Chapter 11

Particle Simulations of Growth: Application
to Tumorigenesis
Michael Bergdorf, Florian Milde, and Petros Koumoutsakos

1 Computing Growth
Do we have today the capabilities to simulate effectively the growth of organs and
living organisms? We understand “growth” as the process of the gain in size or
the transformation of a living organism that is accompanied by a change of its
shape. Starting at any stage during the growth of an organ can simulations predict
the subsequent evolution of shape? We believe that the answer to our question
above is “no” with the specification “not today” and possibly not even in the
next 10 years. Growth involving processes that span several orders of magnitude
in spatial and temporal scales is the core of all development and it assumes its
most intricate variety in this context. Organisms of the full range of morphologic
complexity are formed through the interplay of biochemical and mechanical forces,
orchestrated by genetic regulation and control. The phenomena involved in growth
are intimidatingly complex and multiscale, yet the complexity of this process
and the capabilities that can be provided by predicting growth under healthy and
pathological conditions merit the making of first steps in that direction (Fig. 11.1).
One of the earliest steps in that direction was made by Turing (1952) who
developed mathematical models for developmental biology. This work shed light on
how simple reaction diffusion systems can give rise to patterns, like colorful stripes
or spots on certain fish, and prepatterns, which are chemical patterns to which cells
respond such that a spatial structure forms. While the growth of healthy tissues and
organs remains a topic of intensive research a parallel line of work involves the study
of pathological growth and most importantly a process that involves hundreds of
millions of people: cancer. Cancer is one of the most impactive pathological growth
processes in humans. Cancerous growth of tissues is caused by alterations in the
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Fig. 11.1 (a) A glioblastoma tumor spheroid, with invasive cells shed at its boundary (image from
Habib et al. 2003). (b) Computer simulation of the shedding of invasive cells (see Chapter Particle
Simulations of Growth: Application to Angiogenesis)

cell physiology, which manifest in the cell’s self-sufficiency in growth signals, its
insensitivity to growth-inhibitory signals, the persistent evasion of cell death and
its inexhaustible potential for replication (Hanahan and Weinberg 2000). Recent
advances in molecular biology have lead to an incessantly increasing production of
oncologic data. Gatenby and Gawlinski (2003) point out that “clinical oncologists
and tumor biologists posses virtually no comprehensive theoretical model to serve
as a framework for understanding, organizing, and applying these data,” and noting
the necessity to “[develop] mechanistic models that provide real insights into critical
parameters that control system dynamics.” Many mathematical models concerning
cell dynamics, especially tumor growth and its related biophysical processes have
been formulated (see Araujo and McElwain 2004 for a comprehensive review of
solid tumor growth modeling). However, only few have reached a maturity which
allows to extract quantitative answers and questions from their simulation results.
The modeling and simulation of these systems bears several challenges, some of
which we address in this work.
In simulation, growing entities need to be distinguished from their surroundings;
cells need to be distinguished from the culture they grow on, blood vessels need
to be distinguished from other cells and from the extracellular matrix they migrate
through, and we need to be able to distinguish between different types of tumor
cells and healthy tissue. In this sense, the simulation of these systems is faced with
requirements, which are similar to those of multiphase flows, or crystal growth.
Continuum approaches for these systems can be classified into sharp and diffuse
interface approaches.
Diffuse interface approaches use scalar functions i .x; t/ to describe the spatial
presence of different components i D 1; 2; : : : ; e.g., in a two-phase flow, 1 D 0 in
one phase and 1 D 1 in the other phase. Among the two phases there is a smooth
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transition from 0 to 1. This diffuse interface has a characteristic size ", which is
chosen such that " ! 0 as h ! 0. Advantages of this approach are that there is no
need for interface tracking technology, and that it can manage an arbitrary number
of different components, phases, or cell types. This simplicity comes at the expense
of numerical difficulties with incorporating surface tension effects into the system,
as surface tension appears as a fourth-order nonlinear differential operator and leads
to stiff systems. The stiffness makes the involvement of implicit solvers necessary,
e.g., nonlinear multigrid methods (Kim et al. 2004). Sharp interface approaches
on the other hand are formulated by imposing a sharp boundary between different
components. On this interface, boundary conditions need to be formulated and
enforced. The interface itself is either represented with an immersed boundary or
an immersed interface approach.
In this chapter we address the issues encountered in both the sharp interface
and the diffuse interface approach. Within the class of sharp interface models
we introduce conservative particle formulations of reactant dynamics on growing
and deforming geometries. Furthermore, we present Lagrangian level set methods
and apply them to simulations of solid tumor growth, and address the problem
of boundary conditions and the scalable solving of surface-tension dynamics. A
framework for the class of diffuse interface methods is presented in the chapter
Particle Simulation of Growth: Application to Angiogenesis.

