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a b s t r a c t
This paper aims to simulate diesel spray ﬂames across a wide range of engine-like conditions using the
Eulerian Stochastic Field probability density function (ESF-PDF) model. The ESF model is coupled with
the Chemistry Coordinate Mapping approach to expedite the calculation. A convergence study is carried
out for a number of stochastic ﬁelds at ﬁve different conditions, covering both conventional diesel combustion and low-temperature combustion regimes. Ignition delay time, ﬂame lift-off length as well as
distributions of temperature and various combustion products are used to evaluate the performance of
the model. The peak values of these properties generated using thirty-two stochastic ﬁelds are found to
converge, with a maximum relative difference of 27% as compared to those from a greater number of
stochastic ﬁelds. The ESF-PDF model with thirty-two stochastic ﬁelds performs reasonably well in reproducing the experimental ﬂame development, ignition delay times and lift-off lengths. The ESF-PDF model
also predicts a broader hydroxyl radical distribution which resembles the experimental observation, indicating that the turbulence–chemistry interaction is captured by the ESF-PDF model. The validated model
is subsequently used to investigate the ﬂame structures under different conditions. Analyses based on
ﬂame index and formaldehyde distribution suggest that a triple ﬂame, which consists of a rich premixed
ﬂame, a diffusion ﬂame and a lean premixed ﬂame, is established in the earlier stage of the combustion.
As the combustion progresses, the lean premixed ﬂame weakens and diminishes with time. Eventually,
only a double-ﬂame structure, made up of the diffusion ﬂame and the rich premixed ﬂame, is observed.
The analyses for various ambient temperatures show that the triple-ﬂame structure remains for a longer
period of time in cases with lower ambient temperatures. The present study shows that the ESF-PDF
method is a valuable alternative to Lagrangian particle PDF methods.
© 2018 The Combustion Institute. Published by Elsevier Inc. All rights reserved.

1. Introduction
To comply with the increasingly stringent regulations that aim
to reduce emitted harmful pollutants from diesel engines, the implementation of alternative fuels and new engine combustion technologies such as low-temperature combustion (LTC) has become
the main focus of both the automotive and maritime engine industries. With the use of alternative fuel and/or LTC, the associated
combustion modes are expected to be different from that of conventional diesel combustion in the same operating strategy, which
may be varying from a classical diffusion-controlled combustion to
a partially premixed reacting system where ignition, premixed reaction front and diffusion ﬂame can co-exist and interact with each
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other [1]. It is necessary to couple advanced experimental and numerical tools for the investigation and understanding of the autoignition, ﬂame stabilisation/propagation and emissions formation.
The experimentation using laser diagnostics and high-speed photography incorporated with optically accessible combustion chambers [2–8] and engines [9] is a promising approach to provide a
more comprehensive understanding of the in-cylinder phenomena.
The optical measurements also serve as an important asset for validating newly developed turbulent combustion models. These models, once validated, can arguably provide a qualitative picture of the
missing data and be used to infer characteristics of ﬂame structures that cannot yet be measured [10]. The validated model can
also be used to simulate and elucidate in-cylinder events of engines which are not optically accessible, expanding on the limited
details from experimental exhaust measurements in a more costeffective manner [11,12].

https://doi.org/10.1016/j.combustﬂame.2018.03.030
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Table 1
Numerical studies on the ECN sprays performed in year 2013 to 2016.
Investigator(s)

Framework

Type of fuel combustion

TCI closure

Soot model

Jangi et al. [1]
Pei et al. [10,21]
Pang et al. [12,29,43]
D’Errico et al. [13]
Pei et al. [19,20]
Bhattacharjee and Haworth [22]
Bolla et al. [23–25]
Irannejad et al. [27]
Lucchini et al. [28]
Wang et al. [30]
Gong et al. [31]
Chishty et al. [32]
Frassoldati et al. [33]
Cheng et al. [34]
Poon et al. [35]
Vishwanathan and Reitz [36]
D’Errico et al. [37]
Gong et al. [38]
Gallot-Lavallée and Jones [39]
Pandurangi et al. [40]
Wehrfritz et al. [41]
Jangi et al. [42]
Bolla et al. [44,45]

URANS
URANS
URANS
URANS
URANS
URANS
URANS
LES
URANS
URANS
LES
URANS
URANS
URANS
URANS
URANS
URANS
URANS
LES
URANS
LES
URANS
URANS

n-Heptane
n-Dodecane
Diesel, n-Heptane
n-Dodecane
n-Heptane
n-Heptane, n-Dodecane
n-Heptane, Diesel
n-Heptane
n-Dodecane
n-Dodecane
n-Dodecane
n-Dodecane
n-Dodecane
Biodiesel
Diesel
Diesel
n-Dodecane
n-Heptane
n-Heptane
n-Dodecane
n-Dodecane
n-Heptane
n-Dodecane

ESF
L-tPDF
WSR
WSR + PDF
L-tPDF
L-tPDF
CMC
FMDF
ESF
WSR
WSR
L-tPDF
mRIF
WSR
WSR
WSR
WSR, mRIF
ESF
ESF
CMC
FGM
WSR
L-tPDF

–
–
Four-step
–
–
–
Four-step
–
–
Five-step
Two-step
Four-step
–
Four-step
Four-step
Five-step
–
–
–
Four-step
–
Two-step
Four-step

Note: l-tPDF denotes the Lagrangian particle transported PDF model. The two-step soot model represents
the Hiroyasu–Nagle and Strickland-Constable (NSC) model which describes soot formation and oxidation [48].
The four-step soot model denotes that developed by Leung et al. [18] where soot nucleation, surface growth,
coagulation and oxidation are accounted for. The ﬁve-step model considers PAH condensation on top of the
four-step soot model [36].

With the aim to achieve more accurate predictions of combustion and emissions formation processes, it is now widely accepted that a more comprehensive chemistry should be incorporated into multi-dimensional computational ﬂuid dynamics (CFD)
studies [13], instead of semi-global or global reaction mechanisms.
In particular, the presence of low-temperature chemistry is essential to simulate the ﬁrst stage (cool-ﬂame) ignition [14] since the
cool ﬂame behaviour may then inﬂuence the second stage (hightemperature) ignition. Also, radicals such as oxygen atom (O) and
hydroxyl (OH) should be present since they are pertinent species
for the formation of nitric oxides (NOx ) [15] and sulphur oxides
(SOx ) [16]. For detailed soot modelling, reactions of aromatics and
Polycyclic Aromatic Hydrocarbon (PAH) are required [17]. Otherwise, for semi-empirical soot models, acetylene (C2 H2 ) has to be
taken into account in the combustion chemistry [18]. Prior to implementing a combustion chemistry with CFD codes, a common
practice is to validate the reaction pathways and the associated
rate constants under conditions of interest using measurements
obtained from shock tube, plug ﬂow and ﬂame speed experiments.
In addition to the validated combustion chemistry, turbulence–
chemistry interaction (TCI) closure strategies become an important subject and various numerical studies have proven that TCI
affects the computation of ignition delay time, lift-off length and
reacting zone thickness [19–24]. Furthermore, an advanced turbulent combustion model should also have the capability to capture
multiple combustion modes, which may occur in the engines as
aforementioned [1,10,26]. Numerous TCI closure approaches have
been developed for the modelling of turbulent spray combustion
under engine–relevant conditions. The coupling of TCI closure approaches and chemical kinetic models is often validated using the
data provided by Engine Combustion Network (ECN) [2]. Modelling
of the ECN spray ﬂames have been performed in both the unsteady
Reynolds-averaged Navier–Stokes (URANS) and Large Eddy Simulation (LES) frameworks. Detailed summaries of these works until
year 2013 can be found in Refs. [19,22] and the references therein.
The research is currently being pursued in multiple streams, including focuses on chemical kinetics, TCI effects and the com-

bustion physics. Those performed in 2013 and onwards are summarised in Table 1. The commonly used TCI closure approaches include Flamelet Generation Manifold (FGM), multiple Representative
Interaction Flamelet (mRIF), Conditional Moment-Closure (CMC)
and probability density function (PDF). The ‘simplest TCI closure’
has also been frequently used, i.e. the mean chemical source term
is directly evaluated using the mean temperature and composition neglecting turbulent ﬂuctuations. In the literature, this approach is referred by different names, for example, direct integration, perfectly-stirred reactor or well-stirred reactor (WSR). This
type of model will henceforth be addressed as WSR in this article. In order to simulate the multiple combustion modes, D’Errico
et al. [37] proposed to combine different models, i.e. WSR and PDF.
The conventional CMC method has been successfully applied to
various non-premixed combustion in the past; however, its application to premixed ﬂames remained a challenge, due to the modelling of the progress variable [26,46]. An algebraic model was proposed by Azmin et al. [46] to address this limitation and the results
suggested that the CMC, which considered a second conditioning
variable, may be applied across the regimes of premixed combustion. However, this is yet to be validated in spray ﬂame simulations. Alternatively, Wright et al. [26] implemented a fully elliptic ﬁrst-order CMC model for spray autoignition simulations under
diesel engine-like conditions. De Paola et al. [47] also employed the
same method for diesel engine simulations. Their works showed
that the single model can predict the autoignition, diffusion ﬂame
mode as well as certain features of the premixed mode such as
ﬂame propagations in the spray combustion [26]. The CMC model
was also used to simulate n-heptane and diesel fuel spray combustion in the Sandia combustion chamber [23–25,40].
The transported PDF method is a more sophisticated TCI closure approach that solves the transport equation for the one-point,
one-time Eulerian joint PDF of velocity and composition or alternatively composition only. The main advantage of the transported
PDF method, as compared to the previous TCI closure strategies, is
that no closure problems arising from averaging of one-point nonlinear chemical reaction rate terms in the governing equations. The

