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[1] Under steady state flow conditions, solute dispersion in heterogeneous porous media is

much smaller in the transverse than in the longitudinal direction. This holds particularly for
effective dispersion of a plume originating from a point-like injection. The effective
dispersion coefficient describes the actual dispersive mixing of solutes in the aquifer.
The lack of dispersive transverse mixing may limit considerably natural attenuation of
certain contaminants. Temporal fluctuations of the flow direction enhance horizontal
transverse dispersion. This has been shown previously for uniform flow and for
macrodispersion in stationary media. We present a linear stochastic theory for effective
dispersion under quasi-steady state flow conditions with random temporal fluctuations of
the mean flow direction. As for macrodispersion, effective transverse dispersion proves to
be dominated by transient flow effects. We compare semianalytical results derived from
linear theory to those from particle-tracking random-walk simulations for a threedimensional test case. The parameters of the test case are similar to those obtained at the
Borden site, where the mean transverse flow component fluctuated approximately by ±10.
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1. Introduction
[2] Under steady state flow conditions, solute dispersion
in heterogeneous porous media is known as a strongly
anisotropic process [Gelhar and Axness, 1983; Dagan,
1988]. While the longitudinal macrodispersivity increases
with travel time by several orders of magnitude, the transverse approaches an asymptotic value only slightly larger
than the pore-scale coefficient. These findings also hold for
effective dispersion describing actual mixing of solutes in
heterogeneous media [Attinger et al., 1999; Dentz et al.,
2000a]. For steady state flow, therefore, heterogeneity
hardly enhances the mixing of compounds transverse to
the mean direction of flow. This is of practical significance
in the assessment of natural attenuation: The degradation of
certain contaminants requires the presence of strong electron acceptors such as oxygen or nitrogen which are
provided as dissolved compounds. Considering a continuously emitting contaminant source, the dissolved electron
acceptors will be readily depleted in the source zone. A
contaminant plume will evolve, lacking dissolved electron
acceptors in its center. While longitudinal mixing is dominant at the downstream front of the expanding plume, slow
transverse dispersive mixing will determine the large-time,
Copyright 2003 by the American Geophysical Union.
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quasi-steady state behavior: Oxygen or nitrate must be
mixed laterally into the plume. That is, for plumes originating from a continuous source, transverse dispersive
mixing determines the effective reaction rates and the length
approached by the plume in the large-time limit; the smaller
the effective transverse dispersion, the longer the plume
[Cirpka et al., 1999; Thornton et al., 2001; Thullner et al.,
2002].
[3] Steady state flow conditions, however, are seldom
observed in natural aquifers. At many sites, the direction of
flow changes over time due to temporal variations in the
hydrological regime. Figure 1 illustrates schematically the
impact of transient flow on the transport of a solute cloud.
The trajectory of the plume center is shown as solid line.
Initially, there is an upward mean flow component, and the
plume spreads into the direction that is longitudinal at that
time. Then the direction of flow changes, and what used to
be the longitudinal direction is now the transverse one. In
the subsequent time period the plume spreads into the new
longitudinal direction which becomes the transverse direction in the next period, and so forth. In Figure 1 the overall
flow direction is marked as dashed line. In the temporal
average, apparently, a significant portion of dispersion acts
in the overall transverse direction.
[4] Kinzelbach and Ackerer [1986] and Goode and
Konikow [1990] analyzed dispersion in a uniform flow field
with temporal fluctuations in the direction of the hydraulic
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Figure 1. Effect of changes in the mean flow direction on
transverse dispersion.
gradient, deriving simple time-averaged expressions.
Recently, Schirmer et al. [2001] showed that enhanced
transverse dispersion coefficients may be used to account
for the effect of transient flow on mixing in bio-reactive
transport. While these approaches are simple to apply, they
imply that the asymptotic macrodispersion coefficients are
valid at all times and that they describe the actual mixing of
interacting compounds. Neither assumption withstands a
critical analysis.
[5] For stationary heterogeneous media, Kabala and
Sposito [1991], Rehfeldt and Gelhar [1992], Dagan et al.
[1996], and Zhang and Neuman [1996] derived first-order
expressions of macrodispersion accounting for temporal
variability in the velocity fields. Kabala and Sposito
[1991] assumed that the spatial cross-covariance between
the velocities at two times depends on the time lag rather
than the definite time points, which implies the velocities to
be a second-order stationary random process in time.
However, they did not derive expressions for the velocity
covariance itself. Rehfeldt and Gelhar [1992] assumed a
random mean hydraulic gradient characterized exclusively
by its temporal covariance function. These authors parameterized the impact of the uncertain mean hydraulic gradient
on solute transport as an additional dispersive term that they
treated separately from dispersion caused by spatial fluctuations in the log conductivity. Zhang and Neuman [1996]
and Dagan et al. [1996], by contrast, stated that the crosseffects of temporal and spatial fluctuations do not average
out. These authors assumed deterministic temporal fluctuations of the mean hydraulic gradient, derived closed-form
expressions for the velocity covariance and substituted
those into macrodispersion expressions for strictly advective
transport. In all of these studies, like in the present study, the
storativity of the aquifer was neglected so that groundwater
flow was assumed to react instantaneously to changes in the
mean hydraulic gradient. Kavvas and Karakas [1996] and
Li and Graham [1999], in contrast, considered spatiotemporal fluctuations in flow fields with nonzero divergence
caused by groundwater storage or recharge. The analysis of
Kavvas and Karakas [1996] was extended by Wood and
Kavvas [1999] to include linear reactions.
[6] All authors cited above analyzed classical macrodispersion, that is, the temporal development of second central
spatial moments of the ensemble-averaged concentration.
Macrodispersion merges the rate of change of two types of
information: the expected second central moment of plumes
in single realizations, and the uncertainty in detecting the
plume center from realization to realization [Kitanidis,

1988]. Half the rate of change of the first quantity is referred
to as effective dispersion [Rajaram and Gelhar, 1993, 1995;
Attinger et al., 1999; Dentz et al., 2000a, 2000b], whereas in
the Lagrangian framework the second quantity is known as
two-particle covariance of displacement [Fiori and Dagan,
2000]. For a point-like injection and small pore-scale dispersion coefficients, macrodispersion and effective dispersion differ significantly at early times. Under these
conditions, macrodispersion primarily quantifies the uncertainty in tagging the plume center and hardly describes how
plumes in single realizations spread [Dentz et al., 2000a;
Fiori and Dagan, 2000]. The wider the initial plume is
extended in the direction perpendicular to the mean flow, the
faster the longitudinal effective dispersion coefficient
approaches the macrodispersion coefficient [Dentz et al.,
2000b]. At the limit of an infinitely wide plume the two
types of longitudinal dispersion coefficients become identical. It may be noteworthy that Andricevic and Cvetkovic
[1998] referred to effective dispersion as relative dispersion
and to macrodispersion as absolute dispersion [see also
Chatwin and Sullivan, 1979; Fiori, 2001].
[7] Cirpka [2002] demonstrated that the effective dispersion coefficient for a point-like injection is an adequate
measure of actual dispersive mixing, even for wide plumes.
In order to facilitate reactions between compounds that were
separated in the initial state, mixing must occur on the scale
of single pores. For these reactions, at first, it is irrelevant
how the second central moments of a wide plume increase,
since these moments primarily describe the irregularity of
the plume shape. By contrast, the point-related effective
dispersion coefficients describe the expected area influencing
the concentrations at a point. Hence, for mixing-controlled
reactive transport, the effective dispersion coefficient for a
point-like injection quantifies dispersive mixing, whereas
additional spreading of a large plume is quantified by the
corresponding covariance of first moments [Cirpka and
Kitanidis, 2000; Cirpka, 2002]. In the present study, we will
use the term ‘‘effective dispersion’’ only for the case of a
point-like injection.
[8] Like the macrodispersivities, the effective dispersivities show strong anisotropy: Under steady state flow
conditions, in typical heterogeneous formations, effective
dispersion in the transverse direction may approach a value
that is at most a single order of magnitude larger than the
corresponding pore-scale coefficient, whereas the longitudinal effective dispersivity approaches, at very large times,
the value of the asymptotic macrodispersivity which is by
several orders of magnitude larger than the pore-scale value.
In the present study, we analyze effective dispersion under
transient flow conditions. In particular, we investigate how
fluctuations in the mean transverse flow component
enhance transverse effective dispersion. As outlined above,
we believe this to be important in assessing certain scenarios of natural attenuation.
[9] From the analyses of uniform flow [Kinzelbach and
Ackerer, 1986; Goode and Konikow, 1990] and macrodispersion in heterogeneous media [Rehfeldt and Gelhar,
1992; Dagan et al., 1996; Zhang and Neuman, 1996] one
might expect a partial reorientation of longitudinal effective
dispersion components into the transverse direction. For
effective dispersion the process of spatial reorientation
might be important also in a second sense. As already
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ð1Þ

hY 0 ðxÞY 0 ðx þ hÞix ¼ RY 0 Y 0 ðhÞ8x

ð2Þ

in which x is the vector of spatial coordinates, hix denotes the
expected-value operator for quantities exhibiting random
spatial fluctuations, Y0(x) = Y(x) hY(x)ix is the deviation
from the expected value, Kg is the uniform geometric mean
of the hydraulic conductivity, and RY0Y0(h) is the autocovariance of the log conductivity fluctuations with separation vector h.
[11] The distribution of hydraulic heads f(x, t) at time t is
determined by the well-known groundwater flow equation:
fÞ ¼ 0

