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The dynamics of shock-bubble interaction involve an interplay of vortex stretching,
dilation, and baroclinic vorticity generation. Here, we quantify the interplay of these
contributions through high resolution 3D simulations for several Mach and Atwood
numbers. We present a volume rendering of density and vorticity magnitude fields of
shock-bubble interaction at M = 3 and air/helium density ratio η = 7.25 to elucidate
the evolution of the flow structures. We distinguish the vorticity growth rates due
to baroclinicity, stretching, and dilatation at low and high Mach numbers as well as
the late time evolution of the circulation. The results demonstrate that a number of
analytical models need to be revised in order to predict the late time circulation of
shock-bubble interactions at high Mach numbers. To this effect, we propose a simple
model for the dependence of the circulation to Mach number and ambient to bubble
C 2013 AIP Publishing LLC.
density ratio for air/helium shock-bubble interactions. 
[http://dx.doi.org/10.1063/1.4819345]

I. INTRODUCTION

The interaction of planar shock waves with density inhomogeneities is fundamental to high speed
combustion, compressible turbulence and mixing, and shock passage in foams. The importance of
this flow for engineering applications has led to the development of several simplified models
that aim to capture the essential dynamics of the flow. In one dimensional approximations, the
dynamics of shock-inhomogeneity interaction can be quantified by solving simplified transport
equations algebraically,1, 2 given appropriate equations of state. The main features in these cases are
transmitted and reflected shocks, or expansion waves. In 2D and 3D flows misalignments take place
between density and pressure gradients due to the existence of density inhomogeneities and shock
waves. This misalignment, in addition to reflected and transmitted wave structures, induces more
intricate dynamics by generating baroclinic vorticity on the interface between the inhomogeneity
and the quiescent surroundings. Wave structures and intersections can develop to more complex
configurations such as Mach reflections and triple points in the vicinity of the interface. In three
dimensions, vorticity is further influenced by the stretching of vortical structures. Inclined planar,
sinusoidal, cylindrical, and spherical interfaces interacting with normal shock waves are among the
simplest cases that have been studied in the literature. Haas and Sturtevant3 performed extensive
experiments of cylindrical and spherical bubbles of helium inside air (slow-fast-slow interface) and
R22 (fast-slow-fast interface) with shock waves of M = 1.2. They argued that the late time circulation
of the obtained flow fields agrees well with the theory of vortex rings generated by pistons. Picone
and Boris4 derived analytical formula to compute this circulation assuming 2D flow and planar shock
and ignoring the effect of reflections and diffractions. They compared this model to experiments and
computations at M = 1.2 and showed that, for 2D cases, the model overpredicts the circulation by a
factor of two. Samtaney et al.5 derived an analytical model for circulation in 2D and only on planar
and sinusoidal slow-fast interfaces for M < 4, assuming the regular shock refraction. Yang et al.6
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derived another analytical model based on dimensional analysis and average density between air
and helium and showed good agreement with the available experimental and computational data for
M < 2. They also studied the channel size effects in the experiments. Ranjan et al.1 also showed close
agreement between experimental data and predictions of Yang et al.6 at M < 3 and acknowledged
that a model that spans a larger parameter space is necessary.
In the present work, we provide new insight into shock-bubble interactions (SBI) by generating
in-depth visualizations of both density and vorticity magnitude in the flow field. We also demonstrate
how different vorticity generation mechanisms such as baroclinicity, stretching, and dilatation evolve
in time for M = 3 and 10. We then compare the late time circulations we obtain for M = 1.2−10
and air to helium density ratios of η = 1.05−7.25 with several analytical models.4, 6, 15 Based on
the results of our high resolution simulations, we propose a simple correlation for the late time
circulation of SBI.
The present paper is organized as follows: in Sec. II we introduce the physical models and the
underlying numerical techniques employed in this work. In Sec. III A, we provide volume rendering
images of the density and vorticity magnitude fields in SBI at M = 3 and η = 7.25 and discuss
the observed flow features. In Sec. III B, we present and compare the time evolution of vorticity
generation terms for low and high Mach numbers. We then compare the values of net circulations
obtained from our computations with those predicted by available analytical models and we also
propose a correlation to predict this circulation. Conclusions are presented in Sec. IV.
II. GOVERNING EQUATIONS AND NUMERICAL METHODS