K.M. Pang et al. / Combustion and Flame 193 (2018) 363–383

transported PDF method has the largest validity range and a single
model can be used for computation of the auto-ignition and different levels of “premixedness”, i.e. premixed, partially premixed and
non-premixed [1,10]. Pei et al. [10,19–21] have used the Lagrangian
particle transported PDF (L-tPDF) in ANSYS FLUENT to simulate
spray combustion of n-heptane and n-dodecane across a wide
range of thermochemical conditions as well as injection parameters. Bolla et al. [44,45] used the same approach to study the effects of multiple injection and turbulence–chemistry–radiation interaction. In their studies, the Lagrangian particle tracking method
was not used together with the l-tPDF method and a “gas-jet” approach was used to simulate the fuel spray event. In a separate
work performed by Bhattacharjee and Haworth [22], a stochastic
Lagrangian parcel fuel-injector and spray model formulation (based
on a droplet distribution function method) was coupled with a
transported PDF method (using a separate stochastic Lagrangian
particle method) to simulate transient auto-ignition and combustion in turbulent spray ﬂames of n-heptane and n-dodecane.
The transported PDF model can also be formulated in the Eulerian framework [50,51]. The Eulerian PDF is also known as Eulerian
Stochastic Field (ESF) model. When the same chemical mechanism
and the same micro-mixing model were used, both ESF model
and its Lagrangian counterpart generated similar results [51]. The
principal motivation for ESF compared to Lagrangian-based PDF is
the relative ease of implementation of the former into CFD codes
[22,50]. One of the ﬁrst efforts to implement the ESF model with
URANS for diesel spray combustion was performed by Lucchini
et al. [28]. However, their numerical work only focused on the
early stage of combustion. More recently, Jangi et al. [1] used the
ESF model to investigate the effects of fuel octane number on ignition, lift-off and combustion of the spray ﬂames. Besides that, Gong
et al. [38] used the ESF method to study the diesel ﬂame lift-off
stabilisation in the presence of laser-ignition. In these studies, the
Chemistry Coordinate Mapping (CCM) method was coupled with
the ESF solver in order to expedite the calculation. The coupled
model is henceforth addressed as the ESF-CCM model for brevity.
Comparison to experimental measurements showed that the ESFCCM approach is able to better reproduce the lift-off lengths as
compared to those of WSR. This observation agrees with other numerical works [1]. Yet, in the works of Jangi et al. [1] and Gong
et al. [38], only a single condition was used for validation in their
respective study. In other words, the validity of the ESF-CCM solver
in simulating diesel ﬂame across a wide range of engine conditions has yet to be assessed, particularly those closer to the LTC
regime. Also, only a semi-global primary reference fuel mechanism
was incorporated with the ESF-CCM solver. Important ﬂame indicator species such as formaldehyde (CH2 O) and OH were absent,
which prohibited a detailed analysis on the simulated turbulent
spray ﬂames.
Set against these backgrounds, the main objectives of this work
are two-fold. Firstly, the validity of the coupling of the ESF-CCM
solver and different chemical kinetic mechanisms is assessed in
the URANS framework. The operating conditions are extended from
conventional diesel combustion regime to LTC regime. The tested
conditions also cover a higher ambient density (or pressure) level.
Validation is carried out using experimental data from an optically accessible, constant volume combustion chamber as well as a
conceptual model inferred by these measurements [2–8]. Secondly,
upon validation of the turbulent combustion model, detailed spray
ﬂame structures under several targeted conditions are investigated
to improve the understanding of the combustion process in various
conditions.
The remainder of the paper is structured as follows. First, the
test cases are described to provide information about the target
spray ﬂame conditions. This is then followed by the descriptions
of the numerical formulation, with an emphasis on the ESF-CCM
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model. The subsequent sections report on detailed sensitivity study
and model validation based on optical measurements. This is followed by the analyses of ﬂame structures. Concluding remarks
from this work are then highlighted in the ﬁnal section.
2. Case descriptions
Operating conditions and the corresponding injection characteristics considered in the current simulations are summarised in
Table 2. As can be seen, two non-reacting spray cases (cases 1
and 2) are used for the validation of spray breakup and turbulence
models. The initial ambient (Tam ) temperature is set to 900 K while
the initial pressure is adjusted to produce the initial gas density of
22.8 kg/m3 . Reacting spray cases with an ambient O2 level of 15%
by mole fraction (cases 3 and 4) under the same ambient temperature and density are next simulated. These are the ECN Spray A
conditions which are widely studied [4]. Many different fuels have
been investigated under this condition [4,6–8]. Here, both the ndodecane (C12 ) and the conventional grade two diesel fuel (D2)
experimental data are used [4,6–8]. The initial temperature is also
increased to 10 0 0 K to evaluate the model performance in predicting the effects of temperature on the quasi-steady combustion and
soot characteristics (cases 5 and 6). The numerical model is also
further validated using D2 experimental data collected across a
wider range of ambient temperature from 800 to 1100 K at a ﬁxed
ambient density of 14.8 kg/m3 for both O2 levels of 15% and 21%.
The temperature sweep is performed to emulate the in-cylinder
engine condition when different injection timings are used while
the 15% and 21% O2 levels are used to imitate the conditions with
and without exhaust gas recirculation (EGR), respectively. For the
21% O2 condition, the ambient density is increased from 14.8 to
30.0 kg/m3 . Within the tested ambient temperature range, the simulated conditions correspond to ambient pressures of 35 to 95 bar,
which cover the thermochemical conditions in practical light–duty
diesel engine, heavy–duty diesel engine and marine engine [11,12].
The experimental ignition delay time and lift-off length measurements are collected from the ECN database [2] and descriptions of
these test cases can be found in Ref. [3]. For the simulation results,
the ignition delay time is deﬁned as the time when the greatest
pressure rise is observed, while the lift-off length is deﬁned as
the axial distance from the nozzle at which the computed Favreaveraged mean OH mass fraction reaches a value that is 2% of its
maximum value for the corresponding operating condition. These
deﬁnitions correspond to those suggested by the ECN.
3. Numerical methods
The multi-dimensional CFD spray combustion simulations are
carried out using the open-source code, OpenFOAM version 3.0.1
[52]. In the present study, the URANS is used to model the turbulent ﬂow. The fuel spray, ﬂow and combustion processes are modelled using the Lagrangian-Eulerian approach.
3.1. Spray modelling
The liquid phase of the fuels is modelled with discrete parcels
whose motion is described using the Lagrangian particle tracking approach. Each parcel represents a group of spherical droplets
whose position, size, and physical properties are similar. In this
work, the Reitz–Diwakar model is used to simulate the fuel droplet
breakup, where the stripping breakup model constant, Cs is adjusted to 11 and 14 to replicate the experimental liquid length penetration of n-dodecane and D2 fuels, respectively. The liquid properties of C14 H30 are used to represent that of D2 fuel [53]. Gas and
liquid phases are coupled through the mass, momentum, and heatexchange source terms between the phases. The Frossling model
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Table 2
Operating conditions and injection characteristics in the current simulations.
Case

ρ am (kg/m3 )

Tam (K)

[O2 ] by mole fraction

Fuel type (dimensionless)

Tf (K)

Pinj (bar)

Dnozz (μm)

Refs.

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22

22.8
22.8
22.8
22.8
22.8
22.8
14.8
14.8
14.8
14.8
14.8
14.8
14.8
14.8
14.8
14.8
30.0
30.0
30.0
30.0
30.0
30.0

900
900
900
900
10 0 0
10 0 0
800
900
10 0 0
1100
800
850
900
950
10 0 0
1100
800
850
900
950
10 0 0
1100

0%
0%
15%
15%
15%
15%
15%
15%
15%
15%
21%
21%
21%
21%
21%
21%
21%
21%
21%
21%
21%
21%

C12
D2
C12
D2
C12
D2
D2
D2
D2
D2
D2
D2
D2
D2
D2
D2
D2
D2
D2
D2
D2
D2

373
373
373
373
373
373
436
436
436
436
436
436
436
436
436
436
436
436
436
436
436
436

1500
1500
1500
1500
1500
1500
1400
1400
1400
1400
1400
1400
1400
1400
1400
1400
1400
1400
1400
1400
1400
1400

90
90
90
90
90
90
100
100
100
100
100
100
100
100
100
100
100
100
100
100
100
100

[4]
[6]
[4]
[6,7]
[4]
[6,7]
[3]
[3]
[3]
[3]
[3]
[3]
[3]
[3]
[3]
[3]
[3]
[3]
[3]
[3]
[3]
[3]

Note: Operating conditions and injection characteristics of cases 7 to 22 can be obtained in the ECN website [2] while detailed descriptions of the experiments can be found in [3].
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Fig. 1. Comparisons of measurements [4,6] to (a) penetration lengths simulated for diesel (D2) and n-dodecane (C12 ) fuels as well as (b) mixture fraction proﬁles of nonreacting n-dodecane (C12 ) spray at quasi-steady state for different positions.

and the Ranz–Marshall correlation are employed to calculate the
droplet evaporation and heat transfer with the surrounding gas
phase, respectively.

mean chemical reaction rate. The closure of this term requires a
TCI closure approach. In this work, the ESF method, which is presented in the next sub-section, is used to couple with the URANS
approach [1,38,50].