#

#

ðK

fÞ ¼ 0

ð4Þ

#

subject to time-dependent boundary or auxiliary conditions.
For the latter, we assume a uniform mean negative hydraulic
gradient J(t):
#

h fðx; tÞix ¼

JðtÞ8x

ð7Þ

ð8Þ

[14] Introducing small perturbations into the quasi-steady
state groundwater flow equation, equation (4), and linearizing exp(Y0(x)) by 1+Y0(x) yields:

Kg ð1 þ Y 0 ðxÞÞð
J þ J 0 ðtÞ


f0 ðx; tÞÞ ¼ 0

ð9Þ

Subtracting the expected value from equation (9), considering that J(t) is spatially uniform, and dropping the terms
of second order in space, yields the stochastic groundwater
flow equation:
2 0

f ðx; tÞ þ

Y 0 ðxÞ 
Jþ

Y 0 ðxÞ J0 ðtÞ ¼ 0

ð10Þ

which is of first order in both space and time. In their
analysis, Rehfeldt and Gelhar [1992] dropped the product
Y0(x) J 0(t), while we keep it. As will be seen, this has
consequences for the evaluation of the velocity spectrum
and the effective dispersion tensor. We transfer equation
(10) into the spatial Fourier domain:
0
~ 0 ðs; tÞ þ 2pisT 
4p2 sT sf
JY~ 0 ðsÞ þ 2pisT ~
J ðtÞY~ 0 ðsÞ ¼ 0

ð11Þ

in which s is the spatial wave number, and quantities
marked by a tilde are Fourier transforms defined here in
the following form [Press et al., 1992, chap. 12]:

ð5Þ
~f ðs; tÞ ¼

[12] In many applications, the temporal fluctuations of the
mean hydraulic gradient will be deterministic, simply because
it can be measured. We will come back to the deterministic
case in section 2.6. First, however, we consider the temporal
fluctuations as random process. Random fluctuations may be

¼ RJ0 J0T ðtÞ

hY 0 ðxÞJ0 ðtÞi ¼ 0

ð3Þ

subject to initial and boundary or auxiliary conditions. S0 is
the specific storativity. In confined, sandy aquifers, the
value of S0 is on the order of 10 6. For gradual temporal
variations of the mean hydraulic gradient in fairly permeable formations, it is reasonable to neglect the storage term,
that is, to assume quasi-steady state conditions:

t

#

ðK

#

@f
@t



in which hit denotes the expected-value operator for
quantities exhibiting random temporal fluctuations, and

J is the deviation from the expected value.
J0(t) = J(t)
Throughout this paper, vectors such as the mean hydraulic
gradient J are considered column vectors. JT is the
transpose of J and thus a row vector. Applying standard
rules of matrix multiplication, J0(t)J0T(t + t) is a dyad, that
is, a matrix with entries Ji0(t) Jj0(t + t). In the following, we
will also encounter scalar products of some vectors a and b
which may be written in the notation aTb = a b.
[13] The log conductivity varies in space and the mean
hydraulic gradient in time, so that the two varying quantities
are uncorrelated:

#

S0

J0 ðtÞJ0T ðt þ tÞ

#



exp hY ðxÞix ¼ Kg 8x



ð6Þ

#

2.1. Quasi-Steady State Flow in Heterogeneous Media
[10] Consider a spatially stationary log conductivity field
Y(x) = ln(K(x)) with locally isotropic hydraulic conductivity
K(x). The log conductivity field is described by secondorder statistics:

J 8t
hJðtÞit ¼ 

#

2. Theory
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caused by an irregular hydrological regime. They can also be
interpreted as a random initial time point at which the solute is
released into the aquifer when the temporal fluctuations
follow a regular seasonal trend. As will be seen later, the
assumption of random temporal fluctuations is computationally advantageous over the deterministic case. We consider
the mean hydraulic gradient as a random stationary time
process characterized by second-order statistics:

#

mentioned, the time for effective dispersion to approach the
values of macrodispersion decreases with increasing width
of the plume [Dentz et al., 2000b]. In the scenario illustrated
in Figure 1 the spatial reorientation makes the plume
starting with a larger width in each period of constant mean
flow direction. Therefore transient flow may not only
increase the values of transverse effective dispersivity but
also make effective dispersion catching up significantly
faster with macrodispersion than under steady state flow
conditions. We have observed such effects in particletracking random-walk simulations in cases with large temporal fluctuations of the mean hydraulic gradient. These
higher-order effects, however, are not included in the firstorder stochastic analysis presented in this paper. We restrict
therefore the present study to cases with small fluctuations
of the mean hydraulic gradient.
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f ðx; tÞ expð 2pixT sÞdx

ð12Þ

~f ðs; tÞ expð2pixT sÞds

ð13Þ

1

Z
f ðx; tÞ ¼
1
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0
2pisT JY~ 0 ðsÞ þ 2pisT ~J ðtÞY~ 0 ðsÞ
2
T
4p s s

ð14Þ

2.2. Conservative Transport
[16] Consider transport of a conservative solute in an
infinite domain. In the initial state, we assume the solute
mass of unity concentrated in a single point at x = 0:
@c
þ ðhvi þ v0 Þ
@t

0

ssT JY~ 0 ðsÞ þ ssT ~J ðtÞY~ 0 ðsÞ
g
f0 ðs; tÞ ¼
sT s

ð15Þ

#

#

f0 ðx; tÞÞ

ð16Þ

in which q(x, t) is the specific-discharge vector. The firstorder mean of the specific discharge is obtained by dropping
higher-order terms and taking the expected value:
hqið1Þ ¼ hqið0Þ ¼ Kg J

ð17Þ

Subtracting hqi(1) from equation (16) and dropping terms of
second order in space yields:
#

q0 ðx; tÞ ¼ Kg ðJ0 ðtÞ

f0 ðx; tÞþY 0 ðxÞðJ þ J0 ðtÞÞÞ
0

c

ðD cÞ ¼ 0

cðx; t ¼ 0Þ ¼ dðxÞ

Introducing first-order perturbations into Darcy’s law leads
to the following expression:
qðx; tÞ ¼ Kg ð1 þ Y 0 ðxÞÞðJ þ J0 ðtÞ

#

~ 0 ðs; tÞ ¼
f

of transient flow on effective dispersion is given by the mixed
terms which were neglected by Rehfeldt and Gelhar [1992].

#

From equation (11), we can relate the Fourier transform of
the hydraulic-head perturbations and their spatial derivative
to the Fourier transforms of the log conductivity and mean
hydraulic gradient fluctuations:

#

SBH

ð18Þ

0

Again, we keep the mixed term Y (x)J (t) which has been
dropped by Rehfeldt and Gelhar [1992]. Transferring
equation (18) into the spectral domain and considering
~0(s, t) of the
equation (15) yields the Fourier transform q
0
specific-discharge fluctuations q (x, t):



ssT 
0
0
0
~0 ðs; tÞ ¼ Kg dðsÞ~J ðtÞ þ J þ ~J ðtÞ T J þ ~J ðtÞ Y~ 0 ðsÞ
q
s s
ð19Þ

[15] Multiplying the Fourier transform of the specific
~0(s, t) at a given time t with its transpose of
discharge q
~0* T(s, t0) at a different time t0 and
the complex conjugate q
taking expected values leads to the space spectrum/time
covariance of specific-discharge fluctuations S q0q0(s, t):
S q0 q0T ðs; tÞ ¼ Kg2