2 Particle Methods
Particle methods can be used to simulate systems ranging from water transport in
nanotubes to galaxy formation. This unique property of particle methods relies on
the formulation of fluid phenomena as interactions between evolving particles. The
common algorithmic framework used to describe these interactions enables efficient
multiscale simulations in terms of multiresolution and in coupling atomistic and
continuum systems. Particle methods for continuum systems, such as Smoothed Particle Hydrodynamics and Vortex Methods, are based on the Lagrangian formulation
of the governing equations and quadratures of the corresponding integral equations.
Particles interact and adapt according to the flow velocity but the nonuniform
distortion of the computational elements prevents the convergence of the method.
Hence particles evolve hydrodynamically, albeit inconsistently with the equations
they aim to discretize. In order to alleviate this difficulty we have introduced the
process of remeshing by reinitializing the particles periodically on grid nodes.
Remeshing detracts from the grid free character of particles but enables advances
such as multiresolution, the coupling of continuum and atomistic descriptions and
last but not least the development of software that seamlessly simulates systems
across several scales.
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2.1 Function Representation
Particle methods are a natural way of modeling advection dominated problems as
the Lagrangian advection is what particles that constitute physical systems actually
do; flowing water consists of the motion of water molecules, obeying Newton’s laws
of motion.
The Point Particle Approximation is based on the integral identity
Z
q.x/ D

ı.x  y/ q.y/ dy;

(11.1)

where ı is the Dirac delta measure. This integral equality is discretized using
particles as quadrature points:
q h .x/ D

X

Qp ı.x  xp /;

(11.2)

p

where Qp denote the particle weights, e.g., Qp D

R xp Ch=2
xp h=2

q.x/ dx, where h is the

inter-particle spacing. This simple approximation has the drawback, that q h cannot
be evaluated in-between particle locations. Chorin and Bernard (1973), Leonard
and Reynolds (1988), and Raviart (1985) introduced the smooth particle scheme,
which starts with the same integral equality (11.1), but then applies a filter to it. In
other words, the Dirac delta measure is replaced by an appropriately constructed
mollification, yielding:
Z
q " .x/ D

 " .x  y/ q.y/ dy;

(11.3)

where  " D "d .x/, for x 2 Rd . This approximation introduces an error of size
 r 
@ q 

kq  q " kL1  C "r 
 @x r  1 ;
L

(11.4)

given that the mollified kernel satisfies
Z
.x/ x ˛ dx D 0˛ ;

0  ˛ < r;

(11.5)

and kf kL1 D sup jf j:
Discretization is performed in the same way as for the point particle approximation (11.2), by using particles as quadrature weights and quadrature points
combinations:
X
q ";h .x/ D
Qp  " .x  xp /:
(11.6)
p
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For a sufficiently smooth  the error of this quadrature is given by:
 m  m 
@ q 
h
"
";h


1
kq  q kL  C
 @x m  1 ;
"
L
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(11.7)

where m depends on the smoothness properties of . It is very important to note that
for particle methods to work, particle kernels need to be at least in C 0 and smooth
particles must overlap, i.e., h" < 1. Note however, that " is only a characteristic
kernel size, so either we need to set it to a well-defined size (especially in the case
of “small kernels” (Tornberg and Engquist 2004) or we actually need to set "  h˛ ,
with ˛ < 1 to ascertain convergence.

