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a b s t r a c t
We introduce an iterative Brinkman penalization method for the enforcement of the no-slip
boundary condition in remeshed vortex methods. In the proposed method, the Brinkman
penalization is applied iteratively only in the neighborhood of the body. This allows for
using signiﬁcantly larger time steps, than what is customary in the Brinkman penalization,
thus reducing its computational cost while maintaining the capability of the method to
handle complex geometries. We demonstrate the accuracy of our method by considering
challenging benchmark problems such as ﬂow past an impulsively started cylinder and
normal to an impulsively started and accelerated ﬂat plate. We ﬁnd that the present
method enhances signiﬁcantly the accuracy of the Brinkman penalization technique for
the simulations of highly unsteady ﬂows past complex geometries.
© 2014 Elsevier Inc. All rights reserved.

1. Introduction
Direct Numerical simulations of bluff body ﬂows using remeshed vortex methods have been traditionally associated with
the computation of the vorticity ﬂux, via boundary element methods (BEM), for the enforcement of the no-slip boundary
condition [1]. In this context, the no-slip boundary condition is enforced in a fractional step algorithm. First, the no-through
ﬂow boundary condition is enforced by solving the potential ﬂow problem using a vortex sheet, which is equivalent to a
tangential slip velocity at the solid surface. The vortex sheet is then translated into a vorticity ﬂux in order to enforce the
no-slip boundary condition [2].
The particle velocity can be computed by solving the Poisson equation [1,3,4] using the Fast Multipole [5] or mesh
based method (as in vortex-in-cell algorithms [6]). A combination of the boundary element method and the vortex-in-cell
[6] method was presented in [7] using a particle–particle particle–mesh (P3 M) algorithm [8] to correct the vortex-in-cell
method with the vorticity obtained from the BEM.
The distortion of the particle locations can render vortex methods inaccurate. In order to remedy this problem, remeshing
was introduced [1,9] to regularize the particle locations. In remeshed vortex methods particles are advected with the velocity
of the ﬂow ﬁeld. When particle locations get distorted their strength is interpolated onto mesh nodes, which become the
particles to be advected in the next iteration. The Poisson equation as well as the viscous terms can be computed during
remeshing [10] or after the remeshing step, using ﬁnite difference operators.
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In remeshing, particle–mesh interpolations are computationally eﬃcient by employing Cartesian grids [9] and interpolation functions that are tensorial products. The drawback of using a Cartesian mesh is that during remeshing spurious
vorticity can be introduced in the interior of the body. A remedy is to use locally one-sided interpolation or body ﬁtted
grids [1,11,12]. However both of these approaches have limited applicability. In order to overcome this diﬃculty for complex, deforming geometries, in recent years a number of efforts have combined the Brinkman penalization techniques [13,
14] with remeshed vortex methods [15–19]. These simulations have demonstrated the capability of the penalization method
to produce results in good agreement with benchmark simulations. A major drawback of these methods however, is that
they impose a stringent time step on advancing the ﬂow ﬁeld to accurately capture vorticity generation at the boundary.
Here we propose a remedy to this situation by using an iterative scheme that ensures the accurate generation of vorticity
at the boundary within each time step of the penalty method. We demonstrate the improvement in accuracy over the
classical method, using a number of challenging benchmark problems, such as ﬂow past an impulsively started cylinder and
normal to a thin ﬂat plate.
The paper is structured as follows: We introduce the governing equations and numerical discretization in Sections 2–4,
followed by simulations (Sections 5–8) of the ﬂow past an impulsively started cylinder at Re = 9500, the impulsively started
ﬂow normal to a ﬂat plate at Re = 1000, the impulsively started ﬂow at a 45 degree angle to a ﬂat plate at Re = 1000, and
the ﬂow normal to a uniformly accelerated ﬂat plate with an acceleration-based Re = 16.8 × 105 . We conclude by discussing
the advantages of the present method over the classical penalization techniques.
2. Governing equations and numerical method
The velocity-vorticity form of the two-dimensional Navier–Stokes equations can be expressed in a Lagrangian frame as:

dx
dt

Dω

= u and

= ν ∇ 2 ω.

Dt

(1)

where ν is the kinematic viscosity, and the vorticity ω is deﬁned as the curl of the velocity ﬁeld
ﬁeld u can be represented by a Helmholtz decomposition

u = ∇ × ψ + ∇φ

ω = ∇ × u. The velocity
(2)

where ψ is the stream function and φ is the velocity potential. For an incompressible ﬂow (∇ · u = 0) the stream function
can be obtained by solving a Poisson equation:

∇ 2 u = −∇ × ω.

(3)

We discretize the governing equations using the remeshed vortex method [9]. The right-hand-sides of Eqs. (1) are evaluated by ﬁrst interpolating the strength of the particles (denoted by sub-script p) to a uniform Cartesian mesh (denoted by
sub-script m) by

ωm =

N




ωp W

x p − xm


(4)

.