J

ss J
sT s

J

ð22Þ

c(x, t) is the concentration of the solute. The mean seepage
velocity hvi = hqi(1)/q is given by equation (17) and the spacetime perturbation v0(x, t) = q0(x, t)/q by equation (18). D and q
are the pore-scale dispersion tensor and the porosity,
respectively, both assumed uniform and time-invariant. We
are aware that pore-scale dispersion coefficients vary with the
local velocity and therefore with space and time. However,
going through the formalism outlined in the following, it
turns out that spatiotemporal fluctuations of pore-scale
dispersion have, to the order considered in the present study,
no impact on macrodispersion and effective dispersion. This
is consistent to previous findings [Gelhar, 1993]. The
uniform pore-scale dispersion tensor used in the following
analysis represents therefore the spatiotemporal average of
the fluctuating tensor.
[17] In the analysis of macroscopic transport, we adopt
the formalism outlined by Attinger et al. [1999] and Dentz et
al. [2000a]. The only difference to the study of Dentz et al.
[2000a] lies in the random time-dependence of the seepage
velocity v(t) requiring some modifications of the approach
derived for steady state flow. We express the velocity
fluctuations v0(x, t) and the concentration c(x, t) by their
Fourier transforms ~
v0(s, t) and ~c(s, t). Transferring the
transport equation, equation (21), and the initial condition,
equation (22), into the spectral domain leads to:
@~cðs; tÞ
þ 2pisT hvi~cðs; tÞ þ 4p2 sT Ds~cðs; tÞ
@t
Z
¼

sT ~
v0 ðs0 ; tÞ~cðs

2pi

s0 ; tÞÞds0

ð23Þ

1

~cðs; t ¼ 0Þ ¼ 1
T

ð21Þ

ð24Þ

T

T

ss J
sT s

SY 0 Y 0 ðsÞ

þ dðsÞRJ0 J0T ðtÞ þ RJ0 J0T ðtÞS

Y 0Y 0

[18] The transport equation in the Fourier domain, equation (23), is a differential equation of ~c(s, t), to be solved
independently for each value of s, with the initial condition,
equation (24). This system can be expressed in a
corresponding integral form:

ðsÞ

ssT
ssT
RJ0 J0T ðtÞþRJ0 J0T ðtÞ T SY 0 Y 0 ðsÞ
T
s s
s s
ssT RJ0 J0T ðtÞssT
SY 0 Y 0 ðsÞ
þ
ðsT sÞ 2

ð20Þ

in which t = t t0 is the time lag. The expressions in equation
(20) contain three principal components depending on
(1) spatial fluctuations alone, (2) temporal fluctuations alone,
and (3) both spatial and temporal fluctuations. In steady state
flows, only the time-invariant terms occur. Rehfeldt and
Gelhar [1992] added only the term depending exclusively on
temporal fluctuations. As we will show later, the latter
contribution has no effect on effective dispersion. The impact

Zt
~cðs; tÞ ¼ ~c0 ðs; tÞ
0

~c0 ðs; tÞ
2pi
~c0 ðs; t 0 Þ

Z

sT ~
v0 ðs0 ; t 0 ÞÞ~cðs

s0 ; t0 Þds0 dt 0

1

ð25Þ

in which ~c0(s, t) is the Fourier transform of the concentration distribution c0(x, t) for a homogeneous flow field, i.e.,
v0(x, t) = 0. The analytical expression of ~c0(s, t) is:
 

~c0 ðs; tÞ ¼ exp
2pisT hvi þ 4p2 sT Ds t

ð26Þ
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[19] From equation (25), we can construct a series of
~c(s, t) in ~v0(s0, t):
Zt

~cðs; tÞ ¼ ~c0 ðs; tÞ

~c0 ðs; tÞ T
s
~c0 ðs; t 0 Þ

2pi
0

4p

Z Z Z t Zt 0

2

Z Z

1 1 0 0

Z

~v0 ðs0 ; t0 ÞÞ~c0 ðs

s0 ; t 0 Þdt 0 ds0

hydraulic gradient. Substituting equation (26) into equations
(A3) and (A5), considering the incompressibility of the flow
v0(s0, t) = 0, and taking half the derivatives yields:
field, s0 T~
1 @McxxT ðhcðx; tÞiÞ
@t
2
Z Zt
~c0 ð s; tÞ
S 0 0T ðs; t
¼Dþ
~c0 ð s; t 0 Þ v v

s0 ; t 0 Þ
~c0 ðs
s0 ; t 00 Þ

s0

s00 ; t 00 ÞsT

1

s0 Þdt 00 dt 0 ds00 ds0 þ . . .

¼Dþ
1

which is truncated here after the second-order term. When
taking expected values, we apply the following rule regarding the product of velocity fluctuations:
 0 0
 

~v ðs ; tÞ~v0T ðs00 ; t0 Þ ¼ ~v0 ðs0 ; tÞ~v0 T ð s00 ; t0 Þ
¼ S v0 v0T ðs0 ; t t 0 Þdðs0 þ s00 Þ

ð28Þ

~0 and S v0v0T (s0, t)
in which v~0* is the complex conjugate of v
is the spatial spectrum/temporal covariance function of
seepage velocity fluctuations. Assuming a uniform distribution of the porosity q, the space spectrum/time covariance S v0v0T (s0, t) is given by:
S q0 q0T ðs0 ; tÞ
q2

ð29Þ

0

where Sq0q0T(s ,t) is evaluated by equation (20).
[20] Taking the expected value of equation (27) yields the
Fourier transform h~c(s, t)i of the ensemble-averaged concentration hc(s, t)i:
h~cðs; tÞi ¼ ~c0 ðs; tÞ

4p

2

Z Z t Zt0

1

sT S v0 v0T ðs0 ; t0

0

t 00 Þðs

~c0 ðs; tÞ ~c0 ðs
~c0 ðs; t0 Þ ~c0 ðs

s0 ; t 0 Þ
~c0 ðs; t 00 Þ
s0 ; t00 Þ

0

s0 Þdt 00 dt 0 ds0

ð30Þ

[21] Conceptually, the ensemble-averaged concentration
hc(x, t)i is obtained by considering all realizations of the log
conductivity field and the history of mean gradient fluctuations meeting the prescribed statistical moments, performing
a transport calculation in each of those realizations, and
taking the average of the concentration over all realizations.
Thus hc(x, t)i is affected by both the spatial uncertainty in
the log conductivity and the temporal uncertainty in the
mean hydraulic gradient.
2.3. Dispersion Coefficients
[22] As shown in Appendix A, the spatial moments of the
expected concentration hc(x, t)i can be calculated from the
derivatives of its Fourier transform h~c(s, t)i at the origin, s = 0.
We denote the matrix of second central moments of the
c
(hc(x, t)i). Half the rate
expected concentration by MxxT
c
of change of MxxT (hc(x, t)i) is known as the classical macrodispersion tensor, referred to as ensemble dispersion tensor by
Dentz et al. [2000a]. As discussed in detail by Attinger et al.
[1999] and Dentz et al. [2000a], the order of taking the
expected value and evaluating the second central moments
is significant. By first taking the moments and subsequently
the expected value, one arrives at the expected value of the
c
(c(x, t))i. The
matrix of second central moments hMxxT
corresponding steps of calculation are reviewed in Appendix
c
(c(x, t))i is the effective
A. Half the rate of change of hMxxT
dispersion tensor, here derived for a point-like injection in a
heterogeneous domain under random fluctuations of the mean

t0 Þdt 0 ds

0

Z Zt

ð27Þ

1 1

S v0 v0T ðs0 ; tÞ ¼

9-5

D*ðtÞ ¼

1

~c0 ðs; tÞ ~c0 ðs
~c0 ðs; t 0 Þ ~c0 ðs

~v0 ðs0 ; t 0 Þ~v0T ðs00 ; t 00 Þðs
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exp 2pisT hvi

 
4p2 sT Ds t S v0 v0T ðs; tÞdtds

0



1 @ McxxT ðcðx; tÞÞ
e
D ðtÞ ¼
2
@t
Z Zt
S v0 v0T ðs; t
¼ D*ðtÞ
1

Z

¼ D*ðtÞ

ð31Þ

t 0 Þ~c0 ð s; tÞ~c0 ðs; t0 Þdt 0 ds

0



exp 8p2 sT Dst

1

Zt


 
exp 4p2 sT Ds þ 2pisT hvi t S v0 v0T ðs; tÞdtds

ð32Þ

0

These expressions are formally identical to those of Dentz
et al. [2000a] for the case of steady state flow. However,
the underlying spectrum/covariance S v0v0T (s,t) differs from
the steady state case. Conceptually, the macrodispersion
tensor D*(t) in the present study is affected by the
uncertainty in the mean hydraulic gradient fluctuations.
The dispersion tensors for deterministic temporal fluctuations, or a single realization of the temporal fluctuations,
differ from our results. In particular, the macrodispersion
tensor D*(t) for a single realization of the temporal
fluctuations is smaller than given in equation (31), and
the corresponding effective dispersion tensor De(t) reflects
the actual mean hydraulic gradient J(t) at a given time t.
For the special case of sinusoidal fluctuations, our result
of the effective dispersion tensor De(t) is the average over
all phase angles. Our expression for macrodispersion,
equation (31), is identical to equation (18) of Kabala
and Sposito [1991].
2.4. Closed-Form Expressions and Approximate
Solutions
[23] Dentz [2000] presented closed-form expressions for
the longitudinal and transverse components of D*(t) and
De(t) under steady state flow conditions assuming a Gaussian
covariance function RY0Y0(h) of the log conductivity fluctuations. We extend these results for temporal fluctuations in the
mean hydraulic gradient J. In general, we need to consider
four contributions to the macrodispersion tensor:
* ðtÞ þ D*mix ðtÞ
D*ðtÞ ¼ D þ D*dðY ÞðtÞ þ DdðtÞ