2.2 Operator Approximations
In order to solve general transport problems using particle methods, we additionally
need a means to evaluate differential operators on the function using particles.
A conservative and accurate approximation of the Laplace operator was developed
by Degond and Mas-Gallic (1989). In this work, they did not use the paradigm
of exact operators but approximate ones; the method of particle strength exchange
(PSE), approximates differential operators by suitable integral operators, e.g., the
Laplacian:
Z


" q D "2
q.y/  q.x/ " .x  y/ dy:
(11.8)
The accuracy of this approximation can be derived by assuming that  is local, we
can expand q.y/ at x and find
Z X
@˛ q
.x  y/˛ ˛ " .x  y/ dy;
(11.9)
" q D "2
@x
˛
and with the same argumentation as for the function approximation we obtain an
rth order approximation of  if
Z
.x/ x ˛ dx D 0;
for ˛ D 1 and 2 < ˛ < r C 2;
(11.10)
and  is scaled such that

Z
.x/ x 2 dx D 2:

(11.11)

Analogous to the function approximation using particles, the integral (11.8) is now
approximated with particle locations as quadrature points and particle strengths as
quadrature weights:



X

vp
2
0
0
 q .xp / D "
Qp  Qp
" .xp0  xp /;
vp 0
p
";h

(11.12)
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where vp is the particle volume associated with the particle p. We note here that
the PSE particle approximation of diffusion is equivalent to various finite difference schemes for different kernels when the particles find themselves distributed
regularly on a grid.

2.3 The Lagrangian Frame and Remeshing
Particle methods have been extensively used to discretize transport equations in the
Lagrangian frame. This bypasses the discretization of the convection term, which is
associated with stability issues and excessive numerical diffusion for schemes such
as finite differences and finite elements. One possible way to derive the equations
for the particle quantities is to go back to the original integral form of the transport
equations and consider them in the Lagrangian frame, i.e., a frame that moves with
the local flow field u, i.e., dx=dt D u. Let us consider the following convection
diffusion problem in Rd :
@q
C r  .q u/ D 0:
(11.13)
@t
R
(11.13) states that the conserved quantity q dx is convected in the flow field u, i.e.,
d
dt

Z

Z

V .t /

V .t /

@q
dv C
@t

V .t /

@q
C r  .q u/ dv
@t

q dv D
V .t /

Z
D
Z

I

@q
dv C
@t

D

q
I

@V .t /

dx
da
dt

q u dv
V .t /

D 0:

(11.14)

R
So if we initialize particle strengths as Vp .t D0/ q.x; 0/ dv, or simply as hd q.x p
.t D 0//, and advect the particles with the local flow field, i.e., solve
dxp
D u.x p ; t/;
dt
dQp
D 0;
dt

(11.15)

then we obtain the solution of (11.13) at x and t by reconstructing q ";h as
q ";h .x; t/ D

X
p



Qp .t/  " x  x p .t/ :

(11.16)
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However, as particles follow the flow field, the locations of the particles can become
distorted and the overlapping condition can be violated. The reconstruction (11.16)
breaks down because  " is not well-sampled anymore and the method fails to
converge.
Many approaches that address this problem of Lagrangian distortion have been
formulated (see Cottet and Koumoutsakos 2000, and references therein). The
approach that is most efficient and commonly used in the context of smooth particle
methods is called “remeshing” and amounts to periodically interpolating particle
strengths onto a regular grid and creating a new set of particles at the grid point
locations:
X
QQ p D
Ql M.xQ p  x l /I
(11.17)
l

the old particles are discarded, and the grid points xQ p become the new particles. The
interpolation or remeshing kernel M is chosen, such that it conserves the discrete
moments of Ql , i.e., such that
X

QQ p xQ ˛p D

p

X

Ql x ˛l

for 0  ˛ < r:
Q

(11.18)

l

Note that the number of particles is not necessarily the same for the new and old
set of particles. In multidimensions M is usually chosen as a tensor product of onedimensional kernels, i.e.,
d
Y
M.x/ D
B.fxgi /;
(11.19)
i D1

where fxgi is the i th component of x. Examples of B.x/ include B-splines and
extrapolations thereof (Monaghan 1985). Replacing (11.17) into (11.18), for the 1D
case, and xQ p D i h we obtain:
XX
i