3.2. Unsteady Reynolds-averaged Navier–Stokes
The gas phase is described in the Eulerian framework using the
URANS equations. Due to the ensemble average in the URANS approach, several unclosed terms appear in the governing equations
of momentum, species and enthalpy. The eddy viscosity (or the
so-called gradient transport) model is used, in which the transports due to the turbulent ﬂuctuation are modelled based on the
gradients of mean quantities. Akin to that reported by Christy
et al. [32] and Bolla et al. [44,45] in their non-reacting n-dodecane
spray case (case 1), the Realisable k − ε model is employed for
the turbulence modelling. The initial turbulent kinetic energy, k
and the associated dissipation rate, ε are set to 0.735 m2 /s2 and
0.567 m2 /s3 , respectively, [29]. As can been seen in Fig. 1, the penetration lengths in both n-dodecane and D2 spray cases as well as
the mixture fraction in the n-dodecane spray case are reasonably
well estimated by the model. For the reacting spray simulations, a
well-known unclosed term in the mean transport equations is the

3.2.1. Eulerian Stochastic Field
The ESF-PDF model used here was developed by Valino [50],
a detailed description can be found therein. The model has been
applied to simulate various combustion problems [1,51,54]. In the
ESF method, the turbulent reactive ﬂows are represented by nsf
stochastic ﬁelds for each of the ns scalars, namely φ α (n) (x, t) for
1 ≤ n ≤ nsf , 1 ≤ α ≤ ns . In this way, the joint PDF, P(φ ; x, t), is represented by an ensemble of the stochastic ﬁelds,

P (φ ; x, t ) =

ns f ns
1 
δ ( φ α − φα n )
ns f

(1)

n=1 α =1

where δ is the Dirac delta function. The governing equation for the
n-th stochastic ﬁeld is

ρ dφa (n) = −ρ 
ui

∂ φα ( n )
dt + ρ Sα r ( φ ( n ) )dt + ρ Sα s ( φ ( n ) )dt
∂ xi
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1
∂
∂ φα ( n )
(n )
 )ω dt
+

dt − ρCφ (φα − φ
α
t
∂ xi t ∂ xi
2
 

t ∂ φα (n)
+ρ
dWi (n )
ρ
∂ xi

ζα (l ) = ζα min (tn ) + (l − 1 ) ζα
(2)

where φ a denotes the mass fraction of species (Yi ) or the enthalpy
of the mixture (h), and φ (n ) = [Y1 (n ) , Y2 (n ) , . . . , Yi (n ) , h(n ) ]. The ﬁrst
term on the right hand side (r.h.s.) represents the convective term
while the second term, ρ Sα r (φ (n ) )dt, is the source term due to the
chemical reactions. The third term, ρ Sα s (φ (n ) )dt is the source term
due to the spray evaporation. This is different for each specie, i.e.
solely the evaporating specie is involved but it is identical for each
stochastic ﬁeld. The fourth term corresponds to a gradient transport model for turbulent velocity ﬂuctuation, where t = μt /σt is
the turbulent diffusivity. Here, μt is the turbulent viscosity while
σ t is the turbulent Schmidt number (Sct ) in the transport equations for chemical species or the Prandtl number (Prt ) in the enthalpy transport equation. Both Sct and Prt are set to 0.7 in the
current work. The ﬁfth term, which involves the mixing constant,
Cφ , represents the molecular mixing. It is modelled using the Interaction with Exchange to the Mean (IEM) model. ωt therein is the
turbulence frequency obtained from ωt = ε /k where k and ɛ being the turbulent kinetic energy and its dissipation rate. In the last
term on the r.h.s., dW(n) represents a vector Wiener process that is
spatially uniform but different for each ﬁeld. The purpose of this
term is to introduce a stochastic noise in the transport equations
and generate consequent PDF for chemical species and enthalpy. In
these simulations, dW(n) is represented by a time-step increment
t1/2 ηi n , where ηi n = {−1, 1} is a dischotomic random vector. The
mean and the moments of each variable can be approximated from
the ensemble of nsf stochastic ﬁelds. For example, the mean is
ns f

 = 1
φ
φα ( n )
α
ns f

(3)

n=1

3.2.2. Chemistry Coordinate Mapping approach
One of the main limitations of the transported PDF method is
its high computational cost. The CCM approach, which was developed by Jangi and Bai [55], is used to expedite the calculation. It
has previously been coupled with the l-tPDF model for the URANS
simulation of a non-premixed methane/air jet ﬂame [56]. The CCM
approach has also been used together with the ESF method in
URANS for diesel spray simulations [1,38] as well as in LES for the
simulations of bluff body ﬂames [57] and pool ﬁres [58]. In the
case of URANS simulations of diesel spray, the implementation of
the CCM method with the ESF model showed that a speedup factor
of approximately 25 can be achieved when the spray ﬂame reaches
quasi-steady state [1].
The basic idea of the CCM method is to map the reactive composition vector, φ (x, t), from the physical space, to a reduceddimensional composition space using a clustering technique [59] or
sometimes is referred as a cell-agglomeration [60] technique. Coupling of the ESF and CCM models is the same as that reported
by Jangi et al. [1]. In principle, the CCM phase space consists of
a subset of the composition space. The mapping of the n-th ﬁeld
with composition φ (n ) = [Y1 (n ) , Y2 (n ) , . . . , Yi (n ) , h(n ) ] into the discretised phase space can be considered as a mapping between the
CFD cell index (i, j, k) in the n-th ﬁeld to the zone index in the
discretised phase space. The (i, j, k) CFD cell at time t in the n-th
ﬁeld is mapped to the L-th zone in direction α of the phase space
according to
(n )

qα (n ) (i, j, k, t ) = l , i f ζα (l ) ≤ φα (i, j, k, t )
< ζα (l ) + ζα (α = 1, 2, . . . , ns + 1 )
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(4)

(5)

ζ α (l), shown in Eq. (5), is the coordinate of the phase space and
ζ α is the resolution in the discretised phase space. ζ α min (tn ) is
the minimum value of φ α of the overall notional ﬁelds at time
tn . Each zone in the phase space corresponds typically to multiple
cells in the notional ﬁelds. An integer zone index, Zid , as described
by Eq. (6), is assigned to each notional ﬁeld such that each zone
index denotes one point in the discretised phase space.

Zid (n ) (i, j, k, t ) =

n
−1
s +1 α


Nr qα (n ) (i, j, k, t )

(6)

α =1 r=1

Here, Nr is the total number of zones in ζ r . This zone index
facilitates storing mapping cells into a one-dimensional array, instead of a multidimensional Cartesian phase space. Through this
approach, the memory required for the CCM will be signiﬁcantly
reduced since the memory is only allocated to the zones that contain at least one cell of the notional ﬁelds; this zone type is hereinafter referred as the ‘active zone’. The mass-averaged value of
φ α in the active zones of the phase space (denoted by φˆ α ) is calculated following the mapping

φˆ α(n) (η1 , η2 , . . . , ηns +1 , t ) = φˆ α (Zn , t )

(7.1)

φˆ α(n) (η1 , η2 , . . . , ηns +1 , t )
NZn 
1 
(n )
=
m(n ) (i, j, k, t )φα (i, j, k, t )|Zid (n ) (i, j, k, t ) = Zn
mZn

n=1

(7.2)
NZn
n=1

where mZn =
{m(n) (i, j, k, t )|Zid (n) (i, j, k, t ) = Zn} is the total
mass in the Zn -th zone of the phase space and NZn is the total number of cells mapped into the Zn -th phase space zone. The
mass-averaged φˆ α (Zn , t ) is the composition vector which is used
during the chemistry integration operation step. The results upon
integration are subsequently assigned to all cells in the zone Z(n) .
Errors due to mapping and mass averaging can be minimised by
reﬁning the phase space resolution. Sensitivity studies in the previous works show that a thermodynamic space of (T, ξ , χ , Yfuel ) is
suﬃcient to uniquely map CFD cells of a partially premixed combustion case, where T is temperature, ξ is the Bilger mixture fraction, χ is an analogy of the scalar dissipation rate and Yfuel is the
fuel mass fraction. Bilger’s mixture fraction for the n-th ﬁeld, ξ (n) ,
is