δx

p

Here W (x) is the interpolation kernel and δ x the grid spacing of the mesh. In the present work a fourth order B-spline
kernel is used: W (x) = M 4 (x) M 4 ( y ) which results in a third order accurate interpolation, where

⎧0
for 2 < |x|
⎪
⎪
⎨ 1 (2 − |x|)2 (1 − |x|) for 1 < |x| ≤ 2
M 4 (x) = 2
2
3
⎪
⎪
⎩ 1 − 5|x| + 3|x|
for |x| ≤ 1
2

(5)

2

We solve the Poisson equation for the velocity (Eq. (3)) using the high order Poisson solver recently proposed by Hejlesen
et al. [20]. Hence, the velocity is obtained using Fast Fourier Transforms (FFTs) on the mesh

uψ = K ∗ ω

u ψ = K ω.

and

(6)

where K = − 2π1|x|2 x× is the standard, singular Green’s function solution to Eq. (3), ∗ denotes convolution, and · the Fourier
coeﬃcients. Free-space boundary conditions are enforced by zero padding the domain [21,22].
The high order method [20] consists of re-sampling the singular kernel (K ) using a high order ﬁlter/smoothing. In the
present study we employ the 4-th order kernel function given by

K  ( x) = −
where

1
2π |x|2





1− 1−

| x |2
2 2




exp

−|x|2
2 2

 is the smoothing length scale, here  = 2δ x.

 

y

−x


(7)
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Fig. 1. Schematic of the computational domain. (a) The solid is discretized onto the Cartesian grid by penalizing the mesh cells (S) that fall inside the solid
surface (black curve). F denotes the ﬂuid region. The • mark the center of the mesh cells. (b) The iterative penalization annihilates the residual velocity (v0 )
through the creating of image vorticity ξ . The iteration requires solution of the Poisson equation and is performed on the minimal “penalization domain”
surrounding the solid.

3. Brinkman penalization of incompressible viscous ﬂow
The penalization method enforces the no-slip boundary condition on the surface of a body in an incompressible ﬂow
[13] by introducing a source term localized around the surface of the body. The velocity of the ﬂow u is modiﬁed by the
penalization term as:

∂u
= λ χ (v − ũ ) .
∂t

(8)

where v denotes the velocity of the body and ũ denotes the velocity ﬁeld of the ﬂow prior to penalization i.e. from the
solution of Eq. (3). The penalization parameter λ has units of reciprocal time and is equivalent to a porosity of the body.
We denote by χ the characteristic function which deﬁnes the region of active penalization

χ=

1

x ∈ S,

0

x ∈ F.

(9)

Here S denotes the mesh cells occupied by the solid and F the mesh cells occupied by the ﬂuid cf. Fig. 1.
Hence the velocity ﬁeld obtained from the non-penalized governing equations is corrected with the penalization term
which can be evaluated independently. Using an Euler time integration scheme for Eq. (8), the correction can be evaluated
either explicitly or implicitly by [15]

u exp = ũ + λδt χ (v − ũ ) or

u imp =

ũ + λδt χ v
1 + λδt χ

,

(10)

respectively.
Previous implementations of the Brinkman penalization in the remeshed vortex method [16–18] reports the need for a
molliﬁed characteristic function. In this work we do not mollify explicitly the characteristic function as the velocity ﬁeld is
ensured to be suﬃciently smooth (u ∈ C 2 ) by the use of the high order Poisson solver [20] cf. Section 2. Thus we avoid
having to impose an additional molliﬁcation of the ﬂow ﬁeld close to the solid interface.
The penalization term can be expressed in the vorticity formulation [14] as:

∂ω
= ∇ × λχ (v − ũ )
∂t

(11)

which is obtained by recalculating the vorticity from Eq. (2) using the penalized velocity of Eq. (10).
The vorticity form of the penalization can be implemented either by an implicit [15,16,18] or explicit evaluation [17] of
the velocity. Rasmussen et al. [17] furthermore introduced a semi-implicit method by choosing the penalization parameter
λ = 1/δt. In this way the expression may be viewed as simple interpolation between the velocity ﬁelds v and ũ cf. [17],
thus

u = (1 − χ )ũ + χ v.

(12)

The explicit Euler method enforces a stability constraint on the product of the time step δt and the penalization parameter λ.
A stability analysis gives the region of absolute stability as 0 ≤ λδt ≤ 2. Thus we may generalize the method of Rasmussen
et al. [17] by using λ = α /δt, which is subject to the constraint of 0 ≤ α ≤ 2. For this generalization we obtain

u = (1 − αχ )ũ + αχ v

and

u − ũ = αχ (v − ũ ).

(13)

It was pointed out by Rasmussen et al. [17] that replacing the vorticity ﬁeld by the ﬁnite difference evaluation of Eq. (2)
introduces additional numerical diffusion of the vorticity ﬁeld. To avoid this, the local correction of the vorticity ﬁeld can
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be added to the vorticity ﬁeld rather than replacing it by the curl of the penalized velocity ﬁeld as in Eq. (2). In the present
work, we update the vorticity using the expression



ω = ω̃ + ∇ × (u − ũ ) = ω̃ + α ∇ × χ (v − ũ ) .
Here

(14)

ω̃ denotes the non-corrected vorticity ﬁeld prior to the penalization.