We solve multiphase compressible Euler equations,
∂ρ
+ ∇ · (ρu) = 0,
∂t
∂(ρu)
+ ∇ · (ρuuT + pI) = 0,
∂t
∂(ρ E)
+ ∇ · ((ρ E + p)u) = 0,
∂t
∂φ
+ u · ∇φ = 0,
∂t

(1)

on a three dimensional computational domain discretized by finite volumes. Pressure is computed
based on the ideal gas law, p = (γ − 1)ρ(E − 0.5|u|2 ). Specific heat ratio, γ , is calculated based on
the interface marker φ and a quadratic approximation of the mollified Heaviside. The convective operators are approximated by the summation of Harten, Lax, van Leer, and Einfeldt (HLLE) numerical
fluxes.7 Physical fluxes and signal velocities are computed based on reconstructed flow quantities
through 5th order Weighted Essentially Non-Oscillatory (WENO) schemes.8 Reconstructions are
performed on primitive flow quantities to prevent spurious oscillation across material interfaces.9
The advection equation of the interface marker, φ, is cast into conservative form and modified according to HLL-type scheme, similar to the scheme presented in Ref. 10. The time discretization is
performed with a 3rd order low storage Total Variation Diminishing (TVD) Runge-Kutta method.11
This methodology has been previously introduced in Ref. 12 and used in Ref. 13.
We enforce a supersonic Dirichlet inflow boundary condition given the Mach number of interest. The other five boundaries are considered to be absorbing and approximated by a zeroth
order extrapolation. Simulations are therefore fully 3D. Time is non-dimensionalized according to
(t−timpact )Mc∞
t˜ =
, where timpact is when the shock wave touches the upstream point of the bubble, M
R0
is the shock wave Mach number, c∞ is the speed of sound in the surrounding air, and R0 is the initial
radius of the bubble. Circulations reported in Sec. III B are computed on the upper half of x−y
symmetry plane and are non-dimensionalized by c∞ R0 .
Vorticity and other gradients used in our analysis are obtained by applying fourth order finite difference approximation of their associated differential operators. The simulation software is
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designed to efficiently run on multicore platforms and has proven to sustain simulations involving
over 250 × 109 of computational elements on 50 000 central processing unit (CPU) cores.13
III. RESULTS
A. Visualization and qualitative analysis

We present volume rendering of the density and vorticity magnitude of SBI at M = 3 and
η = 7.25 in Figures 1 and 2 shortly after the impact (t˜ = 0) up to t˜ = 15. Due to compression of the
shock and the corresponding flattening of the upstream interface, little vorticity is generated on the
frontal side (t˜ = 0.8) whereas vorticity covers a major part of the unperturbed spherical distal side,
vanishing to zero towards the downstream. At the same time, tiny reflections from the absorbing
boundaries reach the four sides of the deformed bubble, causing some perturbations in the vorticity

FIG. 1. Volume rendering of density (top): Red/blue denote high/low density. Volume rendering of vorticity magnitude
(bottom): Orange/gray denote high/low vorticity magnitudes. Non-dimensional time t˜ ≈ 0.8−8.9. Shock passage is from left
to right. M = 3 and η = 7.25.
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FIG. 2. Volume rendering of density (top): Red/blue denote high/low density. Volume rendering of vorticity magnitude
(bottom): Orange/gray denote high/low vorticity magnitudes. Non-dimensional time t˜ ≈ 9.9−15.0. Shock passage is from
left to right. M = 3 and η = 7.25.