ξ (n ) =

0.5(JH (n ) −JH,o )/WH + 2(JC (n ) −JC,o )/WC − (JO (n ) −JO,o )/WO

0.5(JH, f (n ) −JH,o )/WH + 2(JC, f (n ) −JC,o )/WC − (JO, f (n ) −JO,o )/WO
(8)

where JH , JC and JO are element mass fractions, WH , WC and WO are
the molecular weight of hydrogen, carbon and oxygen elements,
respectively. Subscripts “o” and “f” indicate the oxidizer and fuel
streams, respectively. The variable χ (n) is deﬁned based on the gradient of the mixture fraction, ξ (n) at each ﬁeld as:

χ (n ) = 2 D +

μt
Sct

∇ ξ (n ) · ∇ ξ (n )

(9)

where D is the molecular diffusion coeﬃcient. Since it is an analogy to the scalar dissipation rate, it is exponentially decaying along
the downstream direction in the mixing region of a free jet. Discretising the phase space in the χ coordinate with uniform χ is
hence ineﬃcient. Instead, exp(–χ ) is used as the phase-space variable, implying that discretising phase space in the χ coordinate
with a non-uniform grid. For all other variables, a uniform grid is
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Table 3
The soot formation and oxidation sub-models [29].
Physical processes

Mathematical expressions

Inception
Surface growth

ωinc = 10 0 0 0 · exp( 210T00 ) · [C2 H2 ]
ωsg = 14( PreP f )1.4 · exp( 12100
) · Ssoot 0.5 · [C2 H2 ]
T
RT
6M
0.5
1/6
ωcoag = 3.0( ρ24
)
(
)
Nsoot 11/6
N
π
ρ
soot A
soot
ωOH = 1.146 · T 0.5 · Ssoot · [OH]
ωO2 = 10 0 0 0 · T 0.5 · exp( 19778
) · Ssoot · [O2 ]
T

Coagulation
OH oxidation
O2 oxidation

employed. The resolutions of the thermodynamic space of (T, ξ , χ ,
Yfuel ) are ﬁxed at 5 K, 0.01, 0.025 and 0.001, respectively, in the current work.
3.2.3. Soot modelling
The ESF-CCM solver is incorporated with a two-equation, fourstep soot model [18]. Productions of participating species (soot
precursor, surface growth species and oxidants) are ﬁrst calculated
based on the gas-phase reactions and their resulting mean concentrations are imported into the governing equations of the soot
model i.e. the transport equations for soot mass fraction, Ysoot and
particle number density, Nsoot .

∂
dM
μt
(ρ Ysoot ) + ∇ · (ρ ν Ysoot ) = ∇ ·
∇ Ysoot +
∂t
Sct
dt

(10)

μt
∂
1 dN
(ρ Nsoot ) + ∇ · (ρ ν Nsoot ) = ∇ ·
∇ Nsoot +
∂t
Sct
NA dt

(11)

The source term for soot mass fraction transport equation, dM
dt
denotes the net soot production and is modelled by the expression,

dM
= MWc (100 · ωinc + 2 · ωsg − ωOH − ωO2 )
dt

(12)

where MWc is molecular weight of carbon. The ﬁrst term on r.h.s.
of Eq. (12) is the reaction rate of soot inception process while the
second term represents the surface growth rate. The last two terms
on the r.h.s. of Eq. (12) account for the soot oxidation rates due to
OH and O2 , respectively. Here, C2 H2 is set as the soot precursor
and surface growth species while OH and O2 are chosen as soot
oxidants. The source term of the particle number density transport
equation, dN
is the instantaneous production rate of soot particles,
dt
which is subjected to inception from the gas phase and coagulation
in the free molecular regime and it is computed using Eq. (13). The
ﬁrst term on the r.h.s. is the multiplication of Avogadro constant,
NA and inception rate, ωinc as introduced earlier while the second
term is a sink term due to coagulation.

dN
= NA · ωinc − ωcoag
dt

(13)

All the soot sub-models, which were optimised in the previous
work [29] are used here. The formulation can be found in Table 3.
Therein, T represents the gas temperature while ρ soot denotes the
density of soot. Apart from these, another important parameter in
the modelling of soot formation is the associated soot speciﬁc surface area, Ssoot . In the model, the inception rate is independent of
this parameter but the surface growth rate and oxidation rate is a
square root function of this parameter.
3.3. Chemical kinetic mechanisms
For the modelling of n-dodecane Spray A, the skeletal mechanism developed by Yao et al. [61] is employed here. This mechanism was used with the l-tPDF by Christy et al. [32] and Bolla
et al. [44,45], allowing a comparison of the performance of the
ESF-PDF method and its Lagrangian counterpart. The selection of
a D2 surrogate fuel model depends on the objective of the numerical study. When the study aims to predict the diesel combustion

and soot formation, the use of multi-component diesel surrogate
models where aromatic and cyclo-paraﬃn chemistry are taken into
consideration is essential [33,35,62–64]. However, the improved results with these multi-component diesel surrogate models always
come with a signiﬁcant computational overhead since they commonly consist of a greater number of chemical species. Thus, a
balance between computational eﬃciency and accuracy needs to
be carefully considered when selecting a surrogate model for a
given task. This work mainly aims to simulate the TCI effects on
the ﬂame structure, ignition delay time and lift-off length. The soot
modelling is carried out to assess its performance in predicting the
overall soot temporal/spatial distribution but not replicating the
absolute value of the soot concentration. Hence, the single component surrogate fuel, n-heptane, which has a cetane number (CN)
of around 55 that is comparable to the diesel fuel’s CN, is considered here. The D2 fuel spray combustion under the Spray A condition, to date, is not widely studied. Hence, three skeletal n-heptane
mechanisms, which were also commonly evaluated together with
other TCI models [20,23,25], are examined in Section 4.1.1. Details
about these mechanisms can be found in Table 4.
3.4. Numerical schemes and computational domain
The convection term is discretised with an upwind differencing scheme, while a central differencing scheme is applied for the
diffusion term. The Semi-Implicit Bulirsh–Stoer scheme is used to
solve the Ordinary Differential Equations. It is noticed that numerical instabilities occur for certain test conditions when a pseudo 2D mesh was employed. Instead, a 90° sector domain is used to represent the constant volume chamber which has a cubic shape with
side lengths of 108 mm [68]. The injector is placed at the intersection of two cyclic boundaries. For the reference mesh, the minimum isotropic cell size is set to 0.5 mm within the spray combustion region. The mesh resolution is designed to be coarser outside
the spray combustion region to reduce computational runtime. The
computational grid consists of approximately 89,0 0 0 cells. A mesh
independence study performed for the current combustion simulation shows that further reﬁnement to 0.25 mm × 0.25 mm ×
0.25 mm does not give signiﬁcant difference in the results; however, with the use of a 1.0 mm × 1.0 mm × 1.0 mm mesh, the ignition delay time is overestimated while the lift-off length is underestimated, as compared to those of the ﬁner resolutions. The
time step size is ﬁxed at 0.2 μs, which is found to reach stability
without comprising the computational cost (not shown).
4. Sensitivity study
4.1. ECN Spray A condition
4.1.1. Chemical kinetic mechanisms
The sensitivity study is ﬁrst performed using the D2 case under the Spray A condition (case 4) to evaluate the performance of
different chemical kinetic mechanisms. In these simulations, sixteen stochastic ﬁelds are employed and the Cφ value is set to 2.
This is similar to the conﬁguration used by Gong et al. [38]. As
shown in Fig. 2, the lift-off lengths of the established ﬂames are
consistently overestimated for all the chemical mechanisms when
TCI is not taken into consideration. Although the 29 species mechanism predicts similar ignition delay time and lift-off length, the
CH2 O distribution appears to be wider as compared to the other
two mechanisms. Besides that, a substantial amount of C7 H15 O2
was observed about 100 μs after the start of injection (ASI), indicating that the low-temperature reaction takes place much earlier.
On the other hand, the 44 species and 68 species mechanisms predict that C7 H15 O2 increases signiﬁcantly only after 400 μs, which
agrees better with the experimental observation [8] (as shown in
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Table 4
Backgrounds of the chemical kinetic mechanisms evaluated in the current work.
Developer(s)

Number of species

Number of reactions

TCI model

Patel and Reitz [65]
Liu et al. [66]
Lu and Law [67]

29
44
68

52
112
258

L-tPDF
L-tPDF, CMC
L-tPDF, CMC

Fig. 2. Comparisons of CH2 O distribution and OH iso-contour (white solid lines)
simulated using different chemical kinetic mechanisms. The green dotted lines indicate the ﬂame lift-off positions generated using the WSR model. (For interpretation
of the references to colour in this ﬁgure, the reader is referred to the web version
of this article).

