ1(𝑠)𝑑𝑠
𝐿 0
1 𝐿
𝐶𝐻𝛼ℎ2 = ∫ 𝜑𝐶𝐿 (𝜃(𝑠))𝛼(𝑠)ℎ2(𝑠)𝑑𝑠
𝐿 0
𝑑𝐶𝐿
|
𝑑𝜃 𝜃(𝑠)
𝜑𝐶𝐿 (𝜃(𝑠)) =
𝑑𝐶𝐿
|
𝑑𝜃 𝜃=0

,

𝑑𝐶𝑀
|
𝑑𝜃 𝜃(𝑠)
𝜑𝐶𝑀 (𝜃(𝑠)) =
𝑑𝐶𝑀
|
𝑑𝜃 𝜃=0

The advantage of the above formulation is that effects
relating to the mean angle of rotation of the individual deck
sections along the span, the 𝜑𝐶𝑀 , 𝜑𝐶𝐿 coefficients, are
lumped with the mode shape integrals and thus are not
functions of the non-dimensional wind speed as are the
aerodynamic derivatives. Thus, the flutter equation will
only have to be solved for one set of aerodynamic
derivatives corresponding to 𝜃= 0⁰.
Having combined the rotation angle effect and the mode
shapes it is possible to make a flutter prediction for the
complete span representative of the Dardanelles twin-box
bridge. The prediction involves the first symmetrical torsion
mode 𝛼(𝑠) and the symmetrical vertical bending modes
ℎ1(𝑠) , ℎ2(𝑠) having lower eigenfrequencies than the
torsion. The properties for the full bridge model of the
Dardanelles suspension bridge relevant to the flutter
analysis are presented in Table 5.
The result of the flutter prediction, see Fig. 13, yields a
critical wind speed 𝑈𝑐𝑟 =111 m/s when the span wise
variation in rotation angle 𝜃(𝑠) is included (red □-marked
curve). Results for the estimated flutter wind speed obtained
for the numerical simulation of a section model having a
rotation angle of 𝜃 = 2.8⁰, corresponding to the maximum
rotation angle at midspan, yields 𝑈𝑐𝑟 =100 m/s (blue ○marked curve). A fairly good agreement between the two
results indicating that the section model having uniform

Fig. 13 Flutter estimation by balancing the apparent
aerodynamic damping g to twice the structural damping.
The estimation is based on the numerical model of the
Dardanelles twin-box deck section bridge.
□-marked curve: Full bridge calculation including span
wise variation in rotation angle 𝜃(𝑠).
○-marked curve: Section model calculation at mean rotation
angle of 𝜃 = 2.8⁰
mode shapes in the present case gives a fair but slightly
conservative approximation of the full bridge.
7. Conclusions
The aerodynamic derivatives and moment coefficient
obtained from wind tunnel experiments and numerical
simulations of a twin-box suspension bridge deck section
has been reviewed to assemble a model that provides some
physical insight into the “nose-up” effect. The model allows
the “nose-up” effect to be included in flutter predictions
taking into account the mode shapes and wind induced
static twist angles of the complete bridge span.
It is found that the twin-box bridge deck obtained higher
aerodynamic stability when equipped with large wind
screens than without the wind screens, as the deck displays
a “nose-up” aerodynamic moment and corresponding deck
twist at increasing mean wind speeds. An important
conclusion drawn at the present time is that a moment
coefficient having a positive value at 0⁰ rotation angle and
a positive slope decreasing with increasing mean angles of
rotation is desirable for achieving higher critical wind
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speeds than predicted for the deck cross section being
horizontal.
A flutter model is developed which allows prediction of
the increase of the critical wind speed for onset of flutter as
function of deck section rotation angle for a section model
as well as the full bridge. Predicted critical wind speeds for
the section model and the full bridge are in fair agreement
with the section model being slightly conservative.
An important conclusion following from the above
considerations is that bridges featuring twin-box deck
sections may be designed to achieve longer spans without
encountering flutter than indicated by the state-of-the-art
knowledge and empirical models if the “nose-up” effect is
duly accounted for and exploited.
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Appendix A: Aerodynamic derivatives for the flat
plate

Fig. A1 Aerodynamic derivatives for the flat plate.
■ Based on the Theodorsen function and ▬ based on a 2. order polynomial fit.