ð33Þ

in which D is the pore-scale dispersion tensor, D*d(Y)(t) the
contribution from spatial variability of the log conductivity
* (t) from uncertainty in the mean hydraulic
alone, and Dd(t)
* (t) includes the mixed terms of
gradient alone, whereas Dmix
log conductivity and hydraulic gradient fluctuations. The
three macroscopic terms are related to the corresponding
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terms in the space spectrum/time covariance S v0v0T (s,t) of the
velocity fluctuations. D*d(Y)(t) is well-known from the analysis of macrodispersion in steady state flows [Gelhar and
Axness, 1983; Dagan, 1988]. The contribution D*d(t) (t),
analyzed by Rehfeldt and Gelhar [1992], is given by
integration of the temporal covariance matrix RJ0J0(t) of
the mean gradient fluctuations:
D*dðtÞ ðtÞ ¼

Kg2
2

q

Z

t

RJ0 J0T ðtÞdt

ð34Þ

0

which is easy to derive. We focus our analysis on the mixed
* (t). In the evaluation of effective dispersion De(t),
term Dmix
the contribution of temporal fluctuations alone drops out, and
we need to analyze only three terms:
De ðtÞ ¼ D þ DedðY Þ ðtÞ þ Demix ðtÞ

ð35Þ

Ded(Y )(t)

where, again, the steady state flow contribution
is
known from Dentz [2000].
[24] We consider a case of sinusoidal fluctuations of the
hydraulic gradient fluctuations J. The component in the
x1-direction remains constant, and that in the x3-direction
zero, whereas the x2-component oscillates about zero:
J1 ¼ constant

J2 ¼ J2; max sin

ð36Þ

2pt
þj
T

J3 ¼ 0

ð37Þ

Figure 2. Large-time asymptotic limit of horizontal
transverse macrodispersion D*
22 D*
d(t),22 as function of the
frequency of hydraulic gradient fluctuations.
2.4.1. Asymptotic Limit at t ! 1
[26] In the asymptotic limit of t!1, the horizontal
transverse effective dispersion coefficient De22(t) approaches
the value of the corresponding macrodispersion coefficient,
neglecting the contribution D*
d(t),22(t). As derived in
1
, is
Appendix B, the asymptotic value, denoted by D22
given to first order in e by:
1
1
D1
22 ¼ D þ DdðY Þ;22 þ Dmix;22

ð41Þ

e 2
D1
dðY Þ;22 ¼ sY lhv1 i
3

ð42Þ

ð38Þ

with
J2,max is the amplitude of the J2-fluctuations, T is the time
for a single cycle, and j is a random phase-angle differing
from realization to realization. Since J2 is the only random
component of J, the temporal covariance matrix RJ0J0(t) of
the mean gradient fluctuations is zero except for the entry
RJ2J2(t):
2
J2;max
2pt
cos
RJ2 J2 ðtÞ ¼
T
2

ð39Þ

[25] In Appendix B, we outline the derivation of closede
form expressions for D*
mix,22(t) and Dmix,22 (t) for a threedimensional domain with an isotropic, stationary Gaussian
covariance function of the log conductivity fluctuations:
RY 0 Y 0 ðhÞ ¼ s2Y exp

phT h
4l2

ð40Þ

in which l is the integral scale. We assume a scalar porescale dispersion coefficient D. In the analysis, we use the
following dimensionless parameters:
Inverse Peclet number
Dimensionless time

e ¼ hvD1 il
t* ¼ thvl1 i
J
J * ¼ 2;max
J1

Relative amplitude of hydraulic gradient
fluctuations
Dimensionless frequency of hydraulic gradient w* ¼ T hvl 1 i
fluctuations

2
*2
D1
mix;22 ¼ sY lhv1 iJ


 3 3
157
1
e þ exp 4pw*2
þ pw*2
210
2
8 2


1 
þ E1 4pw*2 4pw*2 24p2 w*4
4

ð43Þ

in which E1() is the exponential integral function which may
be approximated by equations 5.1.53 and 5.1.54 of
Abramowitz and Stegun [1974]. The coefficient for steady
1
, has already been derived by Gelhar and
state flow, Dd(Y),22
1
is proportional to the squared
Axness [1983]. Dmix,22
amplitude of hydraulic gradient fluctuations J*2 and
depends in a nonlinear way on the frequency w*. We have
fitted a Gaussian function to D1
mix,22 leading to the
1
:
approximation of D22
2
D1
22 ¼ D þ sY lhv1 i

e
þ J *2 ð0:5965e þ 0:2069 exp 16:15ðw*
3

0:1061Þ2


ð44Þ

1
[27] Figure 2 shows a plot of D22
given by equations
(41) and (44) for the strictly advective case, e = 0, as a

CIRPKA AND ATTINGER: DISPERSION UNDER RANDOM TRANSIENT FLOW CONDITIONS

SBH

9-7

function of the dimensionless frequency w*. It is obvious,
that the effect of temporal hydraulic gradient fluctuations
on the asymptotic transverse dispersion coefficients is
dampened at high frequencies. This has already been
observed by Dagan et al. [1996] and Zhang and Neuman
[1996] who, however, did not derive closed-form expressions. We observe the maximum enhancement of transverse dispersion at a dimensional frequency w* of 1/9.
The fit by equation (44) is very good for frequencies larger
than this value.
2.4.2. Time-Dependent Behavior of Transverse
Macrodispersion for the Strictly Advective Case
[28] In the strictly advective case, i.e., e = 0, the steady
state flow contribution D*d(Y),22(t*) to transverse macrodispersion is:
lim D*dðY Þ;22 ðt*Þ ¼ s2Y lhv1 i erf

e!0

6
þ 2
p t

3

exp

pﬃﬃﬃ
t* p
2
pt *2
4

1
pt *2

6
p2 t *4
ð45Þ

[29] Substituting equation (39) into equation (34) yields
the contribution D*d(t),22(t) of temporal fluctuations alone:
D*dðtÞ;22 ðtÞ ¼

2
Kg2 J2;max
T
2

q 4p

sin

2pt
T

ð46Þ

which expresses the uncertainty in tagging the plume center
because of the randomness in the temporal fluctuations.
[30] Following the approach outlined in Appendix B, the
mixed contribution D*mix,22(t*) is:
pﬃﬃﬃ
pﬃﬃﬃ
J *2
p
t* 2 piw*
erf
lim Dmix;22
* ðt*Þ ¼ s2Y lhv1 i
e!0
2
4
pﬃﬃﬃ
pﬃﬃﬃ
3 3
p
þ erf
t* þ 2 piw*
þ pw*2
2
8 2





exp 4pw*2 þ E1 4pw*2 pw*2 6p2 w*4
 p

4
þ pﬃﬃﬃ exp
t*2 þ 4pw*2
p
4
pﬃﬃﬃ
pﬃﬃﬃ
p
t* sinð2pw*t*Þ2 pw*
cosð2pw*t*Þ
2




1 3
þ pw*2 exp 4pw*2 þE1 4pw*2
16 4
1
pw*2 3p2 w*4
ð47Þ
8

[31] Equation (47) contains the sum of two error functions with complex arguments. Since the arguments are the
complex conjugates of each other, the resulting expression
is real. In the numerical evaluation, we have used equation
7.1.29 of Abramowitz and Stegun [1974] as approximation
of the error function with complex arguments.
[32] Figure 3 shows all contributions to the horizontal
transverse macrodispersion coefficient D*22(t) in the strictly
advective case for the following parameters:
s2Y ¼ 1;
J1 ¼ 0:01;

l ¼ 1m;
Kg ¼ 10 4 m=s;
J2;max ¼ J1 =2; T ¼ 10d

q ¼ 0:25;

[33] The solid line marks the contribution D*d(Y),22(t) by
the spatial variability of log conductivity alone as calculated