Qp M.i h  xp /.i h/˛ D

p

X

Qp xp˛ :

(11.20)

p

Now for simplicity consider Qp D ı0 p , then (11.20) becomes
X

M.i h  x0 /.i h/˛ D x0˛ ;

(11.21)

i

in other words: the requirement for polynomial reproduction.
The remeshing kernel should be chosen based on the nature of the problem that
we want to solve, e.g., in Direct Numerical Simulations of turbulent flows, it is
crucial to employ a kernel which is interpolating, so that the amount of numerical
diffusion that is introduced is minimal, however in compressible flows that feature
discontinuities in the density or velocity, such a kernel can lead to spurious shock
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waves, and smoothing remeshing kernels should be used. For the application of the
smooth particle method to incompressible flow the kernel of choice is usually a
tensor product of the M40 function:
8
1
ˆ
2
ˆ
ˆ 2 .jxj  1/.3 jxj  2 jxj  2/ jxj < 1
ˆ
ˆ
<
M40 .x/ D  1 .jxj  1/.jxj  2/2
1  jxj < 2
ˆ
ˆ
ˆ
ˆ 2
:̂
0
2  jxj:

(11.22)

This kernel is nominally third-order accurate, is interpolating, and has a support of
4 (Koumoutsakos 1997).
For high-order calculations we employ M6000 and the M6 kernel functions:
8
1
ˆ
ˆ
 .jxj  1/.60 jxj4  87 jxj3  87 jxj2 C 88 jxj C 88/
ˆ
ˆ
ˆ
88
ˆ
ˆ
ˆ
ˆ
1
ˆ
<
.jxj  1/.jxj  2/.60 jxj3  261 jxj2 C 257 jxj C 68/
000
176
M6 .x/ D
ˆ
ˆ
3
ˆ
ˆ

.jxj  2/.4 jxj2  17 jxj C 12/.jxj  3/2
ˆ
ˆ
ˆ 176
ˆ
ˆ
:̂0

jxj < 1
1  jxj < 2
2  jxj < 3
jxj  3:
(11.23)

The first six moments of this kernel vanish, it is interpolating, it has even parity, and
the first derivative is zero at x D ˙3. The M6 function is nominally fourth-order
accurate and has a support of 6:
8 1
ˆ
 .jxj  1/.25 jxj4  38 jxj3  3 jxj2 C 12 jxj C 12/
ˆ
ˆ
ˆ
12
ˆ
ˆ
ˆ
ˆ1
ˆ
< .jxj  1/.jxj  2/.25 jxj3  114 jxj2 C 153 jxj  48/
M6 .x/ D 24
ˆ
ˆ
1
ˆ
ˆ
 .jxj  2/.jxj  3/3 .5 jxj  8/
ˆ
ˆ
ˆ
ˆ 24
:̂
0

jxj < 1
1  jxj < 2
2  jxj < 3
3  jxj:
(11.24)

This kernel was derived by requiring: M6 2 C 2 .R3 /, interpolation (or deltaKronecker property), polynomial reproduction up to fourth order, even parity, and
vanishing first and second derivatives at the end points .x D ˙3/. The presented
methods have recently been extended to a multiresolution Lagrangian particle
method with enhanced, wavelet-based adaptivity (Bergdorf and Koumoutsakos
2006).
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3 Evolving Geometries
3.1 Representing Complex Geometries
Growth processes involve complex, deforming geometries. In order to be able
to tackle the effects introduced by the time dependent geometric complexity of
these processes, we need to effectively represent those complex geometries and to
formulate the respective differential operators. Thinking particles, the first approach
that comes to mind is to represent the surface of the geometry as a set of points in
space. This surface can be deformed by simply moving these points with a given
velocity. A simple query however, such as deciding whether we are within the
geometry or outside calls for a notion of connectivity between the points, requiring
that we perform a triangulation of this point set. When the geometry is subject to
large deformations, one needs to resort to remeshing techniques, introducing new
points in expansion zones, and removing points in compression zones (Lindsay
and Krasny 2001). When the geometries undergo topological changes, however,
one needs to resort to heuristics. Methods that follow this line are called interface
tracking or front tracking methods, they have been successfully applied to problems
as diverse as multiphase flow (Unverdi and Tryggvason 1992), drop breakup
dynamics (Cristini et al. 2001), or solidification (Juric and Tryggvason 1996).
The level set method (Osher and A. 1988) is an interface capturing approach,
where the geometry  is described implicitly as the zero isosurface of a level set
function ', i.e.,
 D f x j '.x/ D 0 g:

(11.25)

This level set function is chosen such that it represents a signed-distance function,
defined by:
jr'j D 1:

(11.26)

The interface  can be moved and deformed by making it subject to a simple
advection equation, which is often called the “level set equation”:
@'
C u  r' D 0:
@t

(11.27)

Surface properties can be retrieved directly from ', e.g., the surface normal is
given by:
n D r'j ;

(11.28)

 D r  nj D 'j :

(11.29)

and the mean curvature by
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Level set methods have been successfully applied to a wide range of problems
(see the textbook Osher and Fedkiw 2003 and references therein). Most level set
methods solve (11.27) in an Eulerian frame using finite-difference discretizations.
A drawback of this approach is the inherent numerical diffusion associated with
the discretization of the convection term in (11.27). This numerical diffusion leads
to the loss of small scale features in the geometry or interface that is represented
by the level set. Several remedies have been proposed, most prominently the
so called “Particle Level Set Method” introduced by Enright et al. (2002). This
formulation employs an Eulerian representation of the level set function on a grid,
and additionally uses marker particles, which are scattered around the interface
and carry subgrid-scale information to maintain and reconstruct the interface. In
Hieber and Koumoutsakos (2005) a truly Lagrangian particle level set method was
introduced by Hieber and Koumoutsakos, which enjoys the characteristically small
numerical diffusion errors of the Lagrangian particle approach.
Equation (11.27) can be discretized using a particle scheme:
d'p
D 0;
dt
dx p
D u.x p ; t/;
dt


dvp
D vp r  u .x p ; t/;
dt
and the function can always be reconstructed as:
X


vp 'p M x  x p .t/ ;
'.x; t/ D

(11.30)

(11.31)

p

where vp denote the particle volumes. Basically, we would have to evolve the
particle volumes as well in order to reconstruct ', this however, is unnecessary if we
perform renormalizations of the kernel M as described in P
Bergdorf (2007), because
the renormalization factor is equal to the particle volume: p h M.x  xp / D v.x/:
The signed-distance property (11.26) of the level set has the following advantages: the distance to the interface can always be assessed in O.1/ operations,
which can be crucial for immersed interface applications (e.g., Section 5). The
property (11.26) is also a condition on the regularity of the gradient, which can be
crucial for stable computation of curvature and other higher-order surface properties
(note because (11.29) requires jr'j D 1, we can easily generalize (11.29) to
 D r  r.'=jr'j/).
The equation for the evolution of the signed-distance property, M  12 jr'j2 can
be derived using (11.27) and results in