4. An iterative Brinkman penalization method for incompressible viscous ﬂow
We remark that while the velocity ﬁeld is related to the vorticity through the elliptic Poisson equation, the penalization
introduces only a local relation between velocity and vorticity. This inconsistency can be attributed to the non-consistent
handling of the ﬂow kinematics and the no-through ﬂow boundary condition by the classical Brinkman penalization technique.
Here we propose to compute the vorticity ﬁeld from the penalty term and use it in turn to compute an updated velocity
ﬁeld, solving the corresponding Poisson equation. We iterate this process so that we enforce the necessary kinematic consistency of the ﬂow. The proposed iterative Brinkman penalization requires solving the Poisson equation a number of times
for each time step. In the following we will show that this cost can be reduced by solving the Poisson equation only on a
subset of the computational domain and by distinguishing between the vorticity of the ﬂow ﬁeld and the vorticity generated
by the penalization.
In the penalized region, after each time step the velocity ﬁeld computed by the ﬂow solver ( ũ) may not comply with
the imposed velocity ﬁeld in the body (v). We compensate for this error through an iterative procedure that computes a
vorticity ﬁeld (ξ ) that induces a velocity ﬁeld (u ξ ) such that:

χ (ũ + u ξ ) = χ v

→

χ u ξ = χ (v − ũ ) = χ v0

(15)

where v0 = v − ũ is the velocity that needs to be penalized in order to enforce the given velocity v within the penalized
region. The velocity v0 can be calculated outside the iterative loop after which it suﬃces to solve the unbounded Poisson
equation (cf. Section 2) in a small domain bounding the geometry cf. Fig. 1(b). The domain extends slightly beyond the
geometry to ensure that the applied numerical schemes used to calculate the penalization vorticity are fully supported on
the mesh. For the results presented in this manuscript we use a second order ﬁnite difference scheme. In this way the
computational work of the iterative penalization is signiﬁcantly reduced as it becomes independent of the extent of the full
vorticity ﬁeld.
We evaluate the convergence of the iteration by measuring the total penalization force. From Eq. (8) it is seen the total
aerodynamic force is given by the volume integral of the penalization term



Du

F = −ρ

Dt



dV = −ρ

V

λχ (v − ũ ) dV

(16)

V

which in case of λ = α /δt becomes



F = −ρα

χ

v − ũ

δt

(17)

dV .

V

The ﬂow induced forces can alternatively be calculated by the temporal change in the vorticity moment of the ﬂow cf.
Wu [23]

F = −ρ

d



x × ω dV .

dt

(18)

V

Again we make use of the decomposition of the vorticity ﬁeld and notice that the force can be calculated by only
considering the penalization vorticity

F = −ρ

d



x × ξ dV

dt

(19)

V

which for the iterative penalization can be written as a sum of the force contributions (δ F k ) from the penalization vorticity
generated (δξ k ) in each iteration step k:

F=

N it

k =1

δF

k

k

where δ F = −ρ

1


x × δξ k dV .

δt

(20)

V

A convergence criteria can thus be stated as δ F k / F k  < ε where ε is the relative tolerance of the penalization force.
For the present study emphasis is placed on force comparison for the different ﬂow cases and where we have used the
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Fig. 2. Outline of the iterative Brinkman penalization algorithm.

normalized change in the force as a natural criteria of convergence. Alternatively, we propose another convergence criteria
based on the normalized change in enstrophy E of the penalization vorticity

|E k − E k − 1 |
< ε where E k =
Ek



ξ k · ξ k dV .

(21)

V

This criteria has the beneﬁt of being a measure of the norm and is thus formally better suited as a convergence criteria.
Similarly, a norm measure of the residual velocity inside the penalization region may also be chosen as the convergence
criteria. The residual velocity however, is not a suitable convergence criteria for the investigating of impulsively started ﬂow
as we will show later in Section 5. An outline of the iterative penalization algorithm is shown in Fig. 2.
We emphasize that the penalization force evaluated by Eq. (17) or Eq. (20) is based on the Euler time integration scheme
and is thus inherently ﬁrst order accurate. Due to this, a deviation may be seen from the force calculated by Eq. (18) if a
higher order time integration is used to evolve the particle vorticity cf. Eq. (1). In the presented results we use an Euler
scheme to evolve the particle vorticity (Eq. (1)) whereas the trajectory of each particle is evaluated using the mid-point
2nd order Runge–Kutta scheme. In this way, the forces calculated by Eq. (18) and Eq. (20) are consistent. Simulations were
also made with higher order schemes for both equations in Eq. (1) (not shown). Here it was observed, that the forces
calculated by the overall vorticity moment produced results in excellent agreement with the results presented in Sections 5,
6, and 8. The penalization forces calculated by Eq. (20) showed a poor agreement for the respective time steps used in the
simulations, however convergence was observed towards the forces calculated by the overall vorticity moment when the
time step was reduced.
The α -parameter is used to relax the incrementation of the penalization vorticity such that

ξ + α δξ = (1 − α )ξ + α (ξ + δξ ).