The aerodynamic derivatives are in general functions of
the geometrical shape, the wind speed and the frequency of
motion which must be established from measurements or
numerical simulations. In the special case of potential flow

about a flat plate airfoil in small amplitude harmonic
motion, the aerodynamic derivatives can be obtained as
analytical functions of the reduced frequency 𝐾 = 𝜔𝐵/𝑈
or non-dimensional wind speed 𝑈𝑟 = 𝑈⁄𝑓𝐵 = 2𝜋⁄𝐾
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involving products of the Theodorsen circulation function
𝐹, 𝐺 (Dyrbye and Hansen 1997). Introducing the steady
flow lift- and moment slopes 𝑑𝐶𝐿 /𝑑𝜃 and 𝑑𝐶𝑀 /𝑑𝜃 with
respect to angle of attack 𝜃 , the expressions for the
aerodynamic derivatives for the flat plate can be written as
in Eq. (A1) (Larsen 2016b).
1 𝑈𝑟 2 𝑑𝐶𝐿 2𝜋
𝐻1∗ (𝑈𝑟 ) = ( ) [
( ) 𝐹]
2 2𝜋
𝑑𝜃 𝑈𝑟
2

𝐴1∗ (𝑈𝑟 )
𝐴∗2 (𝑈𝑟 ) =

1 𝑈𝑟 2 𝑑𝐶𝑀 2𝜋
= ( ) [
( ) 𝐹]
2 2𝜋
𝑑𝜃 𝑈𝑟

(A1)

1 𝑈𝑟 2
𝑑𝐶𝑀 2𝜋
𝐴∗4 (𝑈𝑟 ) = ( ) [−
( ) 𝐺]
2 2𝜋
𝑑𝜃 𝑈𝑟
In case of the flat plate, the expressions for the
aerodynamic derivatives including the Theodorsen function
are well represented by fits of second order polynomials,
see Fig. A1. An exception is the 𝐻4∗ which displays a nonzero value at 𝑈𝑟 = 0. For the flat plate 𝑑𝐶𝐿 /𝑑𝜃 and
𝑑𝐶𝑀 /𝜕𝜃 as well as the Theodorsen function are
independent of the mean rotation angle (𝑑𝐶𝐿 /𝑑𝜃 = 2𝜋,
𝑑𝐶𝑀 /𝑑𝜃 = -𝜋⁄2 ). This is clearly not the case for the
physical or numerical model of the twin-box section, Fig. 8,
thus it is expected that the aerodynamic derivatives will
vary to yield different critical wind speeds for onset of
flutter for different mean rotation angles 𝜃.

Appendix B. Flutter equation and solution by the
AMC method
The flutter equations are assambled by combining the
aeroelastic forces with the equations of motion for a one-degreeof-freedom oscillator for each degree-of-fredom (DOF). For the
3 DOF case with ℎ1, ℎ2 being the the vertical modes and 𝛼
being the torsion mode as applied above in section 6, the flutter
equation can be written as:

+ (𝐴∗4 + 𝑖𝐴1∗ )

ℎ1
𝐵

ℎ2
+ (𝐴∗3 + 𝑖𝐴∗2 )𝛼]
𝐵

ℎ2̈
ℎ2̇
ℎ2
2
+ 2𝜁ℎ2 𝑚ℎ2 𝜔ℎ2
+ 𝑚ℎ2 𝜔ℎ2
𝐵
𝐵
𝐵

ℎ1
𝐵

(B3)

∗
∗
with the aerodynamic derivatives 𝐻1..4
, 𝐴1..4
being
functions of the reduced velocity 𝑈⁄𝑓𝐵, and where 𝑖
is the complex unit. Assuming harmonic motion at a
common frequency 𝜔 , Eqs. (B1)-(B3) can be
expressed in complex algebraic form:

(𝜔𝛼2 + 𝑖2𝜁𝛼 𝜔𝛼 𝜔 − 𝜔2 )𝛼
𝜌𝐵4
ℎ1
= 𝜔2
[(𝐴∗4 + 𝑖𝐴1∗ )
𝐼
𝐵
(B4)
ℎ2
∗
∗
∗
+ (𝐴4 + 𝑖𝐴1 )
+ (𝐴3 + 𝑖𝐴∗2 )𝛼]
𝐵

1 𝑈𝑟 2 𝑑𝐶𝑀
𝜋
𝜋3
𝐴∗3 (𝑈𝑟 ) = ( ) [
(𝐹 −
𝐺) +
]
2 2𝜋
𝑑𝜃
2𝑈𝑟
16𝑈𝑟2

= 𝜌𝑈 2 𝐵2 𝐾 2 [(𝐴∗4 + 𝑖𝐴1∗ )

(B2)

ℎ2
+ (𝐻4∗ + 𝑖𝐻1∗ ) + (𝐻3∗ + 𝑖𝐻2∗ )𝛼]
𝐵

1 𝑈𝑟 2 𝑑𝐶𝑀
𝜋
𝜋2
( ) [
(𝐺 +
𝐹) −
]
2 2𝜋
𝑑𝜃
2𝑈𝑟
4𝑈𝑟

𝛼̈ + 2𝜁𝛼 𝐼𝜔𝛼 𝛼̇ + 𝐼𝜔𝛼2 𝛼

ℎ1
𝐵

ℎ2
+ (𝐻4∗ + 𝑖𝐻1∗ ) + (𝐻3∗ + 𝑖𝐻2∗ )𝛼]
𝐵

= 𝜌𝑈 2 𝐵𝐾 2 [(𝐻4∗ + 𝑖𝐻1∗ )

1 𝑈𝑟 2 𝑑𝐶𝐿
𝜋
𝐻3∗ (𝑈𝑟 ) = ( ) [
(𝐹 −
𝐺)]
2 2𝜋
𝑑𝜃
2𝑈𝑟
1 𝑈𝑟 2 2𝜋 3 𝑑𝐶𝐿 2𝜋
( ) [ 2 −
( ) 𝐺]
2 2𝜋
𝑈𝑟
𝑑𝜃 𝑈𝑟

ℎ1̈
ℎ1̇
ℎ1
2
+ 2𝜁ℎ1 𝑚ℎ1 𝜔ℎ1
+ 𝑚ℎ1 𝜔ℎ1
𝐵
𝐵
𝐵
= 𝜌𝑈 2 𝐵𝐾 2 [(𝐻4∗ + 𝑖𝐻1∗ )

𝑚ℎ2

2

1 𝑈𝑟
𝑑𝐶𝐿
𝜋
𝜋
𝐻2∗ (𝑈𝑟 ) = ( ) [
(𝐺 +
𝐹) − ]
2 2𝜋
𝑑𝜃
2𝑈𝑟
𝑈𝑟

𝐻4∗ (𝑈𝑟 ) =

𝐵𝑚ℎ1

(B1)

ℎ1
𝐵
2
𝜌𝐵
ℎ1
= 𝜔2
[(𝐻4∗ + 𝑖𝐻1∗ )
(B5)
𝑚ℎ1
𝐵
ℎ2
+ (𝐻4∗ + 𝑖𝐻1∗ )
+ (𝐻3∗ + 𝑖𝐻2∗ )𝛼]
𝐵

2
(𝜔ℎ1
+ 𝑖2𝜁ℎ1 𝜔ℎ1 𝜔 − 𝜔2 )

ℎ2
𝐵
2
𝜌𝐵
ℎ1
= 𝜔2
[(𝐻4∗ + 𝑖𝐻1∗ )
(B6)
𝑚ℎ2
𝐵
ℎ2
+ (𝐻4∗ + 𝑖𝐻1∗ )
+ (𝐻3∗ + 𝑖𝐻2∗ )𝛼]
𝐵