@M
C u  rM D 2M n  r ˝ u n;
(11.32)
@t
so as soon as there is some deformation in the flow in normal direction, M derails
exponentially from unity.
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Reinitialization is the periodically applied process of healing this divergence
from the signed-distance property. There are many different approaches to this, they
can however be classified into two broad categories: fast marching type methods
and PDE-based methods.
Fast Marching Type Methods The fast marching method for reinitialization has
been introduced by Sethian (1996) (see Sethian 1999 for a comprehensive review).
These methods solve the Eikonal equation jr'j D 1 by discretizing the r operator
using one-sided finite differences and updating grid point by grid point in an iterative
fashion. This method has a nominal computational cost of O.N logN /, as it requires
the grid points to be sorted based on their '-value. There exist improvements, like
the group marching method (Kim 2001), which reduces the operational cost to
O.N /. However, the drawbacks of this class are twofold. The first drawback is that
solving the Eikonal equation with one-sided differences leads to rough solutions,
i.e., the error introduced is not smooth. As a consequence, the computation of
operators that involve high-order derivatives leads to rather noisy results – this
may necessitate regularized operators, e.g., for curvature-driven flows. The second
drawback is that fast marching methods require a “kickoff” procedure: as fast
marching methods solve the Eikonal equation grid point by grid point, we require
at least two grid points at the interface for which the correct value of ' is known to
start off the process. Chopp (2001) presented a kickoff procedure which is designed
to provide a signed-distance function in a h neighborhood of the interface. The
method relies on a level set function with the sole property of '.x/ > 0 outside
of  and '.x/ < 0 inside. The method then constructs bi/tricubic polynomials in
each grid cell which is intersected by the interface (sign change in '), and computes
the distance of every grip point bounding this cell by finding the closest point on 
using a Newton method.
This method produces layers of grid points j'.x i /j  h with correct signeddistance level set values with second-order accuracy. The method works efficiently
in situations where the level set is well-resolved. If the level set is locally underresolved the Newton method fails to converge and the method breaks down. Underresolved situations will always arise whenever the interface undergoes topological
changes, e.g., drop break-up. We therefore suggest to locally switch to a lower order
approximation of the interface in this cases, e.g., from bi/tricubic to bi/trilinear. This
switch will introduce the necessary numerical dissipation to regularize the problem.
An alternative to fast marching methods was introduced by Sussman et al. (1994),
where the following PDE is solved to steady state:
@'
D S.'o / .1  jr'j/ ;
@
'.x;  D 0/ D x o .x/;

(11.33)

where S.'/ is a h-mollified sign function. High-order solutions can be obtained
by using a WENO scheme in conjunction with TVD RK integrators (Jiang and
Peng 2000). Choosing WENO over ENO schemes results in smooth errors which
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is desirable if we require to compute high-order derivatives of '. These methods
have the drawback that they are very expensive because (11.33) needs to be solved
to steady state. As we shall see later (Section 5.2), the more grave drawback is
that in general (11.33) perturbs the interface location. Remedies for the latter have
been proposed (Sussman and Fatemi 1999), however, being costly, we have not
implemented them in the course of our work.
In the context of particle level set methods Cottet and Maitre (2006) employ
the following procedure to ascertain a signed-distance property: when the signeddistance to the zero level set is required, it is obtained by evaluating '.x/=jr'j in
place of '.xv/. Hence
ˇ
ˇ
ˇ ˇ
ˇ ' ˇ ˇ r'
'.r ˝ r'/r' ˇˇ
ˇ
ˇDˇ

ˇ jr'j ˇ ˇ jr'j
ˇ;
jr'j3

(11.34)

which is equal to 1 at '.x/ D 0. An other way of expressing this idea is to Taylor
expand ' around the interface as:
'.x/ D '.x  / ˙ jx  x  j
and thus



@'
C O.jx  x  j2 /;
@n


'
.x/ D ˙jx  x  j C O.j'j2 /:
jr'j

Above reinitialization technique is very simple and very efficient but only accurate
very close to the interface (Hieber and Koumoutsakos 2005; Engquist et al. 2004).
As mentioned earlier, the PDE-based approach (11.33) is computationally expensive and if reinitialization is performed at every time step, its heavy use of WENO
technology essentially challenges the use of particle methods in the first place, as
the biggest part of the computational expense will be spent on reinitialization. Thus
we may want to find a reinitialization scheme that inherits the Lagrangian efficiency
for advection problems. Revisiting Sussman and Osher reinitialization:
@'
C sign.'o / .jr'j  1/ D 0:
@
Replacing jr'j by jr'j2 we can rewrite this Hamilton-Jacobi form into
@'
C r' .sign.'o /r'/ D sign.'o /:
@
This equation now consists of an advection and a “reaction” term, and the advection
velocity is given as
usussman D sign.'o /r':
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Fig. 11.2 Optimal choice for
the reinitialization velocity
for a level set function carried
by particles
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perfect
level set

unew

x

function
to reinitialize

It is noteworthy that we can replace sign.'o / by an arbitrary odd function, it could be
' for that matter. But in the context of Eulerian discretization of convection the sign
choice appears to be the best. As illustrated in Fig. 11.2, there should be a choice for
the “reinitialization velocity”, that is more pertaining to the Lagrangian frame.