(22)

Thus, as the penalization is implemented iteratively until the penalization force is converged, the penalization parameter
λ = α /δt is no longer a measure of porosity but serves as a relaxation factor. As observed, in Section 5, using 1 < α ≤ 2 can
reduce the number of iterations needed for the convergence of the residual penalization force.
We ﬁnd that the number of iterations needed to satisfy the convergence criteria can be reduced by initially removing a
large part of the image vorticity from the previous time step. Practically, the vortex particles inside the penalization region
which do not contribute to the vorticity ﬁeld outside the penalization region are discarded prior to interpolating the particle
vorticity onto the mesh by Eq. (4). Thus, for the M 4 interpolation kernel in Eq. (5), particles located more than two cell
lengths inside the penalization region (equal to the stencil of the interpolation kernel) are removed. This ensures that the
vorticity ﬁeld outside the penalization region remains unaltered and the smoothness of the vorticity ﬁeld, which is essential
for the linear superposition of the vorticity. It is further noted that removing the image vorticity is in fact in accordance
with the non-uniqueness of image vorticity cf. [24].
The solution obtained by the penalization is not subjected to any further constraint than that given by the velocity
ﬁeld. This does not ensure a conservation of circulation, and furthermore, the convergence towards a unique solution is not
evident. For the ﬂow cases presented in this study no further constraint was needed as the required vorticity moments were
observed to be well satisﬁed by the applied penalization method. Previous studies of the vorticity based penalization method
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[15,16,18,17] do not report on the need to satisfy the vorticity moments explicitly. However, by applying the iterative
penalization method and thereby gaining a stronger coupling of the degrees of freedom, might raise the need for an explicit
handling of the conservation of the vorticity moments. We note that an additional constraint of the penalization method
e.g. from the Kelvin circulation theorem can be easily implemented in the current algorithm for the iterative penalization.
This can be done by continuously including any residual of the total vorticity ﬁeld i.e., the zeroth moment, in the calculation
of the penalization vorticity by distributing the residual vorticity onto the interior cells for each penalization iteration.
5. Impulsively started ﬂow past a circular cylinder at Re = 9500
In this section we compare the new iterative penalization with the classical non-iterative explicit penalization method
for the benchmark case of the impulsively started ﬂow past a circular cylinder at Re = 9500. The Reynolds number, the
non-dimensional time, and the drag coeﬃcient for this case are deﬁned by

Re =

DU ∞

ν

,

t∗ =

tU ∞
D

,

and

CD =

2F · e x
U∞ D

(23)

where D is the diameter of the cylinder. In order to compare with the BEM based vortex method of Koumoutsakos and
Leonard [1] the simulation is performed with the time step size used in [1] of δt ∗ = δtU ∞ / D = 5 · 10−3 and a spatial
resolution given by the cell length of δ x/ D = 1/512.
Fig. 3 shows the calculated streamlines and vorticity contours for the impulsively started ﬂow past the circular cylinder
at early times. The iterative penalization method is compared to that obtained by the non-iterative penalization method
showing a clear difference between the two. The inherent problem of the non-iterative penalization method is best illustrated by the streamlines for t ∗ = 0. Here it is observed that the non-iterative penalization method fails to deﬂect the ﬂow
ﬁeld around the cylinder, whereas the ﬂow penetrates the solid boundary and remains active within the penalized region.
For the iterative penalization the ﬂow is deﬂected from the ﬁrst time step and the ﬂow remains at rest within the cylinder
as time progresses. At later times the two ﬂow ﬁelds become more similar as the non-iterative penalization method eventually succeed in deﬂecting the ﬂow around the cylinder. However, a clear difference is observed for the location and shape
of the vortical structures that are generated on the cylinder boundary.
The calculated drag force for the iterative penalization method using different convergence criteria are compared to the
non-iterative penalization method in Fig. 4. It is seen that by using the iterative penalization method it is possible to obtain
results in good agreement with the BEM based method [1], whereas the non-iterative method fails to produce a similar
result with the chosen time step. It is seen in Fig. 4 that a signiﬁcantly improved result is obtained even for large residual
forces such as ε = 10−1 and ε = 10−2 which are achieved in O (1) and O (10) iterations, respectively cf. Fig. 5(a). It is
also noticed that the results for the iterative penalization show a consistency when the residual force ε < 10−3 . Moreover,
Fig. 5(a) shows that the number of iterations used to reach the convergence criteria can be increased or decreased by
choosing an under-relaxation (0 < α < 1) or an over-relaxation (1 < α ≤ 2), respectively. The resulting drag force for different
values of α (not shown) is observed to vary within the range of the speciﬁed tolerated residual force ε .
Fig. 5(b) demonstrates that the number of iterations can be reduced by removing a part of the image vorticity as described in Section 4. Here, the number of iterations is approximately constant through the simulation, and consistent with
the number of minimum iterations required when preserving the image vorticity cf. Fig. 5(a). We observe that the number
of necessary iterations can change over different time steps when the residual velocity in the penalization region changes
signiﬁcantly relative to the threshold allowed by the convergence criteria. This is observed in Fig. 5(b) for the simulation
using α = 0.5 and ε = 10−1 , and was also observed for all simulations using α = 2 and/or ε = 10−4 which are omitted
from Fig. 5(b) due to erratic behavior. The variability on the number of penalization iterations is also present in the calculated force (not shown). However, by choosing a lower value of the relaxation factor (α ), the rate-of-change of the residual
velocity in the penalization region decreases, making the total residual velocity less varying between time steps.
The drag force which was obtained by the method, when removing image vorticity (not shown) was observed to be
qualitatively equal to that obtained by the method, when the image vorticity was preserved (cf. Fig. 4). This supports the
notion that the image vorticity is not unique, and that the iterative penalization in the present case indeed converges
towards a unique external ﬂow solution for different initial conditions.
For the computational domain shown in Fig. 3, the additional cost of doing one penalization iteration in the present
remeshed vortex method is less than 1% of the total cost of a time step. Comparing with the number of penalizations
used to achieve convergence cf. Fig. 5(a) for α = 1, the additional work at t ∗ = 3.0 can be estimated to approximately 3%,
6%, 11%, and 54% for the tolerances ε = 10−1 , 10−2 , 10−3 , and 10−4 , respectively. For the circular cylinder, using a spatial
resolution of δ x/ D = 1/512 the iterative penalization requires ca. 430 ms per iteration on a single core 2.40 GHz Intel
Core 7. The corresponding resolution for the BEM [25–27] involves ca. 3800 panels, and the linear solver here requires ca.
23 ms. However, as the BEM scales with the number of surface elements squared and the penalization method with the
volume of the solid body, this result cannot be generalized to other cases in two or three dimensions.1