Figure 3. Contributions to the horizontal transverse
macrodispersion coefficient D*
22(t) for random temporal
fluctuations.
by equation (45). This is identical to D*22(t) under steady
flow conditions. It shows the well-known maximum at early
times reflecting uncertainty in the plume meandering.
Graphically speaking, due to random spatial variability,
we do not know whether the meandering of a point-related
plume starts with a left or a right turn. The related
uncertainty in the transverse plume position does no more
increase at late times.
[34] The dashed line in Figure 3 is the contribution
D*d(t),22(t) from temporal variability of the mean hydraulic
gradient alone, according to equation (34). For the case of
sinusoidal fluctuations, it exhibits negative values because
the uncertainty in tagging the center of the plume due to the
gradient-fluctuations becomes zero for t being an integer
multiple of T. In the approach of Rehfeldt and Gelhar
[1992], the contributions D*d(Y),22(t) and D*d(t),22(t) are
summed up.
[35] The dash-dotted line in Figure 3 marks the mixed
term D*mix,22(t) that has been omitted by Rehfeldt and
Gelhar [1992]. For the chosen parameters, it has a
maximum that coincides with the first maximum of
D*d(t),22(t), and levels out to a constant value at later times.
For higher values of the dimensionless frequency w*,
D*mix,22(t) may show more extrema corresponding to the
oscillations of D*d(t),22(t).
[36] For the chosen parameters, all three contributions are
of similar importance at early times. At late times, D*d(Y),22(t)
vanishes. With a smaller variance sY2 of the log conductivity,
the uncertainty in the mean hydraulic gradient would have
dominated the uncertainty in tagging the lateral position of
the plume center. By changing from random to deterministic
temporal fluctuations, however, the contribution D*d(t)22(t)
would disappear. By contrast, the mixed term D*mix,22(t)
does also occur for the case of deterministic fluctuations.
Particularly in the large-time limit, D*mix,22(t) expresses the
mean enhancement of horizontal transverse macrodispersion due to changes in the hydraulic gradient for both
random and deterministic fluctuations.
2.4.3. Approximation of Time-Dependent Behavior
of Transverse Effective Dispersion
[37] While the transverse-macrodispersion contributions
D*d(Y),22(t) and D*mix,22(t) show distinct maxima at early

9-8

CIRPKA AND ATTINGER: DISPERSION UNDER RANDOM TRANSIENT FLOW CONDITIONS

times, this is not the case for effective dispersion.
Macrodispersion contains the uncertainty in the trajectory
of the plume center. Particularly at early times, when
D*d(Y),22(t) and D*mix,22(t) have their maxima, this uncertainty
dominates D*22(t). Effective dispersion, by contrast, expresses the lateral expansion of the point-related plume
itself and is not influenced by the uncertainty in the starting
angle between the true trajectory of the plume center and its
expected value.
[38] As outlined in Appendix B, we can derive an
approximation for the time-dependent transverse effective
dispersion coefficient De22(t):
De22 ðtÞ

2pet*
D1
 Dþ
þ 1
1 þ 2pet* dðY Þ;22


!
exp 2p2 w*2 et*
D1
mix;22
1 þ 2pet*
ð48Þ

It may be noteworthy that the impact of pore-scale
dispersion in the exponential term comes from longitudinal
local dispersion. This is different to steady state flows,
where longitudinal pore-scale dispersion does not influence
effective transverse dispersion. In transient flow, the
direction of the streamlines changes over time, so that a
plume that spreads out into the longitudinal direction
becomes also wider, although the effect is not very
pronounced.
[39] Equation (48) is an algebraic expression that, with
the exception of the exponential term, is formally equivalent to a Michaelis-Menten term. For the parameters given
above and a realistic value of pore-scale transverse dispersion on the order of ten times the molecular diffusion
coefficient, the local-dispersive half-time l2/(2pD) is
200d. The exponential expression makes effective dispersion catch up slightly faster. One should keep in mind,
however, that equation (48) holds for an isotropic spatial
covariance function. In an anisotropic medium, we have two
dispersive time-scales, one proportional to the large
horizontal integral scale, and the other to the small vertical
one [Dentz et al., 2000a]. Here pore-scale dispersion in the
vertical direction dominates the time-dependent behavior of
effective dispersion.
2.5. Semianalytical Evaluation by Discrete Fourier
Transformation
[40] In addition to the closed-form expressions holding
only for an isotropic Gaussian covariance model of the log
conductivity fluctuations, we evaluate the two dispersion
tensors by numerical operations in a discretized spectral
domain and subsequent discrete back-transformation into
the spatial domain. The numerical evaluation of equations
(31) and (32) allows a higher flexibility in choosing the
covariance model RY0Y0(h). As discussed in Appendix C, we
apply fast Fourier transformation (FFT) techniques. FFT
applies to Fourier series rather than integrals. This is
equivalent to assuming a periodic rather than a stationary
log conductivity field [Dykaar and Kitanidis, 1992]. The
log conductivity values are identical at integer multiples of
the unit length Li in each direction xi:
Y ðx þ nei Li Þ ¼ Y ðxÞ

ð49Þ

periodic covariance function RY0Y0(h) with the following
property:
hY 0 ðxÞY 0 ðx þ hÞi ¼ RY 0 Y 0 ðhÞ ¼ RY 0 Y 0 ðnei Li

ð50Þ

hÞ

[41] The perfect correlation at integer multiples of the
unit lengths lead to artifacts in the evaluation of dispersion
terms. While in stationary media the dispersion coefficients
approach an asymptotic value in a single smooth step,
periodic media show multiple steps associated with the
mean displacement being about an integer multiple of the
unit length. By choosing large unit lengths and restricting
the considered travel time so that the mean displacement is
considerably smaller than the unit length, the macrodispersion coefficients for periodic media are essentially identical
to those for the corresponding stationary media.
2.6. Deterministic Temporal Fluctuations
[42] In this section, we consider the case of deterministic
fluctuations of the mean hydraulic gradient, i.e., h f (x, t)i =
J(t)8x. This case was considered in the analysis of
macrodispersion for strictly advective transport by Zhang
and Neuman [1996] and Dagan et al. [1996], and for
advective-dispersive transport by Wood and Kavvas [1999].
The cross-spectrum of specific discharge fluctuations q0 at
times t0 and t00 is given by:
#

SBH

ssT Jðt 0 Þ
sT s

Sq0 ðt0 Þq0T ðt00 Þ ðsÞ ¼ Kg2 Jðt 0 Þ

Jðt 00 Þ

ssT Jðt 00 Þ
sT s

T

SY 0 Y 0 ðsÞ
ð51Þ

Without repeating the details of the derivation, the resulting
macrodispersion and effective dispersion tensors, D*(t) and
De(t), are now:
Z Zt
D*ðtÞ ¼ D þ
1



sym Sv0 ðt0 ÞvðtÞ ðsÞ

0


exp ð 4p2 sT Dsðt
Z Zt

e

D ðtÞ ¼ D*ðtÞ
1

t 0 Þ þ 2pisT ðhXðtÞi

hXðt 0 ÞiÞÞÞdt 0 ds
ð52Þ



sym Sv0 ðt0 Þv0 ðtÞ ðsÞ

0


exp 4p2 sT Dsðt0 þ t Þþ2pisT ðhXðtÞi


hXðt0 ÞiÞ dt 0 ds
ð53Þ

R
in which hx(t)i = 0thv(t)i dt is the mean trajectory of the
plume center, Sv0(t0)v(t)(s) = Sq0(t0)q0(t)(s)/q2 is the crossspectrum of seepage-velocity fluctuations at times t0 and t,
and sym() is the symmetry operator: sym(A) = 12 (A + AT). For
the case of zero local dispersion, i.e., D = 0, equation (52)
simplifies to the solution of Zhang and Neuman [1996]:
Z Zt
D*D¼0 ðtÞ ¼



sym Sv0 ðt0 ÞvðtÞ ðsÞ

1 0



exp 2pisT ðhXðtÞi hXðt 0 ÞiÞÞ dt 0 ds
Zt


¼ sym Rv0 ðt0 ÞvðtÞ ðhXðtÞi hXðt0 ÞiÞ dt 0

ð54Þ

0

in which ei is the unit length vector in direction i. The
fluctuations within a single unit cell are characterized by the

DeD¼0 ðtÞ ¼ 0

ð55Þ
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[43] Evaluating the expressions for deterministic temporal
fluctuations, equations (52) and (53), is computationally
more demanding than the corresponding expressions for
random fluctuations, equations (31) and (32). For each time
t, the temporal integrals in equations (52) and (53) must be
fully re-evaluated, regardless of previous evaluations at
smaller t-values. This is so because the time t itself appears in
the nonlinear terms Sv0(t0)v0(t)(s) and hX(t)i within the temporal
integral. By contrast, the temporal integrals in equations (31)
and (32) contain expressions that are translationally invariant
in time, namely Sv0v0T(s, t) and hvi t. Therefore previous
evaluations at smaller t-values can directly be utilized. If we
consider a numerical time-integration scheme over 1000 time
steps, equations (31) and (32) require 1000 evaluations of the
term within the time-integral and equations (52) and (53)
500,000. Also, the derivation of the closed-form expression
requires translational invariance in time. It is therefore
computationally advantageous to use the expressions for
random rather than deterministic temporal fluctuations.
[44] The macrodispersion tensor D*(t) given in equation
(52) differs qualitatively from that in equation (31), because
it is not affected by uncertainty in the temporal fluctuations.
To make the two macrodispersion tensors more comparable,
we eliminate the effect of temporal uncertainty alone from
D*(t) in equation (31) by neglecting the term D*d(t)(t) given
by equation (34).