@'
C ' 1  jr'j1 jr'j D 0:
@
What is hidden in this Hamilton-Jacobi form is the following equivalent “advection” form:

@' 
C '  jr'j1 ' n  r' D 0:
@
There are no “reaction” terms in this formulation anymore, and the convection
velocity is given as


unew D '  jr'j1 ' n:
This formulation has not been tested yet, and while the accuracy of a WENO discretization may be higher, it may still serve as a good “preconditioner” for (11.33).

3.2 Reaction Diffusion Systems on Complex
Stationary Geometries
Bertalmio et al. (2001) introduced a method to perform diffusion calculations on
geometries that are represented by level sets in three dimensions. Xu and Zhao
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(2003) and Adalsteinsson and Sethian (2003) later independently proposed a level
set method for the transport of surface-bound substances on a deforming interface.
Both works employed a nonconservative formulation based on level set interface
capturing and showed results of passive advection of an interface with an associated
surfactant.
A general reaction diffusion system for NS species on a smooth surface  
R3 can be written as,


@cs
D Fs .c/ C r D s r cs ;
@t

(11.35)

where s D 1; 2; : : : ; NS and c D .c1 ; c2 ; : : : ; cNs /; Fs represents the reaction terms
for species s and D s denotes the diffusion tensor associated with species s. For
simplicity of presentation we will only consider homogeneous isotropic diffusion in
the following, i.e.,
D s DDs 1;

sD1; 2; : : : ; NS ;

(11.36)

where Ds is a constant. Equation (11.35) then simplifies to
@cs
D Fs .c/ C Ds  cs ;
@t

(11.37)

The operator  is called the Laplace-Beltrami operator on .
We now consider a geometry that changes in time, i.e.,
.t/ D fx  .t/g ;

(11.38)

dx
D un .x; c; /:
dt

(11.39)

with

Using (11.39) we rewrite (11.37) as
@cs
C r  .cs u/ D Fs .c/ C Ds  cs ;
@t
which can be rewritten as

@cs 
C .1  n ˝ n/ r .c u/ D Fs .c/ C Ds r  ..1  n ˝ n/rcs / ;
@t

(11.40)

(11.41)

see Stone (1990) for details of the derivation. In order to solve this problem with
particle methods it is more suitable to write (11.41) as a conservation law:
@cs
@cs
Cr.cs u/ D .un/
Ccs n˝nr uCFs .c/CDs r..1n˝n/rcs /: (11.42)
@t
@n
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The reformulation from (11.41) to (11.42) necessitates the extension of both cs and
u from  to . The primary requirement on this extension is that it be differentiable.
However, inspecting the first two terms on the right-hand side of (11.42), we realize
that if we extend cs and u such, that
@.n  u/
@cs
D 0; and
D 0;
@n
@n

(11.43)

we can simplify (11.42) to


@cs
C r  .cs u/ D Fs .c/ C Ds r  .1  n ˝ n/rcs :
@t

(11.44)

In other words, ignoring the reaction terms, an extension satisfying (11.43), allows
us to view a conservation law on a deforming geometry as a conservation law in the
embedding space .
Given that the surface itself is advanced by the level set equation (11.27),
the particle discretization of (11.44) leads to the following system of ordinary
differential equations:
dxp
D u.x p ; t/;
dt


dC p
D vp F .c/ C vp Dr h  .1  n ˝ n/r h c ;
dt
dvp
D vp r  u:
dt

(11.45)