1
A Fortran version of the iterative penalization for the impulsively started ﬂow past the circular cylinder is available online at: www.student.
dtu.dk/~jhwa/plate/source.tar.gz.
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Fig. 3. Comparison of the streamlines (left) and vorticity contours (right) obtained by non-iterative penalization (red), and iterative penalization (blue) for
an impulsively started ﬂow past a circular cylinder. Vorticity contours are ±2i where i = {4, 5, 6, 7}. (For interpretation of the references to color in this
ﬁgure legend, the reader is referred to the web version of this article.)

The residual velocity inside the penalization region is now investigated by deﬁning the global penalization error e 2 and
the maximum local penalization error e ∞ by:




1 1
e2 =

U∞
A



χ v − u 2 d A and e∞ =
A

1
U∞



χ v − u 

max

(24)

In Fig. 6(a) the time history of e 2 and e ∞ is shown for different tolerances. Both the global and the maximum local residual
velocity are reduced by decreasing the convergence criteria of the penalization force. A convergence criteria based on the
residual velocity appears to require more iterations at early time (t ∗ < 0.02) than the force criteria. However, as the ﬂow
ﬁeld and the aerodynamic force appear to have converged for all tolerances investigated in Fig. 4(a) we apply the force
criteria with  = 10−3 in the remaining cases.
Related work [16,17] have shown that an equally good agreement with the results of Koumoutsakos and Leonard [1]
can be obtained using the standard non-iterative penalization however at a non-dimensional time step size of 10−4 which
is 50 times smaller than that used by the iterative penalization as well as in the reference work [1]. The eﬃciency of
the non-iterative penalization method is therefore relying on the time step size being much smaller than the physical
development of the ﬂow. On this ground, we remark that the non-iterative penalization method is unable to produce
accurate simulations of impulsively started ﬂow.
The inability of the non-iterative penalization method to simulate the early phase of impulsively started ﬂow is illustrated in Fig. 6(b). The predicted vortex sheet is compared with the analytical potential ﬂow solution, demonstrating that
the non-iterative penalization method strongly under-predicts the strength of the vortex sheet at t ∗ = 0. It is noted that
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Fig. 4. The calculated drag coeﬃcient of the impulsively started ﬂow around a cylinder at Re = 9500. (a): Comparison of the iterative penalization converged
at a residual force of ε = 10−1 (cyan), ε = 10−2 (red), ε = 10−3 (blue), and ε = 10−4 (green), the non-iterative penalization (violet), and the results of
Koumoutsakos and Leonard [1] (black). (b): Enlargement of the calculated drag coeﬃcient from t ∗ = 2.0 to 3.0. (For interpretation of the references to color
in this ﬁgure legend, the reader is referred to the web version of this article.)

Fig. 5. The number of iterations used to reach convergence for the impulsively started ﬂow past a cylinder at Re = 9500. Using a relaxation factor of: α = 0.5
(dotted lines), α = 1.0 (full lines), α = 2.0 (dashed lines), and a residual force of: ε = 10−1 (cyan), ε = 10−2 (red), ε = 10−3 (blue), and ε = 10−4 (green).
(a): Iterative penalization when conserving the image vorticity of previous time steps. (b): Iterative penalization when discarding the image vorticity before
each time step. (For interpretation of the references to color in this ﬁgure legend, the reader is referred to the web version of this article.)

Fig. 6. (a) The global penalization error e 2 (full line) and the maximum local penalization error e ∞ (dashed line) during the simulation of the impulsively
started ﬂow past a cylinder using a residual force convergence criteria of: ε = 10−1 (cyan), ε = 10−2 (red), ε = 10−3 (blue), and ε = 10−4 (green), and a
relaxation factor of α = 1.0. (b) The calculated vortex sheet at t ∗ = 0 for the non-iterative penalization method (red) and the iterative penalization method
(blue) compared to the exact vortex sheet for the potential ﬂow −2 sin θ (black). (For interpretation of the references to color in this ﬁgure legend, the
reader is referred to the web version of this article.)