3. Comparative Particle-Tracking Random-Walk
Simulation
[45] For given geostatistical parameters, we generate
periodic random fields by a spectral approach similar to
that of Dykaar and Kitanidis [1992]. With the timedependent mean head gradient J(t), the hydraulic heads f
in the infinite, periodic domain exhibit a linear trend with
periodic fluctuations. Except for a constant, the field is fully
described by the hydraulic-head distribution within a single
unit cell with periodic boundary conditions [Kitanidis,
1992; Dykaar and Kitanidis, 1992]:
fðL1 ; x2 ; x3 ; tÞ ¼ fð0; x2 ; x3 ; tÞ

J1 ðtÞL1

ð56Þ

fðx1 ; L2 ; x3 ; tÞ ¼ fðx1 ; 0; x3 ; tÞ

J2 ðtÞL2

ð57Þ

fðx1 ; x2 ; L3 ; tÞ ¼ fðx1 ; x2 ; 0; tÞ

J3 ðtÞL3

ð58Þ

[1988] for the advective displacement. We replace the
expected-value operator by the average over many particle
pairs introduced at different points of a single flow field.
The particle pairs are introduced at the centers of all finite
volume cells and tracked through the periodic domain. A
particle leaving a unit cell at a boundary enters an adjacent
unit cell with identical flow field. That is, we can
reintroduce the particle at the opposite side of the unit cell
and add/subtract the corresponding length Li to/from the
particle’s position within the unit cell to gain its global
position. The one-particle variance of displacement hX0X0Ti
(t) at time t is evaluated by:



1
X X ðtÞ ¼
2nc
0

0T

nc
X

!
X1 ðk; tÞXT1 ðk; tÞ

þ

X2 ðk; tÞXT2 ðk; tÞ

k¼1
nc
X

1
4n2c
nc
X

!
X1 ðk; tÞ þ X2 ðk; tÞ

k¼1

XT1 ðk; tÞ

!
þ

XT2 ðk; tÞ

ð59Þ

k¼1

in which nc is the number of Finite Volume cells, X1(k, t) is
the displacement at time t of particle 1 starting at time zero
in the center of cell k, and X2(k, t) is the same quantity for
particle 2. The displacement is the actual position of the
particle at time t minus the coordinates of the starting point.
The two-particle semivariogram of displacement xxT(t) is
given by:


 XXT ðtÞ  X0 X0T ðtÞ
¼

 0 0T 
X1 X2 ðtÞ

!

nc

1 X
ðX1 ð j; k; tÞ X2 ð j; k; tÞÞ XT1 ð j; k; tÞ XT2 ð j; k; tÞ
2nc k¼1

ð60Þ

The one-particle variance of displacement hX0X0Ti (t) and
the two-particle semivariogram of displacement xxT(t) are
evaluated at discrete times. Subsequently, the macrodispersion and effective dispersion tensors are calculated by
numerical differentiation with respect to time:

D*ðtÞ ¼



1 X0 X0T ðt þ tÞ
t
2

De ðt; 0Þ ¼

Because the fields of log hydraulic conductivity Y(x) and
the hydraulic head fluctuations f0(x) are periodic, the
fields of specific discharge and seepage velocity v are also
periodic and thus fully described by the distribution within
a single cell. In our simulations, the flow field is evaluated
by a standard cell-centered finite volume formulation for
each realization, accounting for the periodic boundary
conditions, Equations (56 – 58). The linear system of
equations is solved by a conjugate gradient solver with
algebraic multigrid preconditioning [Ruge and Stüben,
1987].
[46] Transport is solved by the particle-tracking randomwalk method using the semianalytical approach of Pollock
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1  XXT ðt þ tÞ
2
t

 0 0T 
X X ðtÞ

 XXT ðtÞ

ð61Þ

ð62Þ

In the numerical simulations, the temporal fluctuations of
the mean hydraulic gradient J(t) are deterministic. As
discussed above, we assume sinusoidal fluctuations of the
mean hydraulic gradient J(t). Within this model, random
fluctuations of the head gradient would refer to a random
phase angle. The mean behavior over all phase angles
would be determined by averaging the results for deterministic fluctuations over all phase angle. We simplify the
averaging by considering only two phase-angles: 0 and p/2.
We apply the particle-tracking random walk method to the
flow fields resulting from the two phase angles, calculate
the macrodispersion and effective dispersion tensors, D*(t)

SBH
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[48] We compare results from linear theory to those from
particle-tracking random-walk simulations for a fictitious
aquifer with coefficients comparable to the Borden site. As
listed in Table 1, the parameters were taken from Woodbury
and Sudicky [1991] and Rajaram and Gelhar [1993]
regarding the log conductivity field and from Bellin et al.
[1996] regarding the transient behavior of flow. The
fluctuations in the direction of flow are limited to ±10.4.
4.1. Comparison Between Linear Theory and
Particle-Tracking Random-Walk Simulations
[49] Figure 4 shows a comparison of the diagonal components of the dispersion tensors evaluated by particletracking random-walk simulations for steady state and
transient flow. Time is normalized by the mean advective
travel time for a single horizontal correlation length lh/v1,
and the dispersion coefficients are normalized by v1lhsY2 in
which v1 is the observed mean velocity. The results for
steady state flow are shown as thin lines and those for
transient flow as bold lines. Obviously, the transient and
steady state results are almost identical for the mean
longitudinal and the vertical directions. In the vertical
direction, heterogeneity hardly increases dispersion at all. In

Figure 4. Components of the dispersion tensors for
Borden-like conditions evaluated by particle-tracking random-walk simulations. Solid lines, macrodispersion
(D*(t) D*d(t)); dashed lines, effective dispersion; thin lines,
steady state flow; thick lines, transient flow.

and De(t, 0), according to equations (61) and (62) for both
phase angles and take the average.

4. Application to a Borden-Like Test Case
[47] In the following, we evaluate the macrodispersion
and effective dispersion tensor for a three-dimensional
random periodic domain by the semianalytical approach
using discrete Fourier transformation. As in section 2.4, we
consider sinusoidal fluctuations of the mean hydraulic
gradient with a random phase angle, Equations (36 – 39).
For the spatial log conductivity fluctuations, we assume the
anisotropic exponential covariance model:

RY 0 Y 0 ðhÞ ¼

s2Y

exp

sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ!
h21 þ h22 h23
þ 2
l2h
lv

ð63Þ

in which sY2 is the log conductivity variance, and lh and
lv are the horizontal and vertical correlation lengths,
respectively.

Figure 5. First-order prediction of dispersion tensors
components for Borden-like conditions. Solid lines, macrodispersion (D*(t) D*d(t)); dashed lines, effective dispersion;
thin lines, steady state flow; thick lines, transient flow.
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Table 1. Parameters Used for the Simulation of a Borden-Like
Aquifer
Parameter
Kg
sY2
lv
lh
Type
J1
T
J2,max/J1

Value
Log Conductivity Fielda
7.17  10 5 m/s
0.24
0.21 m
5.1 m
exponential
Mean Hydraulic Gradientb
4  10 3
450 d = 3.888  107 s
0.184
Discretization

L
x
t
q
D

250 m  60 m  2 m
0.5 m  0.5 m  0.025 m
2.65  105s = 3d 1h 440
Transport Propertiesc
0.33
2  10

9

m2/s

a

Woodbury and Sudicky [1991] and Rajaram and Gelhar [1993].
Bellin et al. [1996].
c
Woodbury and Sudicky [1991].
b

the horizontal transverse direction x2, the transient simulations show a higher maximum transverse macrodispersivity
than the steady state simulations. More importantly, both
macrodispersion and effective dispersion in the x2-direction
approach an asymptotic value that is about five times higher
than in the steady-state flow case.
[50] Figure 5 shows the predicted values for the dispersion tensor components applying linear theory. Here, to be
consistent in the order of approximation, the velocity for
normalization is hv1i(1) = KgJ1/q. As observed in the
particle-tracking random-walk simulations, the transient
flow behavior does hardly affect the dispersion coefficients
in the x1- and x3-directions. The results for the x2-direction
agree qualitatively very well with the particle simulations.
Figure 6 shows a direct comparison between the numerical
e
under transient
and semianalytical results for D*22 and D22
flow conditions. The particle results show fluctuations about
the mean that are presumably caused by the limited size of
the computational domain. The peaks of transverse macrodispersivity are predicted very well by linear theory,
whereas the particle results appear to approach a slightly
higher asymptotic value than predicted by linear theory.
Also, the particle results indicate that the effective
horizontal transverse dispersivity catches completely up
with the corresponding macrodispersivity after passing
about 15 integral scales, whereas linear theory predicts a
small but distinct difference between both types of
dispersivity over a longer time period. These minor
differences might be caused by higher-order effects. A
particular reason might be that the plume expands faster in
the transverse direction under transient than under steady
state flow conditions.
4.2. Comparison Between Random and Deterministic
Temporal Fluctuations
[51] Figure 7 shows a comparison of the horizontal transverse dispersion coefficients between predictions from linear
theory for deterministic and random temporal oscillations of