profile (t˜ = 1.9). It can be seen that the reflected waves originating from the impact point move
upstream while transmitted and diffracted shock waves focus on the downstream of the bubble
(t˜ = 3.1). The vorticity distribution on the interface causes a faster moving band of vorticity to roll
up over the slower one. At t˜ = 4.1, it can be observed that high frequency structures emerge as
the result of this interaction while there is still a significant unperturbed vorticity profile remaining
in the structure. The initially reflected waves also reach the side boundaries of the domain and are
absorbed, leaving relatively small reflections into the domain. At t˜ = 5.0, a second interaction takes
place between the high frequency and remaining unperturbed vortical structures. We also observe
relatively small vorticity in the surrounding which is mainly due to the passage of curved shock
waves and the triple point, a characteristic of high Mach SBI (t˜ = 6.0). At this stage, one can
already observe that a smaller secondary structure is forming in the upstream of the main vortical
core. In Figure 1 (t˜ = 6.9), it is seen that the reflected wave structure is being taken up by the inflow.
There is a transport of high density fluid from the upstream into the core of the structure by means
of a jet of the surrounding air. The diffracted wave structure focuses at the downstream of the bubble
(t˜ = 8.0 and 8.9). A main feature of the vortical structures at t˜ = 8.0, is the formation and stretching
of elongated hairpin-like structures in the azimuthal direction of the vortex core. This feature of
the flow can only be resolved in three dimensional computations, allowing for transfer of vorticity
from the main core to the surrounding. We also observe that as the structure moves towards the
downstream, many relatively weak ring-like structures are carried to the upstream from the front
(t˜ = 8.9) and interact in the region between the two main vortical cores.
In Figure 2, we start to observe two new features. First, the Mach stems around the bubble focus
at the downstream and create a locally high density region and an associated torus-shaped vortical
structure. This is similar to the feature that Haas and Sturtevant reported as the forward glory3 in their
experiments however, at low Mach number where the irregular refraction is not present, this was
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attributed to secondary transmitted waves into the downstream. Irregular refraction is when the wave
configuration outside the bubble forms a Mach stem/triple point configuration.3 Moreover, secondary
transmitted waves create a high density region behind the initially transmitted wave which is later
connected to the high density air jet. Second, another high density region starts to form between
the two main vortical structures, due to high density air being drawn into the region between the
two counter-rotating vortical cores perpendicular to the relatively thick high density inner core. This
behavior can be observed as compression and splashing of high density fluid outwards from the core
(t˜ = 9.9−11.9).
In Figure 2 (t˜ = 13.0−15.0), one can observe that the main features developed in this flow are
sustained until the time considered in this work. While the structure is elongated in the streamwise
direction and the two main vortex rings distance from each other. See the supplementary material
(Ref. 14) for animations of this flow.
B. Vorticity growth rates and late time circulation

The contributions of baroclinic vorticity generation, stretching, and dilatation of the vorticity
field are expressed in the following form of the Navier-Stokes equations:
1
Dω
= (ω · ∇)u − ω(∇ · u) + 2 ∇ρ × ∇ p .
Dt
ρ
      


stretching

dilatation

(2)

baroclinicity

Here, we analyze these contributions for SBI at M = 3 and M = 10 and η = 7.25. We consider the
volume integral of the three terms on the right hand side of Eq. (2) in one quarter of the domain.
Due to qualitative similarity between y- and z-component, we only present and discuss x- and ycomponent of the generation terms. In our simulations of shock-bubble interaction, the shock is
normal with infinite post-shock width. Therefore, the only characteristic length scale is the radius
of the bubble. The resolution required for the integral quantities to converge is often given by points
per radius (ppr). Based on the previous works of Ranjan et al.1 and Johnsen and Colonius,10 50–150
ppr is often required for the convergence of integral quantities in SBI problems. Our methodology
and discretizations require 100 ppr for the convergence of integral quantities.
Evolution of the three vorticity production terms is presented in Figure 3 for M = 3 (left) and
M = 10 (right), and for y (top) and x (bottom) components of vorticity. The values are kept
dimensional to allow for comparison between the two different Mach numbers. In Figure 3, we
observe an increase in the y-component of the baroclinic term until t˜ = 1 when shock passage over
one radius of the bubble has taken place up to its maximum. This is followed by a drop until t˜ = 2
when shock passage is almost over (Figure 1). Since the wave structure outside bubble features
irregular refraction at the Mach numbers considered here, the rise and drop in baroclinicity do
not exactly follow similar trends. We notice no baroclinic generation in this phase in x-direction
confirming that, even with irregular refraction, shock motion and the corresponding pressure gradient
remains in this direction. It is interesting to note that baroclinicity in y-direction even changes sign
after the main shock passage and, in the case of M = 10, remains significant. This can be attributed
to the formation of more, and stronger shock waves due to relatively higher compressibility of the
flow as well as the passage of the initial shocks through the entire domain as they have deformed to
curved shocks after interacting with the interface.
During the impact and the shock passage, the dilatation term is relatively significant and the
ratio between dilatation and baroclinicity is even more pronounced at M = 10 scenario. Furthermore
at M = 10, dilatation term exhibits more, and stronger local maxima until final stages. One can
observe that stretching term has a large influence on the y-component of the vorticity after t˜ = 13
as it grows in absolute value until t˜ = 15 followed by a drop. We notice from Figure 2 that during
this process, the core size of the primary vortex ring becomes thinner with many smaller vortical
structures appearing around it and growth terms in x-direction become relatively important. Similar
behavior with smaller amplitude is present at later times for the y-component stretching term. Further
visualization is necessary to show if the primary vortical core undergoes further destruction.
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FIG. 3. Time evolution of the vorticity growth rates (in 1/s2 ) for SBI at M = 3 (left) and M = 10 (right) for y (top) and
x (bottom) components of the vorticity.