due to the speciﬁc geometry, the non-iterative penalization method will create the correct vortex sheet by choosing an
over-relaxation factor α = 2. Doing so has been observed in the present study to give reasonable results, however this is
only due to the special geometrical situation and does not apply to the general case.
In Fig. 7 the resulting surface vorticity is shown for the iterative and non-iterative penalization method and compared
to the results of Koumoutsakos and Leonard [1]. In the present study, the surface vorticity is obtained by interpolating the
particle vorticity onto a polar mesh. The polar mesh has a radial discretization equal to the smoothing radius ( = 2δ x),
and a tangential discretization of 300 mesh cells. It is seen that the iterative penalization method again obtains a surface
vorticity which is in good agreement with the results of Koumoutsakos and Leonard [1], whereas a larger deviation is
observed with the non-iterative penalization method.
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Fig. 7. The angular (θ ) distribution of the surface vorticity of the circular cylinder at Re = 9500 for the non-iterative, penalization (red) and the iterative
penalization (blue) compared to the results of Koumoutsakos and Leonard [1] (black). (a): t ∗ = 0.2 (b): t ∗ = 0.6 (c): t ∗ = 0.9 (d): t ∗ = 1.0 (e): t ∗ = 1.3
(f): t ∗ = 1.6. (For interpretation of the references to color in this ﬁgure legend, the reader is referred to the web version of this article.)

6. Impulsively started ﬂow normal to a ﬂat plate of ﬁnite thickness at Re = 1000
As mentioned earlier, the penalization method alone does not enforce a global correction of the ﬂow ﬁeld. A consequence
of this is an inherent delay in producing proper surface vorticity to enforce the no-through boundary condition. Hence the
ﬂow normal to a ﬂat plate presents a particularly diﬃcult test case for the penalization method. For the impulsively started
ﬂow normal to a ﬂat plate the Reynolds number, non-dimensional time, non-dimensional plate thickness, and the drag
coeﬃcient are deﬁned as

Re =

LU ∞

ν

,

t∗ =

tU ∞
L

,

H∗ =

H
L

,

and

CD =

2F · e x
U∞L

(25)

where L and H denotes the length and thickness of the plate, respectively. In this section we will investigate the ﬂow
normal to the ﬂat plate at a Reynolds number of Re = 1000.
The penalization method evidently requires a ﬁnite thickness of the geometry relative to the mesh cell length. In this
section we present simulations for plate thickness of H ∗ = 1/50, 1/100, and 1/200 which, by using a spatial resolution
of δ x/ L = 1/400, corresponds to a plate thickness of 8, 4 and 2 cell lengths, respectively. Here the boundary is located
between two mesh cells in order to ensure that the effective thickness of the simulated penalization corresponds to the
speciﬁed plate thickness. The time step size is chosen as δt ∗ = δtU ∞ / L = 10−3 in order to show the comparability of the
method to that of Koumoutsakos and Shiels [11] who presented particle vortex method simulation using a BEM for an
inﬁnitely thin plate. For the iterative penalization method the tolerance of the residual force was set to ε = 10−3 and a
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Fig. 8. Comparison of the streamlines (left) and vorticity contours (right) obtained by non-iterative penalization (red), and iterative penalization (blue) for
an impulsively started ﬂow normal to a ﬂat plate of H ∗ = 1/50. Vorticity contours are ±2i where i = {2, 3, 4, 5, 6}. (For interpretation of the references to
color in this ﬁgure legend, the reader is referred to the web version of this article.)

convergence was generally achieved in approximately 140, 220, and 320 penalization iterations per time step for the plates
of H ∗ = 1/50, 1/100, and 1/200, respectively.
The streamlines and vorticity contours for the calculated impulsively started ﬂow normal to a ﬂat plate of H ∗ = 1/50
is shown in Fig. 8. Again it is clearly observed by the streamlines for t ∗ = 0 that the non-iterative penalization method is
unable to produce the correct ﬂow at early times. Also here, a clear difference in the ﬂow ﬁeld is observed between the noniterative and iterative penalization method. Especially, the difference in the streamlines upstream from the plate indicate
that the penalization force does not fully counteract the momentum of the upstream ﬂow even after some time (t ∗ ≈ 1).
In Fig. 9 the calculated drag coeﬃcients of the simulations are shown for plates of different values of H ∗ . Here the
drag coeﬃcient calculated at early times is compared to calculations performed with the discrete vortex method of Walther
[25–27] using BEM for the potential part of the ﬂow. Again a clear difference is noticed between the non-iterative and the
iterative penalization method with the iterative method showing excellent agreement to the results of the BEM method of
Walther.
We observe that the ﬁnite plate thickness has a signiﬁcant inﬂuence on the drag coeﬃcient in the start-up phase of the
ﬂow. This is explained by investigating the vorticity at the tip of the plate as shown in Fig. 10 for the iterative penalization.
Here, a separation angle can be estimated by considering the interface between positive and negative vorticity at the top of
the plate. The separation angle at the plate tip reﬂects the magnitude of the change in ﬂow momentum i.e. the drag force
experienced by the plate. For the plate of H ∗ = 1/200 it is observed that the separation angle is quickly formed whereas
the formation is slower as the length-to-thickness ratio is increased. At relatively large thicknesses the slow formation of
the separation angle is believed to cause a local minimum of the drag coeﬃcient in the start-up phase of the ﬂow as is
seen for the plate of H ∗ = 1/50 in Fig. 9(a). After some time when the separation angle is formed on each plate the drag
coeﬃcient shows a similar behavior for all plates tested in this section. It is seen in Fig. 9(b) that the drag coeﬃcient of
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Fig. 9. The calculated drag force for the impulsively started ﬂow normal to a ﬂat plate. (a): Comparison between the iterative penalization method (full line)
and the non-iterative penalization (dashed line) for plates of: H ∗ = 1/50 (red), H ∗ = 1/100 (blue) and H ∗ = 1/200 (green). The results obtained using the
discrete vortex method of Walther [25–27] (black). (b): The calculated drag force on the ﬂat plate of H ∗ = 1/200 (green) as obtained by the non-iterative
penalization (dashed line) and the iterative penalization method (full line) compared to the drag force of an inﬁnitely thin plate by Koumoutsakos and
Shiels [11] (black). (For interpretation of the references to color in this ﬁgure legend, the reader is referred to the web version of this article.)