Figure 6. Horizontal transverse dispersion under transient
flow conditions. Comparison between results from particletracking random-walk (symbols) and first-order stochastic
theory for horizontal transverse dispersivity (lines). Solid
lines and crosses, macrodispersion (D*22(t) D*22,d(t)); dashed
e
.
lines and pluses, effective dispersion, D22
the mean hydraulic gradient J(t). As in the particle-tracking
random-walk simulations, the deterministic oscillations are
for a phase angle j of 0 and p/2. The results from particle
tracking are indicated in Figure 7 by symbols. Because of
the high computational effort, the semianalytical calculations for deterministic oscillations have been performed for
a much shorter time period than those for random
oscillations. It is obvious that for the given set of parameters
e
(t) for the deterministic oscillations,
both D*22(t) and D22
according to equations (52) and (53), fluctuate about the
e
estimate D*22(t) D*22,d(t)(t) and D22
(t) for random oscillations according to equations (31) and (32). The agreement
with the particle-tracking random-walk simulations is fairly
good.
[52] The deterministic calculations show distinct peaks
in both types of transverse horizontal dispersion which
coincide with the times at which the absolute transverse

Figure 7. Horizontal transverse dispersion coefficients.
Comparison between results of linear theory for deterministic and random fluctuations of the mean hydraulic
gradient. Lines, linear theory; symbols, particle-tracking/
random-walk simulations.
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Appendix A:

Spatial Moments

R
[56] The zeroth spatial moment m0(c(x, t)) = 1c(x, t)dx
is the total mass of the solute which remains constant at all
times in all realizations. Because of the initial condition,
equation (22), m0(c(x, t)) is unity. For a nonunity mass, the
higher spatial moments given below are the moments
normalized by the solute mass.
[57] The vector of first spatial moments mx(c(x, t)) of the
concentration is obtained by:
Z
mx ðcðx; tÞÞ 

xcðx; tÞdx ¼

i
2p

cðs; tÞjs¼0 ¼
s~

i
2p

c0 ðs; tÞjs¼0
s~

1

Z Zt Z
þ
1

~
v0 ðs0 ; wÞ expð2piwt0 ÞÞdw~c0 ð s0 ; t 0 Þdt0 ds0

1

0

ðA1Þ

in which s is the gradient with respect to the s-coordinates
in the spectral domain.
[58] The first spatial moments mx(hc(x, t)i) of the
expected concentration equal the expected values of the
first moments hmx(c(x, t))i:
mx ðhcðx; tÞiÞ ¼ hmx ðcðx; tÞÞi ¼
¼

i
2p

i
2p

#

[53] Temporal fluctuations in the orientation of the mean
hydraulic gradient enhances long-time transverse dispersion, but not to the extent predicted by the classical model
of uniform dispersion in homogeneous media [Kinzelbach
and Ackerer, 1986; Goode and Konikow, 1990]. This has
already been shown for macrodispersion by Dagan et al.
[1996] and Zhang and Neuman [1996]. Our findings are in
agreement to those of the latter studies, extending the results
to effective dispersion for a point-like injection. Taking
effective dispersion as a measure of actual dispersive
mixing, the present results indicate that transverse dispersive mixing depends strongly on transient flow behavior.
This might be important in assessing natural attenuation of a
quasi-steady state plume of a contaminant introduced
continuously into an aquifer.
[54] We have derived a first-order spectral solution for
macrodispersion and effective dispersion in stationary
heterogeneous media with random fluctuations of the mean
head gradient. Comparative particle-tracking random-walk
simulations show a good agreement to the analytical results
for small temporal fluctuations of the mean head gradient as
observed at the Borden test site. We have also performed
particle simulations in which the direction of flow fluctuates
by ±45. The results of the latter study, not shown here,
indicate that effective dispersion approaches the value of
macrodispersion faster under transient than under steady
state flow conditions. This behavior cannot be predicted by
linear theory. Against this background, it might be worthwhile to assess the higher-order terms appearing in the
derivation of effective dispersion in more detail when
considering cases of strong temporal fluctuations. Such
derivations, however, are beyond the scope of the present
study.
[55] While we strongly believe that an accurate estimation of transverse mixing rates is essential in the
assessment of natural attenuation, it remains challenging
to solve the problem solely by analytical means. The
present study demonstrates that the temporal evolution of
transverse effective dispersion can be predicted sufficiently well for small fluctuations of transverse flow,
however, the following limitations and practical difficulties remain: (1) Effective dispersion coefficients, particularly at early times, depend strongly on pore-scale
transverse dispersion coefficients which are difficult to
determine [Klenk and Grathwohl, 2002]. (2) The analytical
results for effective dispersion derived so far assume
stationary velocity fields which might be unrealistic in

c0 ðs; tÞjs¼0 ¼
s~

#

5. Conclusions

many field situations. Recent advances achieved for
macrodispersion in nonstationary media assuming strictly
advective transport [Indelman and Rubin, 1996; Zhang,
1998; Zhang et al., 2000] cannot be transferred to effective
dispersion which is strongly affected by pore-scale dispersion. (3) Effective dispersion coefficients derived from
stochastic theory are expected values and hold for single
realizations only when the ergodicity assumption is valid.
Since the mixing of a plume with ambient water occurs
within a narrow stripe along the dividing surface, the
supporting volume is presumably too small to justify such
an assumption. Therefore the mixing rates occurring in the
decisive fringes of a plume might differ considerably from
their predicted values. Against this background, it might be
advisable to perform Monte-Carlo simulations of particle
transport to come up with estimates of effective mixing rates
and their uncertainty. Such simulations do not require
stationarity of the flow field and can be conditioned on all
data available.

#

gradient component is the highest. These peaks, of
course, cannot be captured with an unknown phase angle.
The good agreement with the average coefficients related
to the two phase angles, however, indicates that following
the space-time mean trajectory in the approach of random
gradient oscillations does not introduce severe bias as
long as the fluctuations of the trajectory are small. With
the parameters used in this study, the mean trajectory
oscillated ±0.2lh about its temporal average. Trajectory
oscillations of significantly more than one horizontal
correlation length may lead to stronger differences between
results of deterministic and random temporal gradient
fluctuations.

#
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cðs; tÞijs¼0
s h~

hvit

ðA2Þ

Subtracting equation (A2) from equation (A1), multiplying
the expression with its transpose and taking the expected
value as well as the derivative with respect to time yields the
rate of change of the covariance matrix of first-moment
deviations hmx0 (c(x, t))mx0T(c(x, t))i:


Z Zt
@ m0x ðcðx; tÞÞm0T
x ðcðx; tÞÞ
S v0 v0T ðs; t
¼2
@t
1

0

~c0 ðs; t 0 Þdt 0 ds

which will be needed below.

t 0 Þ~c0 ð s; tÞ
ðA3Þ
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[59] The matrix of second noncentral spatial moments
MxxT (c(x, t)) is defined as:
xxT cðx; tÞdx ¼

1
4p2



##

Z
MxxT ðcðx; tÞÞ 

s

T
cðs; tÞs¼0
s~

ðA4Þ

1



##

1

0

1
sT s

0

t Þdt ds ðA5Þ

0

c
[61] The second central moment Mxx
T (c(x, t)) of the
concentration is defined as:

1
ðsT sÞ2

 MxxT ðcðx; tÞÞ

mx ðcðx; tÞÞmTx ðcðx; tÞÞ

ðA6Þ

[62] In contrast to the noncentral moments, the expected
value of the second central moment differs from the second
central moment of the expected concentration by the
covariance of the first-moment deviations, with the rate of
change given in equation (A3). Taking the temporal derivative of equation (A6) and considering the expected values
of (1) the concentration and (2) the second central moment,
respectively, yields:
@McxxT ðhcðx; tÞiÞ @MxxT ðhcðx; tÞiÞ
¼
@t
 @t