Section 5.1.2 later). The 44 species mechanism is used in the subsequent simulations as it gives the best compromise between accuracy and computational eﬃciency.
4.1.2. Mixing constant, Cφ
The mixing constant, Cφ is traditionally set to 2. In various
ﬂame modelling studies using the RANS-PDF approach, Cφ is calibrated to different values at the vicinity of 2 [69,70]. Blouch et al.
[71] and Cao et al. [72] also investigated a wider range of 1.5
to 3.8 and 0.75 to 6.0, respectively. In the modelling of diesel
spray combustion, an even wider range of values has been reported. For instance, Pei et al. [19,20] in the modelling work of
Sandia spray ﬂames using the l-tPDF model, studied the effect of
Cφ ranging from 1 to 8. Also, Kung and Haworth [73] reported
values ranging from 2 to 20 in the simulations of conventional
diesel engine and premixed charge compression ignition combustion. These large variations in Cφ likely result from a combination of the failure to compute the hydrodynamic time scale (or
dissipation rate) correctly and the inherent limitations of singletimescale models. Here, the hydrodynamic timescale τ is determined by a k − ε turbulence model (τ = k/ε ), and the shortcomings of such models are well known [49,73]. Effects of Cφ have been
evaluated based on combustion related quantities in the aforementioned spray combustion simulations under engine-like conditions
and engine combustion simulations [19,20,73]. Based on lift-off
lengths in [19,20] and pressure histories in [73], the PDF results in
the limit Cφ → ∞ were found to approximate to those of the WSR
model.
In the current sensitivity study, Cφ = 2 is set as the reference
case and is varied to evaluate its effects. Results in Fig. 3 show that
the ignition delay time increases by approximately 0.1 ms when Cφ
was varied by a factor of thirty-two from 0.5 to 16. Under this condition, the ignition occurs at a region where the scalar dissipation
rate is lower than that in the regions further upstream and away
from the spray axis (where the ﬂame is eventually stabilised). On

Fig. 3. Comparisons of ignition delay time and lift-off length simulated using different mixing constants.

the other hand, the lift-off lengths increase more signiﬁcantly in
the range of 1 < Cφ < 4. For Cφ > 4 the lift-off lengths become less
sensitive to Cφ . The sensitivity of lift-off length to Cφ decreases
with an increasing Cφ as it approaches the well-mixed limit and
the lift-off lengths predicted used Cφ > 4 are close to that given
by the WSR model (See. Fig. 2). This trend is in good agreement
with that reported in the l-tPDF simulations, in which the effects
of the mixing constant of the Euclidean minimum spanning trees
micro-mixing model were investigated [19,20]. It should be mentioned that this sensitivity study aims to demonstrate that the ESF
model reproduces the trend given by l-tPDF but not to calibrate
Cφ to match the experimental lift-off length. Considering that the
formulation of the micro-mixing model is beyond the scope of this
work, the traditional Cφ value of 2 is used for all the subsequent
simulations.
4.1.3. Number of stochastic ﬁelds, nsf
In a stochastic method, the number of samples has to be large
enough to ensure that the results converge i.e. independent of the
number of samples. Thus, the next parameter investigated in the
sensitivity study is the number of stochastic ﬁelds (nsf ). Jaishree
and Haworth [51], who made comparisons between the Lagrangian
and Eulerian-based transported PDF methods in the simulations
of non-premixed pilot methane/air turbulent jet ﬂames, revealed
that a higher number of stochastic ﬁelds in the Eulerian method
is essential for convergence. However, in the Valino’s ESF–PDF
method, the Eulerian ﬁelds remain spatially smooth [50]. Therefore, it may be expected that the number of Eulerian ﬁelds required for converged statistics in the ESF method could be smaller
than the number of particles per cell required for converged statistics in the l-tPDF method. In Refs. [19,22], the convergence study
was evaluated based on ignition delay times and lift-off lengths.
A similar evaluation is carried out here. In addition, comparisons
of the pressure rise and temperature distribution calculated using different nsf are also carried out here. Figures 4 and 5 display that the ignition delay times calculated based on 2, 4, 8,
16, 32, 64 and 128 stochastic ﬁelds are similar, indicating these
quantities are less sensitive to nsf . However, as depicted in Fig. 5,
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Fig. 4. Comparisons of ignition delay time and lift-off length simulated using different number of stochastic ﬁelds.

Fig. 5. Comparisons of averaged pressure rise simulated using different number of
stochastic ﬁelds.

ﬂuctuations are observed for the pressure rise proﬁles modelled
using only 2 and 4 stochastic ﬁelds. The ﬂuctuations reduce with
the increase of nsf . Figure 4 also demonstrates that the lift-off
lengths predicted using 8 or more stochastic ﬁelds are close to
that of 128 ﬁelds, with the 64 stochastic ﬁeld’s result shows the
best agreement with the results of 128 ﬁelds. Figure 6 depicts that,
with the use of 2 and 4 stochastic ﬁelds, the corresponding stabilised ﬂame structures are different from those of higher nsf . The
temperature proﬁles along the spray axis and across the diffusion
ﬂame as illustrated in Fig. 6 are next compared to quantify the
relative difference. In addition, carbon monoxide (CO) and CH2 O
mass fractions along the spray axis as well as carbon dioxide (CO2 )
and OH mass fractions across the diffusion ﬂame are also used to
evaluate the convergence of the results with respect to variations
of nsf . OH and CH2 O are selected because they reﬂect the highand low-temperature chemistries, respectively, while CO2 and CO
are important species in the diffusion ﬂame and the rich premixed
ﬂame, respectively. The extended convergence studies are carried
out since these quantities will be used to analyse the diesel spray
ﬂame structure (to be shown in Section 6).
As demonstrated in Fig. 7, the ﬂame structure of 2 stochastic
ﬁelds is signiﬁcantly different from those generated using higher
nsf . Although those of 4 and 8 stochastic ﬁelds show a general
stabilised ﬂame, the fuel-rich region combustion product CO and
CH2 O appear to be narrower. Besides that, the diffusion ﬂame of
the 4 stochastic ﬁelds also appears to be broader as shown by
the associated temperature and CO2 proﬁles. The relative differences of peak temperature as well as peak mass fractions of the

Fig. 6. Comparisons of temperature distributions using different number of stochastic ﬁelds. Temperature and mass fractions of various combustion products along the
spray axis (a) and downstream across the diffusion ﬂame (b) computed using different numbers of stochastic ﬁelds are compared.

selected species are evaluated based on the results generated using 128 stochastic ﬁelds and are quantiﬁed using below equation.

relative di f f erence =

αns f ,i − αns f ,base
× 100%
αns f ,base

(14)

where α represents different combustion properties and i denotes
different nsf . It is found that the maximum relative difference
reaches 40% for 8 stochastic ﬁelds and remains within 10% for 16,
32 and 64 stochastic ﬁelds. It is noteworthy that the use of 16 and
32 stochastic ﬁelds predicts longer lift-off lengths (which may inﬂuence the prediction of the air entrainment). Yet, Fig. 7(a) depicts that the associated prediction of the fuel-rich region combustion product, CO, is similar to those of higher stochastic ﬁelds.
Besides this, the soot precursor and surface growth species, C2 H2 ,
predicted by 16 or greater number of stochastic ﬁelds is found to
be similar as well (See Fig. A1 in Appendix A).
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Fig. 7. Comparisons of temperature and combustion product proﬁles using different number of stochastic ﬁelds (a) along the spray axis and (b) downstream across the
diffusion ﬂame.

4.2. Low and high temperature conditions
The sensitivity study is extended to the 800 K and 1100 K conditions at the ambient density of 14.8 kg/m3 , which are used to
represent the low- and high-ambient temperature conditions, respectively. The sensitivity study is carried out for both 15% and
21% O2 levels using 16, 32 and 64 stochastic ﬁelds. These conﬁgurations are selected as they reach a balance between computational eﬃciency and convergence. Here, 64 stochastic ﬁeld results serve as the baseline for comparison purpose. Under these
four conditions, the ignition delay time and lift-off length are similar (not shown). Figure 8 illustrates that the temperature and
species proﬁles for the 15% O2 condition predicted using both the
16 and 32 stochastic ﬁelds are found to converge reasonably well,
with a maximum relative difference of 19%. Figure 9 shows the
comparisons of temperature and species proﬁles for the 21% O2
condition. As shown, those of 16 stochastic ﬁelds have a maximum value of relative differences of 41% and 18% for the ambient temperatures of 800 K and 1100 K cases, respectively. On

the other hand, the associated relative differences of 32 stochastic ﬁelds remain within 27% and 4% at Tam = 800 K and 1100 K,
respectively.
In general, when the ignition delay time and lift-off length are
used for basis of comparison, the dependence of nsf is small for nsf
of 8 and above. Yet, when temperature and species proﬁles along
the spray axis and across the established ﬂames are compared, it is
found that the results predicted using 32 stochastic ﬁelds achieves
the best compromise between convergence and computational efﬁciency. This is close to the nominal number of PDF particles per
ﬁnite-volume cell of 30 used by Bhattacharjee and Haworth [22],
which was selected based on the lift-off length results from convergence studies. With the use of ten 64-bit Intel Ivy Bridge Xeon
E5-2650 v2 8-core CPUs running at 2.60 GHz [74], the computational runtime consumed by the 32 stochastic ﬁelds for case 4 is
approximately 140 hours to simulate the combustion process of
1.5 ms. The results predicted using the 32 stochastic ﬁelds are validated using the experimental data and discussed in the subsequent
section.
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Fig. 8. Comparisons of temperature and combustion product proﬁles using different number of stochastic ﬁelds (a) along the spray axis and (b) downstream across the
diffusion ﬂame for the 800 K; 15% O2 case (solid line) and the 1100 K; 15% O2 case (dotted line).