2
(𝜔ℎ2
+ 𝑖2𝜁ℎ2 𝜔ℎ2 𝜔 − 𝜔2 )

The flutter equations are solved using the AMC (Air
Material Command) method (Smilg and Wassermann
1942, Scanlan and Rosenbaum 1962) which is well
suited for analyses of situations involving multiple modes.
The AMC method requires that the structural damping 𝜁𝑠
is identical for all modes consided and it is assumed that
the structural damping force in the twin-box bridge is
proportional to the displacement but phase shifted 90⁰.
With these assumption the flutter equations can be
rewritten as:
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((1 + 𝑖𝑔)𝜔𝛼2 − 𝜔2 )𝛼

4

𝜌𝐵
ℎ1
[(𝐴∗4 + 𝑖𝐴1∗ )
𝐼
𝐵
(B7)
ℎ2
∗
∗
∗
∗
+ (𝐴4 + 𝑖𝐴1 )
+ (𝐴3 + 𝑖𝐴2 )𝛼]
𝐵
= 𝜔2

((1 +

2
𝑖𝑔)𝜔ℎ1

ℎ1
−𝜔
𝐵
𝜌𝐵2
ℎ1
= 𝜔2
[(𝐻4∗ + 𝑖𝐻1∗ )
(B8)
𝑚ℎ1
𝐵
ℎ2
+ (𝐻4∗ + 𝑖𝐻1∗ )
+ (𝐻3∗ + 𝑖𝐻2∗ )𝛼]
𝐵
2)

ℎ2
𝐵
𝜌𝐵2
ℎ1
= 𝜔2
[(𝐻4∗ + 𝑖𝐻1∗ )
(B9)
𝑚ℎ2
𝐵
ℎ2
+ (𝐻4∗ + 𝑖𝐻1∗ )
+ (𝐻3∗ + 𝑖𝐻2∗ )𝛼]
𝐵

2
((1 + 𝑖𝑔)𝜔ℎ2
− 𝜔2 )

where 𝑔 is the apparent damping coefficient, which for
low damping levels is equal to twice the structural viscous
damping relative-to-critical 𝑔 = 2 ∙ 𝜁𝑠 . Arranging the
flutter equations, Eqs. (B7)-(B9), in matrix form,
i n t r o d u c i n g (𝜔𝛼 ⁄𝜔ℎ1 )2 = 𝛾12 , (𝜔𝛼 ⁄𝜔ℎ2 )2 = 𝛾22 a n d
𝜆 = (𝜔𝛼 ⁄𝜔)2 (1 + 𝑖𝑔) and do some rewriting, the
equations may be solved as a complex eigenvalue problem
setting the flutter determinant equal to zero:
1 + 𝐴𝛼𝛼 − 𝜆
| 𝛾12 𝐻ℎ1𝛼
𝛾22 𝐻ℎ2𝛼

𝐴𝛼ℎ1
𝛾12 (1 + 𝐻ℎ1ℎ1 ) − 𝜆
𝛾22 𝐻ℎ2ℎ1

𝐴𝛼ℎ2
𝛾12 𝐻ℎ1ℎ2
|=0
𝛾22 (1 + 𝐻ℎ2ℎ2 ) − 𝜆

(B10)