@ mx ðhcðx; tÞiÞmTx ðhcðx; tÞiÞ
@t


@ McxxT ðcðx; tÞÞ
@McxxT ðhcðx; tÞiÞ
¼
@t
 @t

@ m0x ðcðx; tÞÞm0T
x ðcðx; tÞÞ
@t

ðA7Þ

ðexpð2piw*tÞþ expð 2piw*t*ÞÞ
0

s22
sT s

2

1

expð2pis1 t*

4p2 esT st*Þ dsdt*


4psT st0 dt0

ðB2Þ

¼ 16p2

Z1



t0 exp 4psT st0 dt0

ðB3Þ

0

Bt*
erf @

1

0
p2 iw* 4þ4t
C
qﬃﬃﬃﬃﬃﬃﬃﬃﬃ p A
4þ4t0
p

0

1
4þ4t0 
2
t*
þ
p
iw*
B
C
qﬃﬃﬃﬃﬃﬃﬃﬃﬃ p A
erf @
4þ4t0
p

ðB4Þ

about t0 = 0. The correction terms vanish exponentially fast
according to exp( t*).
B2. Mixed Contribution to Transverse Effective
e
(t)
Dispersion Dmix,22
[67] Using dimensionless variables, the term to be evaluated is:
Z t*
Demix;22 ðtÞ D*
mix;22 ðtÞ
2
*
¼
2J
ðexpð2piw*tÞþ expð 2piw*t*ÞÞ
s2Y lhv1 i
s2Y lhv1 i
0
Z
2


s22
exp 4psT s 1
sT s
2t*ÞsT sÞdsdt*

ðB5Þ

ðA8Þ

Zt*



exp 4psT s 1



expð2pis1 t* þ 4p2 eðt*

B1. Mixed Contribution to Transverse
Macrodispersion D*mix,22(t)
[63] Using dimensionless variables, the term to be
evaluated is:

Z

exp

1

Appendix B: Steps in the Derivation of ClosedForm Solutions

Dmix;22
* ðt*Þ
¼ 2 J *2
s2Y hv1 il

¼ 4p

[65] 2. Expansion of the integrand with respect to small
inverse Peclet numbers. In order to achieve this goal, we
expand the integrand about  t*. Afterward,we perform the
integration over the dimensionless time variable t*.
[66] 3. Integration over the auxiliary variable t0. In order
to perform this integration in closed-form, we need to
expand
0

McxxT ðcðx; tÞÞ

Z1
0



T
c0 ðs; tÞs¼0
s~

s
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in which we have expressed the cosine function by its
corresponding complex exponential form. The derivation of
closed-form expressions is based on the following steps.
[64] 1. Integration over the Fourier variables s1, s2, s3.
Here we replace the fractions 1/(sTs) by the following
identities:

[60] As in the case of the first moments, the second
noncentral moments of the expected concentration
MxxT(hc(x, t)i) equal the expected value of the second
noncentral moments hMxxT(c(x, t))i:
@MxxT ðhcðx; tÞiÞ @ hMxxT ðcðx; tÞÞi
1 @
¼
¼
@t
@t
4p2 @t
Z Zt
~c0 ð s; tÞ
þ2
S 0 0T ðs; t
~c0 ð s; t0 Þ v v

SBH

ðB1Þ

[68] The leading order behavior of the second term can be
derived by rescaling the integration variables and dimensionless parameters.
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
s !s 1 þ 2pet*

ðB6Þ

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
t !t= 1 þ 2pet*

ðB7Þ

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
t* !t*= 1 þ 2pet*

ðB8Þ

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
w* !w* 1 þ 2pet*

ðB9Þ

[69] For exp
( 4p2etsﬃTs), we write exp ( 4p2e*tsTs)
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
with e*  e/ 1 þ 2pet*. The rescaling yields the factor
1/(1+2pt*) in front of the integral. The remaining integral
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equals D*mix,22(t) with rescaled variables. The evaluation of
the integrations follows the scheme outlined above.

Appendix C: Approximation by the Discrete
Fourier Transformation
[70] In equations (31) and (32), the macrodispersion and
effective dispersion coefficients, D*(t) and De(t), are given
as functions of the velocity spectrum/covariance S v0v0T(s,t),
defined in equation (20). Here we obtain a numerical
approximation for a periodic field by application of fast
Fourier transformation (FFT) techniques. Consider a threedimensional unit cell discretized by n1  n2  n3 grid points
with index j = [ j1, j2, j3] T. The corresponding discrete
Fourier transform ^f (k) has the same number of grid points
with the index k = [k1, k2, k3] T. Then the operation of the
discrete Fourier transformation F ( f (J)) and its inverse
F 1( ^f (k)) is defined as (see chapter 12 of [Press et al.,
1992]):
^f ðkÞ ¼ F ð f ðjÞÞ ¼

nX
3 1
1 1 n
2 1 n
X
X

f ð j1 ; j2 ; j3 Þ

j1 ¼0 j2 ¼0 j3 ¼0

2piðj1 k1 þ j2 k2 þ j3 k3 Þ
n1 n3 n3

exp

f ðjÞ ¼ F

1

ð^f ðkÞÞ ¼

ðC1Þ

3 1
1 1 n
2 1 n
X
X
1 nX
^f ðk1 ; k2 ; k3 Þ
n1 n2 n3 k ¼0 k ¼0 k ¼0
1

2

3

2piðj1 k1 þ j2 k2 þ j3 k3 Þ
exp
n1 n3 n3

ðC2Þ

in which we have chosen to start the indices at zero. For
given indices j and k, the spatial coordinate x(j) for a unit
cell centered about the origin, the wave number s(k), and
the corresponding Fourier transform ~f (s(k)) of the continuous function f (x) are given by:
2



3

2 k1
L1
7
6
 7
6
7
k2
n2
; sðkÞ ¼6
2 L2 7
6 L2
7
4
5

k3
n3
L3
2 L3

j1
n1

n1
2

6
6
6
xðjÞ¼6 nj22
6
4
j3
n3

L1

n1
2L1
n2
2L2
n3
2L3

3
7
7
7; ~f ðsðkÞÞ ¼ L1 L2 L3 ^f ðkÞ
7
n1 n2 n3
5
ðC3Þ

while the integration over the spectral domain becomes:
Z
1

~f ðsÞds ¼

1 1 n
2 1 n
3 1
X
X
1 nX
^f ðk1 ; k2 ; k3 Þ
n1 n2 n3 k ¼0 k ¼0 k ¼0
1

2

ðC4Þ

3

[71] With these identities, the dispersion coefficients
obtained from first-order stochastic theory are approximated
by the following procedure.
[72] 1. The covariance function RY0Y0(h) of log conductivity
is calculated for all grid points belonging to a unit cell
centered about the origin. To ensure that the covariance
function is even, the discretized covariance function RY0Y0(J)
is shifted such that the variance appears at node 0, 0, 0 rather
than the center node. The discrete Fourier spectrum S^Y0Y0(k) is
obtained by FFT (equivalent to equation (C1)). S^YY(0) is set
to zero to ensure that the mean of the fluctuations is zero.

[73] 2. The vector of wave numbers s(k) is calculated
according to equation (C3) for each node of the spectral
domain. The discrete spatial spectrum/temporal covariance
b
S q0q0T (k, t) of the specific discharge components is calculated node-wise for each time-lag t according to equation
(20) using S^Y0Y0(k) rather than SY0Y0(s(k)). The discrete
spectrum/covariance b
S v0v0T (k, t) = of the seepage velocity is
then substituted node-wise into equations (31) and (32).
[74] 3. The integration over the spectral domain in
equations (31) and (32) is replaced by summation over all
nodes and division by the total number of nodes. For
integration in time, the midpoint rule is applied.
[75] The integrands in the temporal integration of equations (31) and (32) do not depend on the time t for which
D*(t) and De(t) are to be evaluated. The time t appears only
as the upper integration limit and, in equation (32), in a factor
outside of the temporal integral. This makes the evaluation of
D*(t) and De(t) at different times computationally efficient.
Given the macrodispersion tensor D*(t1) at time t1, the
evaluation of the tensor at a later time t2 requires only
temporal integration from t1 to t2. This is different for the
evaluation of D*(t) and De(t) assuming deterministic
fluctuations of the mean head gradient J(t). The temporal
integrand in equations (52) and (53) depends via the mean
displacement hx(t)i on the limit t of the integral. The
corresponding evaluation of D*(t) and De(t) at any given time
t requires performing the full integration from zero to t, even if
the dispersion tensors have been evaluated for previous times.
[76] All numerical procedures are written as Matlab
scripts, in which indices start at one rather than zero. The
implementation of the discrete Fourier transform within
Matlab is based on the FFTW-library (http://www.fftw.org)
which allows any number of points per direction rather than
a power of two, as required by standard FFT.
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