5. Model validation
5.1. ECN Spray A condition
5.1.1. Comparisons of ignition delay and lift-off length
Ignition delays and lift-off lengths during quasi-steady state
predicted by the ESF model are compared with the experimental
measurements for both n-dodecane and D2 fuels. The WSR results
are also included to illustrate the effects of TCI. Figure 10 demonstrates that the WSR model predicts consistently longer ignition
delays and lift-off lengths, in which the maximum relative difference is 67%. On the other hand, using the ESF as the TCI closure
approach improves the predictions, with the maximum relative
difference remains within 14% in these cases. Comparisons with
the literature shows that the ignition delay in case 3 predicted in
the current work is 0.35 ms, which is similar to that predicted by
Christy et al. [32] and Bolla et al. [44,45]; while the lift-off length
simulated here is shorter than theirs. It is also noted that the

mixture in both the WSR cases ignite later; the associated ﬂame
lift-off positions are stabilised near the ignition site locations and
they do not propagate towards the injection tip as observed in the
experiment.
The simulated OH distributions of the D2 cases are compared
in Fig. 11. The OH distributions predicted using the ESF model are
consistently broader and resemble the experimental observation.
The WSR model predicts physically implausible turbulent ﬂame
structures. Similarly, it is noted that the O radical distribution predicted by the ESF model is also wider than that by the WSR model.
It is expected that such differences would affect the prediction of
pollutant formation. For instance, NOx formation through the Zeldovich mechanism depends strongly on the concentrations of O
and OH radicals [79]. It is also expected that the SOx predictions
will be sensitive to the TCI models, since sulphur dioxide (SO2 )
formed (from the fuel sulphur) is subsequently oxidised to sulphur trioxide (SO3 ) through the reaction with O radicals [16] in
air-excessive heavy fuel oil combustion in marine engines.
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Fig. 9. Comparisons of temperature and combustion product proﬁles using different number of stochastic ﬁelds (a) along the spray axis and (b) downstream across the
diffusion ﬂame for the 800 K; 21% O2 case (solid line) and the 1100 K; 21% O2 case (dotted line).

Fig. 10. Comparisons of simulated ignition delay times (solid lines) and lift-off lengths (dotted lines) to the measurements [4,6] for (a) n-dodecane and (b) D2 fuels. The
simulations are performed at ambient temperatures of 900 K and 1000 K for ambient O2 of 15% and ambient density of 22.8 kg/m3 (cases 3 to 6).
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Fig. 11. Comparisons of simulated ﬂame lift-offs and OH distributions using the ESF and WSR models to the measurements [5] at the ambient temperatures of 900 K (left)
and 10 0 0 K (right). The red dotted lines in Fig. 11 represent the experimental lift-off lengths in their respective case. (For interpretation of the references to colour in this
ﬁgure legend, the reader is referred to the web version of this article).

5.1.2. Transient spray ﬂame and soot development
The transient spray ﬂame and soot development of case 4
recorded from the experiment is displayed in Fig. 12(a). The nonreacting jet boundary (marked as red solid line), which was obtained by separate shadowgraph imaging for a particular injection, is also shown on the reacting jet shadowgraph images. The
blue solid line overlaid on the shadowgraph image is the liquidphase fuel, captured by a separate high-speed imaging of the Miescattering [8]. The simulated soot volume fraction (SVF) contour
is provided in Fig. 12(b). The iso-contour in red is used to represent the fuel vapour from the separate non-reacting spray simulation (case 2, cf. Table 2), while the green and yellow iso-contours
denote the C7 H15 O2 mass fraction of 5 × 10−4 and temperature of
1300 K, respectively. The experimental premixed burn event is indicated using the Takeno’s ﬂame index (FI) [75]. Different interpretations have been suggested based on the Takeno’s FI [1,10]. Here,
a FI similar to that proposed in Refs. [76,77] is used; thus, the premixed ﬂame can be identiﬁed for both fuel-lean and fuel-rich conditions. The only difference here is that the local equivalence ratio
is used instead of mixture fraction, as shown in Eq. (15),

FI =

∇ YF · ∇ YO φ − 1
·
|∇ YF · ∇ YO | |φ − 1|

(15)

where the mass fraction of fuel, YF includes those of evaporating
species, n-heptane as well as the main fuel-rich combustion products, i.e. CO and H2 . Although Pei et al. [10] suggested that other
fuel-rich combustion products such as C2 H2 , CH4 , CH3 and CH2
have to be taken into account, a sensitivity study shows that these
species do not inﬂuence the FI proﬁle signiﬁcantly and the discussion presented later does not change with the additional consideration of the aforementioned species. In Eq. (15) the mass fraction
of the oxidiser, YO , is represented by that of O2 . In the modiﬁed
FI, −1 and 1 represent the lean premixed ﬂame and the rich premixed ﬂame, respectively. In the current work, EGR is taken into
consideration. The equivalence ratio, φ is computed as

φ=

YC,P − YC,E + YH,P − YH,E + θ (YH,P − YH,E )
[YO,P − YO,CO2 ,E − YO,H2 O,E − θ (YH,P − YH,E )](F /O )st

(16)

where Y is the elemental mass fraction. Subscripts C, H, O represent
carbon, hydrogen and oxygen atoms, respectively, while subscripts

P and E denote the composition of combustion products and EGR,
respectively. The stoichiometric fuel to oxygen ratio is represented
by (F/O)st while θ is the ratio of oxygen to hydrogen in the fuel
composition. Derivation of Eq. (16) is similar to that presented by
Zhang et al. [78] and is provided in Appendix B. In Fig. 12(b), the
purple iso-contour, which represents the modiﬁed FI of 0.9, is used
to represent the rich premixed ﬂame.
As depicted in Fig. 12, the reacting jet undergoes the lowtemperature reaction starting at about 500 through 650 μs after
the start of injection (ASI). High-temperature combustion and the
premixed burn then begin to appear at about 950 μs ASI as indicated by the expansion of the jet due to intense heat release. The
soot cloud is apparent in the experiment at approximately 1307 μs
at the downstream ﬂame front, approximately 45 mm away from
the injection tip. The soot cloud grows in size around the site of
soot onset as the combustion progresses. At about 1800 μs, the
soot cloud expands to approximately 65 mm. The transient ﬂame
and soot developments are well captured by the model.
Figure 13 depicts the SVF distribution at quasi-steady state in
the D2 cases at 900 K and 1000 K. Comparisons with the experimental results show that the spatial distribution is reasonably well
predicted by the ESF model. The experimental maximum SVF rises
by approximately ﬁve-fold as the ambient temperature is increased
from 900 K to 10 0 0 K [7]. This ratio is henceforth represented by
ζ SVF for brevity. The ζ SVF calculated by the current model is less
than two. As aforementioned, the difference in the predicted and
measured ζ SVF is attributed to the absence of aromatic kinetics in
the soot mechanism employed in this study [43].
5.2. Ambient temperature variation
This section aims to further validate the models across a wider
range of ambient temperatures at different ambient density and O2
levels using the experimental ignition delays and lift-off lengths
[2,3]. A relative error metric, η as shown by Eq. (17) is used to
characterise the overall performance of the ESF model at each temperature sweep [20].



η=

(αsim − αexp )2

αexp

· 100%

(17)

K.M. Pang et al. / Combustion and Flame 193 (2018) 363–383

375

Fig. 12. (a) Spray, ﬂame and soot developments recorded from the experiment and (b) the simulated soot volume fraction contour with iso-contours for fuel vapour (red),
C7 H15 O2 mass fraction (green), rich premixed ﬂame (purple) and temperature (yellow). (For interpretation of the references to colour in this ﬁgure legend, the reader is
referred to the web version of this article).

Here, α sim and α exp represent the simulated and experimental
ignition delay time (or lift-off length), respectively. Ignition delay
time and lift-off length computed using the WSR model are also
discussed to single out and quantify the effects of TCI.
5.2.1. Diesel combustion at low pressure, with exhaust gas
recirculation
The ﬁrst set of temperature sweep is carried out for the operating conditions of 15% O2 (i.e. with EGR) and ambient density of
14.8 kg/m3 . The ambient pressures in these cases vary from 33 bar

to 50 bar and the test cases are categorised as the low-pressure
cases. The results in Fig. 14(a) depict that the ignition delay time
prediction is dependent on the TCI. Although both ESF and WSR
models predict higher ignition delay time as compared to the measurements, the relative error for ESF is lower at 10% while that
of WSR increases to 18%. Figure 14(b) shows that the ESF model
predicts more accurate lift-off lengths for ambient temperatures of
900 K and above. In the 800 K case, the lift-off position is found
to gradually propagate upstream (towards the injector direction),
yielding an underestimated lift-off length. Yet, the relative error
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Fig. 13. Comparisons of simulated soot distributions using the ESF models (bottom) to the measurements [5] (top) at the ambient temperatures of 900 K (left) and 10 0 0 K
(right). Each iso-contour (black lines) of the simulation results represents a soot volume fraction interval of 0.5 ppm.