Very similar trend is detected for y-stretching term at late times for M = 10 case. Evolution of
the x-component vorticity generation terms reveals that 3D effects are manifested at t˜ > 10 when
the elongated hairpin-like structures are destroyed and advected into the core and upstream of the
flow (Figure 2). Dilatation and stretching terms in x-direction remain relatively more important that
baroclinic term at both Mach numbers. Finally, at M = 10, the structure exits the domain faster and
therefore after t˜ = 25 no vorticity growth rates are present in the plots.
In Figure 4, we show the predictions of late time circulation by using various analytical models
as well as those from our computations versus ambient air to helium density ratio (left) and Mach
number (right). It appears that for M ≈ 1, predictions of Yang et al.6 for all density ratios agree more
closely to our numerical experiments than the other models. However, Yang et al.6 underpredict
the circulation at higher Mach numbers. For density ratios close to one, Rudinger and Somers15
predictions for all Mach numbers are close to our computations but overpredict the circulation at
higher density ratios by a factor of two for M > 3. We notice that at high density ratios, predictions
of Picone and Boris4 are the closest than other predictions to the computational results. However,
all these models do not take into account the third dimension as well as effects of reflections and
diffractions which become more important at M > 2. The circulation values from our computations
at M = 1.2 agree well with those found in the experiments of Haas and Sturtevant3 (not shown in
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FIG. 4. Late time circulation versus air to helium density ratio η (left) and Mach number (right). Dashed lines show the
fitted model, solid lines show Picone and Boris predictions,4 dotted lines show Rudinger and Somers predictions,15 and
dashed-dotted lines show prediction of Yang et al.6 Colors are associated to the study cases of the present work (marked with
solid squares).

the plot). Our findings confirm that the available analytical models cannot be applied to predict late
time circulation for a broad range of Mach and Atwood numbers.
A least squares surface fit to our data, ignoring the effects of variable specific heat ratios, reveals
the following correlation for air/helium SBI:

= 0.54(M − 1)0.66 (η − 1)0.58 .
c∞ R0

(3)

Equation (3) is plotted in Figure 4 along with the rest of the models. Effect of different ratios between
the specific heat ratio of the ambient air and helium was studied at low and high Mach numbers
and almost no dependance has been found on the late time circulations. It must be noted that the
post-shock pressure at M = 10 is 5% smaller than that predicted by the ideal gas law.

IV. CONCLUSIONS

In this work, we presented a detailed visualization of both density and vorticity magnitude fields
in shock-bubble interaction at M = 3 and η = 7.25. The volume rendering visualization reveals a
multitude of short and long lasting structures and their development.
We studied the temporal evolution of vorticity growth rates namely baroclinicity, stretching, and
dilatation for M = 3 and 10. Vorticity growth rates show similar trends for M = 3 and 10, however
at high Mach numbers more pronounced baroclinicity exists at late times. It is possible that due to
the high compressibility of M = 10, stronger and more distinct pressure fronts continue to form and
interact with density inhomogeneities.
Furthermore, this work shows how a number of available analytical models fail to predict the
late time circulation of SBI for M > 2 and high ambient to bubble density ratios. A correlation is
proposed by considering the effects of Mach number and ambient to bubble density ratio for late
time circulation of air/helium shock-bubble interaction. The correlation suggests that the circulation
is proportional to nearly square root of (M − 1) and (η − 1). Locating the landmarks of vorticity
generation terms and their visualization in the flow field as well as isolating different structures is
the subject of future work.
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