the plate of H ∗ = 1/200 is quite similar to the inﬁnitely thin plate of Koumoutsakos and Shiels [11]. For the non-iterative
penalization method it is seen in Fig. 10 that unlike the iterative penalization method the formation of surface vorticity is
artiﬁcially delayed, which prevents the ﬂow from being correctly deﬂected around the structure. The formation of surface
vorticity is identiﬁed as being essential to deﬂect the ﬂow around the structure.
7. Flow past an impulsively started plate, inclined at 45◦ and Re = 1000
In order to validate the method on an inherently asymmetrical ﬂow, we study the ﬂow past an impulsively started plate
at 45◦ with a thickness H ∗ = 1/50 and Re = 1000. The non-dimensionalized parameters are the same as those stated in
Section 6 cf. Eq. (25). In the present test case, the spatial resolution δ x/ L = 1/400, corresponding to 8 cell lengths across
the plate thickness, and the time step is δt ∗ = 10−3 .
We observe in Fig. 11 that the penalization method does not conserve the zeroth moment of the vorticity ﬁeld, which
for the present simulations reached a level of O (10−2 ) for both the non-iterative and the iterative penalization method. To
ensure the conservation of the zeroth moment of the vorticity ﬁeld (i.e. the total circulation) we include the residual of the
zeroth vorticity moment in the calculation of the penalization vorticity (Section 4). This is performed by distributing the
residual vorticity onto the interior cells before each penalization iteration.
In Fig. 12 the calculated drag force is compared to calculations performed with the discrete vortex method of Walther
[25–27] which uses a BEM. The iterative penalization method agrees well with the BEM whereas a clear delay and deviation
is observed for the non-iterative penalization. It is seen that for this case there is no noticeable difference in the force
coeﬃcients between the penalization with and without a correction to conserve the zeroth vorticity moment. Additionally,
data of a similar simulation using a plate of thickness H ∗ = 0.023 with semicircular edges has been provided by Wang and
Eldredge [28] and is shown in Fig. 12 as a reference. It is seen that the forces at an early state differ slightly for the two
plates which is to be expected as the effect of the edges are of great importance to the early vortex generation as was also
seen in Section 6.
In Fig. 13 the streamlines and vorticity contours are compared for the non-iterative and iterative penalization method.
It is seen that the iterative penalization method is able to predict non-trivial stagnation points at the initial time t ∗ = 0.00.
Again there is no noticeable difference between the results obtained with and without the aforementioned correction of the
zeroth vorticity moment (not shown).
8. Uniformly accelerated ﬂow normal to a ﬂat plate of ﬁnite thickness at an acceleration-formulated Reynolds number of
16.8 × 105
In this section we investigate a uniformly accelerated ﬂow normal to a ﬂat plate of ﬁnite thickness. The acceleration
normalized Reynolds number β , the non-dimensional time, and the drag coeﬃcient as given for this case by Koumoutsakos
and Shiels [11] are:

β=

aL 3

ν2

,

t∗ =

at 2
L

,

and

CD =

2F · e x
,
(at f )2 L

(26)

where a is the constant acceleration of the plate.
Following [11] we chose t f such that t ∗f = 25, and a = 1.68 and

ν = 10−3 to reach an acceleration-formulated Reynolds
number of β = 16.8 × 10 . The time step used in the present simulation is limited by the Fourier number Fo = δt ν /δ x2 < 14
5

cf. [17], and δt = 10−3 is chosen in order to be consistent with the simulation performed of the impulsively started ﬂat
plate, but approximately 4 times smaller than the time step used in [11].

558

M.M. Hejlesen et al. / Journal of Computational Physics 280 (2015) 547–562

Fig. 10. The contours of vorticity for the impulsively started ﬂow normal to a ﬂat plate of H ∗ = 1/50, 1/100, and 1/200 as obtained by the non-iterative
penalization (a), (c), (e), (g) and the iterative penalization method (b), (d), (f), (h) at times (a) and (b): t ∗ = 0.0, (c) and (d): t ∗ = 0.02, (e) and (f): t ∗ = 0.04,
(g) and (h): t ∗ = 0.06. Vorticity contours at ±2i where i = {6, 7, 8, 9, 10} for positive values (red) and negative values (blue). (For interpretation of the
references to color in this ﬁgure legend, the reader is referred to the web version of this article.)