Fig. 14. Comparisons of simulated (a) ignition delay times and (b) lift-off lengths to the measurements [3] for ambient temperatures ranging from 800 K to 1100 K at ambient
O2 of 15% and ambient density of 14.8 kg/m3 .

across the tested ambient temperatures is lower at 13% for the ESF
model and the value increases to 17% for WSR model where TCI is
not considered.
5.2.2. Diesel combustion at low pressures, without exhaust gas
recirculation
Next, the ambient O2 level is increased to 21%, imitating the engine condition without EGR. Figure 15 displays that the TCI affects
the predictions of both ignition delay time and lift-off length. For
this temperature sweep, the relative differences of the ignition delay time and lift-off length at each tested condition remain within
30%, apart from those in the 800 K case where the relative difference are approximately 50%. The associated lift-off position is
found to gradually propagate upstream as the ambient temperature increases, which is similar to that in the 15% O2 and 800 K
case as aforementioned. In general, the relative error of ignition
delay time across the ambient temperatures predicted by the ESF
and the WSR models are 18% and 24%, respectively. As for the liftoff length, the relative error drops from 18% to 15% when the TCI
effect is taken into account.
5.2.3. Diesel combustion at high pressures, without exhaust gas
recirculation
The ambient density is increased from 14.8 kg/m3 to 30.0 kg/m3 ,
corresponding to ambient pressures varying from 68 to 93 bar.
These are characterised as the high-pressure cases. Figure 16(a)
shows that the ignition delay time calculated using ESF and
WSR methods are almost identical. The relative errors are acceptable for ambient temperature of 850 K and above. Although the
overall relative error is approximately 30%, the large relative error is mainly attributed by the difference obtained in the 800 K
case. Figure 16(b) demonstrates that the lift-off lengths in the
30.0 kg/m3 test cases predicted using the ESF model agree well

with the experimental data, while the WSR model predicts longer
lift-off lengths at all initial temperature conditions. The relative error for lift-off length predicted by the ESF and WSR models is 10%
and 22%, respectively.
In general, the trends of the ignition delay and lift-off lengths
with respect to the change of operating conditions are reasonably well reproduced. Only at the lower temperatures, the use of
the 44-species n-heptane chemical mechanism overpredicts the ignition delay and underpredicts the lift-off lengths. This observation is in line with the simulation results reported by Bolla et al.
[25] when a different TCI closure approach, the CMC model was
employed with the same mechanism for the same thermochemical
conditions.
6. Flame structures
6.1. Temperature-equivalence ratio map
Figure 17 shows scatter plots of the CFD cells in the T-φ space,
which depicts the evolution of the temperature (T) and equivalence ratio (φ ) during ignition process, ranging from the lowtemperature ignition to the quasi-steady state burning stages. In
the beginning, all the ﬂow ﬁeld remains at low T-low φ and low
T-high φ . The former represents the ambient gas region while the
latter characterises the region near the injector. Thereafter, a more
apparent rise of temperature is observed at the fuel-lean mixture.
The peak temperature reaches above 1300 K at 0.93 ms, indicating the onset of main ignition at fuel-rich mixture. The temperature of the fuel-rich mixture continues to increase and reaches
above 20 0 0 K at 1.05 ms. Soon after the onset of ignition the maximum temperature is found near the stoichiometric mixture. Here,
the classical diesel spray ﬂame proposed by Dec [80] is formed.
The intermediate-T and high-φ region in the ﬁgure denotes the
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Fig. 15. Comparisons of simulated (a) ignition delay times and (b) lift-off lengths to the measurements [3] for ambient temperatures ranging from 800 K to 1100 K at ambient
O2 of 21% and ambient density of 14.8 kg/m3 .

Fig. 16. Comparisons of simulated (a) ignition delay times and (b) lift-off lengths to the measurements [3] for ambient temperatures ranging from 800 K to 1100 K at ambient
O2 of 21% and ambient density of 30.0 kg/m3 .

fuel-rich premixed core while the outer diffusion ﬂame has a φ
value of approximately one that is shown to have a higher temperature. The evolution of the T-φ map is the same as those reported in Refs. [10,22], although the operating conditions and fuel
types are different. The evolution of the T-φ map is similar when
the WSR model is used, although the predicted ID is longer (not
shown for brevity). However, a comparison between the WSR and
ESF results at quasi-steady state shows that the region with high
maximum temperature predicted by the ESF model is broader, extending to φ of approximately 1.2. This agrees well with the observation that the OH distribution from the ESF model is broader.
Also, within the fuel-rich, intermediate temperature region, the associated equivalence ratio is higher. This corresponds well with the
shorter lift-off length and hence less air entrainment predicted by
the ESF model.

6.2. Triple ﬂames
As aforementioned, the structure of spray ﬂames under enginelike condition may vary under different conditions. Jangi et al.
[1] investigated a diesel spray ﬂame at 21% O2 , 10 0 0 K and
14.8 kg/m3 . They showed that when the ﬂame stabilisation is
reached, a triple ﬂame is formed. In the simulation of a n-dodecane
spray at 15% O2 , 900 K and 22.8 kg/m3 presented by Pei et al. [10],
it was reported that the stabilised ﬂame consists of a partially fuelrich premixed ﬂame and a diffusion ﬂame. The combustion mode
is investigated in this section.

Similar to the approach in Refs. [1,10], the modiﬁed FI is used
to indicate the combustion mode. The lean premixed ﬂame and the
rich premixed ﬂame are indicated, respectively, by black and light
grey in Fig. 18. The dark grey denotes the non-premixed mode,
where the stoichiometric mixture (represented by the green isocontour) always falls into. Apart from FI, the spatial distribution
of an intermediate combustion product, CH2 O can also be used
to indicate the development of the triple ﬂame. Joedicke et al.
[81] used the Laser induced pre-dissociation ﬂuorescence of CH2 O
to monitor the lean reaction zone. The analysis of the total heat release rate shows that the main reactions contributing to the heat
are the same in the triple ﬂame and the premixed ﬂame [82].
One of the most signiﬁcant reactions in the main reaction zone is
CH3 + O → CH2 O + H. The blue iso-contour plotted represents the
CH2 O mass fraction of 10% of the maximum value at its respective
time step. The yellow iso-contour represents chemical heat release
rate of 1% of the maximum value at its respective time step. Besides, the red iso-contour of the temperature of 200 K above the
ambient temperature is used to represent the reaction zones as
suggested by Jangi et al. [1]. The transient development of these
properties is depicted in Fig. 18.
In the initial stage, the distribution of CH2 O is wide, covering
both the fuel-lean and the fuel-rich regions. The premixed fuelrich mixture reaches the temperature above 1100 K at about 950 μs
ASI. This mixture undergoes high-temperature ignition at about
10 0 0 μs ASI, as shown by the reappearance and expansion of the
jet by more intense heat release. Soon afterwards, at 1100 μs ASI,
the CH2 O near the stoichiometric line is consumed. An apparent
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Fig. 17. Evolution of the temperature-equivalence ratio characteristics from low-temperature reaction to quasi-steady state. The black and green dots represent the ESF and
WSR results, respectively. (For interpretation of the references to colour in this ﬁgure legend, the reader is referred to the web version of this article).

triple ﬂame structure is then formed at 1200 μs ASI and remains
until 1250 μs ASI. Thereafter, the distribution of CH2 O is found to
shrink, indicating that the lean premixed ﬂame becomes weaker.
Although a lean premixed ﬂame is indicated by the FI, it could
be an artefact since it falls out of the zone with high heat release
rate. This is shown in the ﬂame at 1450 μs ASI. Such double-ﬂame
structure agrees with that reported by Pei et al. [10] who simulated
the n-dodecane spray ﬂame under the same operating condition as
aforementioned. It is worth mentioning that, the behaviour of the
triple ﬂame remains the same when a larger number of stochastic
ﬁelds are used.
The transient developments of ﬂame structures in the lowpressure cases with different ambient temperature and O2 levels
are next investigated. Figure 19 depicts the transient developments

of ﬂame structures in case 7 (800 K; 15% O2 ), case 11 (1100 K;
15% O2 ), case 12 (800 K; 21% O2 ), and case 16 (1100 K; 21% O2 ).
In terms of FI, the change of the combustion mode observed in
these cases resembles that under the Spray A condition. At high
temperatures of 1100 K, it is noticed that the lean premixed ﬂame
or CH2 O shrinks faster. The lean premixed ﬂame and CH2 O disappear within approximately 400 μs and 300 μs after their respective
ignition time in the 15% and 21% O2 cases, respectively. At the low
initial temperature of 800 K, the triple ﬂame remains for a longer
time duration. For instance in the 800 K and 15% O2 case, the
triple-ﬂame structure is still observed at approximately 1 ms after
the ignition time. This can be attributed to the CH2 O chemistry.
At higher temperatures, the reactions of CH2 O + M → HCO + H + M
(where M is the species involved in third-body collision) and then
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H + O2 → OH + O are more active [83]. The CH2 O is consumed and
OH is formed within the diffusion ﬂame. These observations are
similar in cases 17 and 22, where the ambient density increases to
30.0 kg/m3 .