The individual terms in Eq. (B10) are assembled as
follows:
𝐴𝛼𝛼

𝜌𝐵4
=
𝐶 (𝐴∗ + 𝑖𝐴∗2 )
𝐼 𝛼𝛼 3

𝐴𝛼ℎ1 =

𝜌𝐵4
𝐶 (𝐴∗ + 𝑖𝐴1∗ )
𝐼 𝛼ℎ1 4

𝐴𝛼ℎ2 =

𝜌𝐵4
𝐶 (𝐴∗ + 𝑖𝐴1∗ )
𝐼 𝛼ℎ2 4

𝐻ℎ1𝛼 =

𝜌𝐵2
𝐶 (𝐻 ∗ + 𝑖𝐻2∗ )
𝑚ℎ1 ℎ1𝛼 3

𝐻ℎ1ℎ1 =

𝜌𝐵2
(𝐻 ∗ + 𝑖𝐻1∗ )
𝐶
𝑚ℎ1 ℎ1ℎ1 4

𝐻ℎ1ℎ2 =

𝜌𝐵2
(𝐻 ∗ + 𝑖𝐻1∗ )
𝐶
𝑚ℎ1 ℎ1ℎ2 4

𝐻𝛼ℎ2 𝐻ℎ2𝛼 =

𝜌𝐵2
𝐶 (𝐻 ∗ + 𝑖𝐻2∗ )
𝑚ℎ2 ℎ2𝛼 3

𝐻ℎ2ℎ1 =

𝜌𝐵2
(𝐻 ∗ + 𝑖𝐻1∗ )
𝐶
𝑚ℎ2 ℎ2ℎ1 4

𝐻ℎ2ℎℎ2 =

𝜌𝐵2
(𝐻 ∗ + 𝑖𝐻1∗ )
𝐶
𝑚ℎ2 ℎ2ℎ2 4

In the case of a bridge section model, the mode shapes
are unity along the span thus the influence coefficients 𝐶𝛼𝛼 ,
𝐶𝛼ℎ1 , 𝐶𝛼ℎ2 , 𝐶ℎ1𝛼 , 𝐶ℎ1ℎ1 , 𝐶ℎ1ℎ2 , 𝐶ℎ2𝛼 , 𝐶ℎ2ℎ1 and 𝐶ℎ2ℎ2
are equal to 1. For a full bridge representation the influence
coefficients are evaluated as follows:
1 𝐿
𝐶𝛼𝛼 = ∫ 𝛼(𝑠)2 𝑑𝑠
𝐿 0
1 𝐿
= ∫ 𝛼(𝑠)ℎ1(𝑠) 𝑑𝑠
𝐿 0
𝐶ℎ1𝛼 = 𝐶𝛼ℎ1

,

𝐶ℎ2𝛼 = 𝐶𝛼ℎ2

,

𝐶𝛼ℎ1

,

1 𝐿
𝐶𝛼ℎ2 = ∫ 𝛼(𝑠)ℎ2(𝑠) 𝑑𝑠
𝐿 0

𝐶ℎ1ℎ1
1 𝐿
= ∫ ℎ1(𝑠)2 𝑑𝑠
,
𝐿 0
1 𝐿
= ∫ ℎ1(𝑠)ℎ2(𝑠) 𝑑𝑠
𝐿 0
,

𝐶ℎ2ℎ1 = 𝐶ℎ1ℎ2
,
1 𝐿
= ∫ ℎ2(𝑠)2 𝑑𝑠
𝐿 0

(B12)
𝐶ℎ2ℎ2

1 𝐿
𝐼 = ∫ 𝐼(𝑠)𝛼(𝑠)2 𝑑𝑠 , 𝑚ℎ1
𝐿 0
1 𝐿
= ∫ 𝑚ℎ1 (𝑠)ℎ1(𝑠)2 𝑑𝑠 , 𝑚ℎ2
𝐿 0
1 𝐿
= ∫ 𝑚ℎ2 (𝑠)ℎ2(𝑠)2 𝑑𝑠
𝐿 0

The complex eigenvalues (𝜆1 , 𝜆2 , 𝜆3 ) of Eq. (B10) are
obtained by means of standard eigenvalue computational
procedures as a functions of the reduced velocity to yield
the apparent aerodynamic damping 𝑔, the flutter frequency
ratio 𝑓/𝑓𝛼 and the wind speed 𝑈:
𝐼𝑚(𝜆1..3 )
𝑔=
𝑅𝑒(𝜆1..3 )
𝑓
1
=
𝑓𝛼 √𝑅𝑒(𝜆1..3 )
𝑈
𝐵𝑓𝛼
𝑈=( )
𝑓𝐵 √𝑅𝑒(𝜆1..3 )

(B11)

𝐶ℎ1ℎ2

(B10)