Fig. 11. The calculated 0-th vorticity moment for the impulsively started ﬂow at a 45 degree angle to a ﬂat plate of H ∗ = 1/50. Non-iterative penalization
without correction (red), non-iterative penalization with correction (green), iterative penalization without correction (blue), iterative penalization with
correction (violet). (For interpretation of the references to color in this ﬁgure legend, the reader is referred to the web version of this article.)
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Fig. 12. The calculated force coeﬃcients for the impulsively started ﬂow at a 45 degree angle to a ﬂat plate of H ∗ = 1/50. (a): Comparison between the
drag coeﬃcient. (b): Comparison between the lift coeﬃcient. Non-iterative penalization without correction of the 0-th vorticity moment (red), non-iterative
penalization with correction of the 0-th vorticity moment (green), iterative penalization without correction of the 0-th vorticity moment (blue), iterative
penalization with correction of the 0-th vorticity moment (violet). The results obtained using the discrete vortex method of Walther [25–27] (black line),
results of Wang and Eldredge [28] (black points) for a ﬂat plate of similar thickness and rounded corners. (For interpretation of the references to color in
this ﬁgure legend, the reader is referred to the web version of this article.)

Fig. 13. Comparison of the streamlines (left) and vorticity contours (right) for an impulsively started ﬂow at a 45 degree angle to a ﬂat plate of H ∗ = 1/50.
The results obtained by non-iterative penalization (red), and iterative penalization with correction of the zeroth vorticity moment (blue). Vorticity contours
are ±2i where i = {1, 4, 8}. (For interpretation of the references to color in this ﬁgure legend, the reader is referred to the web version of this article.)
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Fig. 14. Comparison of the streamlines (left) and vorticity contours (right) obtained by non-iterative penalization (red), and iterative penalization (blue) for
an accelerated ﬂow normal to a ﬂat plate of H ∗ = 1/50. Vorticity contours are ±2i where i = {4, 5, 6, 7}. (For interpretation of the references to color in
this ﬁgure legend, the reader is referred to the web version of this article.)

The results for the uniformly accelerated ﬂat plate of H ∗ = 1/50 is shown in Figs. 14 and 15 where a signiﬁcant difference is observed between the non-iterative and the iterative penalization method. For the iterative penalization method the
tolerance of the residual force is set to ε = 10−3 , and a convergence is generally achieved by approximately 140 penalization
iterations per time step. It is seen in Fig. 14 that even at late times the non-iterative penalization method is unable to deﬂect the ﬂow around the plate and the ﬂow is seen to penetrate the plate. The insuﬃcient penalization creates a distorted
separation region and a large difference is noticed in the ﬂow ﬁeld compared to the results obtained using the iterative
penalization.
In Fig. 15 the calculated drag coeﬃcient compared to a simulation using the discrete vortex method of Walther [25–27]
for the start-up, and the results of Koumoutsakos and Shiels [11] for the long time simulation. All simulations are performed
with same non-dimensional parameters of Eq. (26), however the results of Koumoutsakos and Shiels were obtained using an
inﬁnitely thin plate whereas in the present simulations a plate of H ∗ = 1/50 is used. It is seen that while the non-iterative
penalization deviates from the reference solutions the iterative method again obtains results in excellent agreement with
those obtained using BEM.
9. Conclusion
We demonstrate the need to extend the Brinkman penalization technique, by performing sub-iterations so as to enhance
its accuracy in enforcing the no-through as well as the no-slip ﬂow boundary conditions.
We have coupled this iterative Brinkman penalization technique with remeshed vortex methods. We demonstrate the
improved accuracy of our method using benchmark problems computed by remeshed vortex methods with and without
penalization. The calculated ﬂow induced forces are in excellent agreement with results obtained using a boundary element
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Fig. 15. The calculated drag force for the uniformly accelerated ﬂow normal to a ﬂat plate of H ∗ = 1/50 as obtained by the non-iterative penalization (red)
and the iterative penalization method (blue) (a): The calculated drag coeﬃcient on the ﬂat plate compared to calculations using the discrete vortex method
of Walther [25–27] (black). (b): The calculated drag coeﬃcient on the ﬂat plate compared to the drag force of an inﬁnitely thin plate by Koumoutsakos and
Shiels [11] (black). (For interpretation of the references to color in this ﬁgure legend, the reader is referred to the web version of this article.)

method (BEM) to enforce the no-through and no-slip boundary conditions. Furthermore, the resulting ﬂow ﬁelds are shown
to be signiﬁcantly improved for the iterative algorithm compared to that obtained by the standard non-iterative penalization method. We note that the BEM methods rely on body-ﬁtted grids to perform the remeshing of the ﬂow, while the
penalization allows the ﬂexibility of simple Cartesian grids.
Our results clearly demonstrate that the non-iterative penalization method has inherent diﬃculties in correctly penalizing
the velocity component normal to the boundary within a single time step. Thus, the non-iterative penalization method
imposes very stringent conditions on the employed time step so as to produce accurate results. With the proposed iterative
penalization algorithm the correct boundary condition can indeed be obtained in a single time step at a minimal additional
cost. Furthermore it was shown that the iterative method produces results in excellent agreement to those of the BEM using
an equal magnitude time step.
We note that in the present work the iterative penalization algorithm was coupled with remeshed vortex methods.
We consider however that it can be readily coupled with other solvers, such as ﬁnite difference or ﬁnite volume, that
are used widely for simulations past complex deforming geometries [29,30]. The method provides signiﬁcantly enhanced
accuracy while maintaining the ﬂexibility of Cartesian grids in handling complex geometries. Current work includes the
extension of the iterative penalization method to three dimensional problems with unsteady deforming geometries.
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