6.3. Transport budgets

Fig. 18. Transient developments of ﬂame structures computed using the ESF model
for the 22 kg/m3 ; 900 K; 15% O2 condition. (For interpretation of the references to
colour in this ﬁgure, the reader is referred to the web version of this article).

The mechanism on the ﬂame stabilisation is now investigated following an analysis proposed by Gordon et al. [84], based
on comparisons of transport budget terms in the Favre-averaged
species governing equations. The comparison of transport budgets [84] is carried out for the results obtained using 32 stochastic ﬁelds. The diffusion term is mainly governed by the turbulent diffusivity while the reaction rate is computed as Eq. (3) as
aforementioned.
The results show that near the lift-off position, the reaction
rate of OH is consistently much higher than the diffusion term,
indicating that the ﬂame is stabilised by the auto-ignition process (not shown). This agrees with the ﬁndings from the literature
[10,38]. Similar to the transport budgets of OH, the reaction rates
of CO2 are consistently much higher than the diffusion rates near
the lift-off position (see Fig. 20). The results show that the ambient O2 level has a greater effect on the reaction rate than the
ambient temperature does near the lift-off positions, where the
peak reaction rates in both 21% O2 cases are approximately twofold higher than those in the 15% O2 cases. On the other hand,
the rates of diffusion and reaction are in the same order of magnitude downstream, indicating the existence of the diffusion ﬂame.
The rates of diffusion and reaction in the 1100 K cases are higher

Fig. 19. Transient developments of ﬂame structures computed using the ESF model for (a) 800 K; 15% O2 , (b) 800 K; 21% O2 , (c) 1100 K; 15% O2 and (d) 1100 K; 21% O2
conditions in the low-pressure cases.
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7. Concluding remarks

Fig. 20. Comparisons of the convection, diffusion and the reaction terms of CO2 for
(a) 800 K; 15% O2 , (b) 800 K; 21% O2 , (c) 1100 K; 15% O2 , and (d) 1100 K; 21% O2
conditions in the low-pressure cases.

than those in the 800 K cases across the diffusion ﬂames; while
for the different ambient O2 levels, the peak values are relatively
close.

The Eulerian based probability density function (PDF) method
has been validated for a wide range spray combustion conditions relevant to modern diesel engines. This method provides an
alternative to Lagrangian particle PDF methods. The beneﬁts of
transported PDF methods are retained yet the complications of Lagrangian particle PDF methods can be avoided [22,50,51]. Here, the
Eulerian Stochastic Field (ESF) model has been coupled with the
Chemistry Coordinate Mapping (CCM) method to simulate autoignition and combustion of turbulent spray ﬂames under a wide
range of engine-relevant thermochemical conditions at an expedited calculation. A skeletal mechanism consisting of 44 species is
used as the diesel surrogate fuel model. A comprehensive convergence study was carried out for the number of stochastic ﬁelds,
nsf . The performance of the model is ﬁrst evaluated based on ignition delay time, lift-off length and ﬂame structure under the Spray
A condition. It is noticed that although the use of 8 stochastic
ﬁelds predicts reasonable ignition delay time and lift-off lengths,
the associated ﬂame structures are different from those predicted
using 16, 32, 64 and 128 stochastic ﬁelds. The 16, 32 and 64
stochastic ﬁelds are then used in the extended convergence study.
The ignition delay time and lift-off length predicted using 16 and
32 stochastic ﬁelds are found reasonably close to those of higher
number of stochastic ﬁelds. The temperature and species concentration ﬁelds predicted using 32 stochastic ﬁelds are found to converge, where the relative difference remains within 27%. For other
conditions where the ambient oxygen (O2 ) level is higher at 21%
and the ambient temperature is higher at 1100 K, the relative error
calculated using the 32 stochastic ﬁelds has a maximum value of
4%. The convergence achieved by 32 stochastic ﬁelds agrees with
the nominal number of PDF particles per ﬁnite-volume cell of 30
used by Bhattacharjee and Haworth [22], which was selected based
on lift-off length results from convergence studies.
Numerical results from the ESF model with 32 stochastic ﬁelds
are further compared with the Engine Combustion Network (ECN)
experimental data of n-dodecane and diesel fuels collected under
the Spray A condition. The ESF results are also compared with
those from a locally Well-Stirred Reactor (WSR) model, where turbulent ﬂuctuations in composition and temperature about their
local mean values are neglected. This aims to isolate and quantify the effects of turbulence–chemistry interaction (TCI). When the
ESF is used as the TCI closure approach, predictions of both ignition delay times and lift-off lengths are improved. Besides that, the
ESF model also predicts a broader hydroxyl radicals (OH) distribution that resembles the experimental observation while the WSR
model produces physically implausible turbulent ﬂame structures.
The simulated transient ﬂame and soot development also agree
with the measurements.
The model validation is then extended using measured ignition
delay times and lift-off lengths recorded for the diesel fuel across
a wider range of ambient temperatures at different ambient oxygen concentration and pressure levels. TCI is found to have greater
effects on ignition delay time prediction in cases with low pressure. The computed ignition delay times from the WSR and ESF
models are similar in the high-pressure cases. Besides that, the liftoff lengths predicted by the ESF model are in general more accurate than those from the WSR model, with the relative error of
lift-off length from the ESF model remains below 15% for all the
tested conditions. A lower relative error can be expected when the
predictions of lift-off lengths in the low-pressure, low-temperature
(below 900 K) cases are improved. On the contrary, the relative errors of lift-off lengths predicted by the WSR model vary from 17%
to 22%. The thermochemical conditions examined here cover those
of light–duty, heavy–duty and marine diesel engines.
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Analyses based on ﬂame index and formaldehyde distribution
are performed for the Spray A condition to investigate the spray
ﬂame structure. It is noticed that a triple ﬂame forms in the earlier stage of the combustion phase but it weakens. A doubleﬂame structure, consisting of a diffusion ﬂame and a rich premixed
ﬂame is observed as combustion progresses. The pattern is similar
for cases with higher ambient temperature, despite the different
ambient pressures and/or ambient O2 levels. The life span of the
lean premixed ﬂame is, however, shorter for the higher ambient
temperature cases. On the other hand, at the ambient temperature of 800 K, the triple ﬂame remains for a longer time period.
For instance in the 800 K and 15% O2 case, the triple-ﬂame structure is still observed at approximately 1 ms after the ignition time.
The triple ﬂame behaviours remain the same at higher ambient
pressures.
The transport budget shows that the reaction rates of OH and
CO2 are consistently much higher than their diffusion rates near
the lift-off position in all test cases, indicating that the ﬂames are
stabilised by the auto-ignition process. It is also noticed that the
ambient O2 level has a greater effect on the reaction rate than the
ambient temperature does near the lift-off positions. On the other
hand, the rates of diffusion and reaction are in the same order of
magnitude downstream, indicating the existence of the diffusion
ﬂame.
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The mass fraction of material that is originated from the fuel is

YF = YC,F + YH,F + YO,F

(2)

In combustion, the elements are conserved and this the carbon,
hydrogen and oxygen element mass fraction in the products are
the same as those before the reaction. However, the carbon, hydrogen and oxygen elements from the EGR need to be taken into
account when determining the local equivalence ratio. We know
the C and H element mass fractions from the EGR. They are denoted YC,E and YH,E , respectively.

YC,F + YC,E = YC,P
YC,F = YC,P − YC,E

(3)

YH,F + YH,E = YH,P
YH,F = YH,P − YH,E

(4)

YO,F + YO,A + YO,E = YO,P

(5)

Assume that the element mass ratio of O to H in the fuel is θ ,

YO,F = θ YH,F
= θ (YH,P − YH,E )

(6)

Substitute Eqs. (3), (4) and (6) into Eq. (2), we get

YF = YC,P − YC,E + YH,P − YH,E + θ (YH,P − YH,E )
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Appendix A

(7)

The mass fraction of material that is originated from the
oxygen is

YO2 = YO2 ,A + YO2 ,E

(8)

For Eq. (5), the total mass fraction of O element in the air is
originated from oxygen,

YO,A = YO2 ,A

(9)

while the total mass fraction of O element in EGR come from O2 ,
CO2 and H2 O

YO,E = YO2 ,E + YO,CO2 ,E + YO,H2 O,E

(10)

Based on Eqs. (6), (9) and (10), Eq. (5) can be re-written as

YO2 ,A + YO2 ,E = YO,P − YO,CO2 ,E − YO,H2 O,E − θ (YH,P − YH,E )

(11)

Substitute Eqs. (7) and (11) into Eq. (1), the local equivalence
ratio is

φ = [(YC,P − YC,E + YH,P − YH,E + θ (YH,P − YH,E )]/
{[YO,P − YO,CO2 ,E − YO,H2 O,E − θ (YH,P − YH,E )](F /O )st }
(12)
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