As we are solving the conservation law formulation (11.44) we need to extend
both the concentrations c and the velocities u off the interface , requiring that
this extension satisfies the requirements (11.43). As we are only interested in the
concentrations on  it suffices to extend the quantities into a narrow band around
the level set, which we define as
˚ ˇ
e D x ˇ j'.x/j 

;

(11.46)

where the narrow band thickness is chosen such that it is greater than the support of
the P ! M kernel employed. All calculations are restricted to this narrow band. We
periodically extend the concentrations by solving the following PDEs (Chen et al.
1997; Peng et al. 1999):
@cs
C sign.'o /r'  rcs D 0;
@
@uv
C sign.'o /r'  ru D 0;
@
which leads to

@cs
@n

D 0 and

@u
@n

D 0.

(11.47)
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3.3 Boundary Conditions on Complex Geometries
In order to be able to calculate transport problems within or around complex
geometries, we need to be able to impose boundary conditions on them. In the
context of particle methods, several approaches to handle boundary conditions on
complex geometries have been introduced (see Ploumhans and Winckelmans 2000;
Cottet and Koumoutsakos 2000). Most of these approaches have been devised for
the primary application of particle methods at the time, the incompressible NavierStokes equations in vorticity form.
Recently, particle methods have been applied to simulation of diffusion processes
in complex geometries (Sbalzarini et al. 2005). There a homogenous Neumann
boundary condition was imposed on the diffusing function by using the method of
images. The order of accuracy attainable with this approach has not been established
in general (Ploumhans and Winckelmans 2000), and its application to complex 3D
geometries is not straightforward.
An alternative approach is the Immersed Boundary Method as introduced by
Peskin (1972). By extending the fluid to a rectangle containing the original domain
and its interior, Peskin modeled the boundary conditions as singular forces exerted
onto the fluid by the interface. Peskin’s key idea was to model these forces by a
mollified delta function, such that an appropriate amount of force is spread onto
the grid points, thus also confining the corrections to computational elements in
a narrow neighborhood of the immersed boundary. The drawbacks of Peskin’s
mollified delta approach are that it is limited to delta singularities (i.e., continuous
solutions), and that it is of relatively low order in accuracy. For more detail we refer
to the review of Mittal and Iaccarino (2005), and to Hieber (2007) for its application
in the context of particle methods.
The immersed interface method was introduced by Leveque and Li (1994), as
a method for solving elliptic equations with discontinuous coefficients or singular
sources that are located on a possibly complex interface. Similar to the immersed
boundary approach, the interface is “immersed” in a regular grid. In the immersed
interface technique, finite difference stencils are modified if they intersect the
boundary. The requirements on the geometry representation are therefore different
from the immersed boundary method: while we require an explicit representation
of the boundary with surface elements in the immersed boundary method, the
immersed interface method needs information on the distance of grid points close to
the boundary. Although we can envision a purely particle-based immersed boundary
method, the immersed interface method relies on grid representations and its design
pertains to hybrid particle-mesh methods only. For a thorough introduction to the
immersed interface method we refer to the original article (Leveque and Li 1994),
and to works inspired by it (Fedkiw et al. 1999; Wiegmann and Bube 2000).
In the following we will illustrate the concepts of the method by considering two
simple examples. Assume we wish to evaluate


dcp
D h c .x p ; t/;
dt
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Fig. 11.3 A function c with a
jump discontinuity at x D x

This involves three steps: P ! M interpolation, the evaluation of h c on the grid,
and the interpolation back onto particle locations, M ! P. The evaluation of h c
on the grid is done using finite differences, say a standard five-point stencil in 2D.
Assume furthermore, that we need to satisfy a Dirichlet boundary condition or a
jump condition on an immersed interface  represented by a level set function '.
As a five-point stencil only uses directly neighboring grid points, i.e., i ˙ 1, we can
apply the standard stencil for all points i for which j'i j  h. Stencils at points for
which j'i j < h possibly intersect the interface and need to be corrected.
We will limit this exposition to two different cases:
c D g; and

(11.48)

D J;

(11.49)

Œc



i.e., a Dirichlet condition (11.48) and a jump condition (11.49) across the interface.
For the Dirichlet case we follow Chen et al. (1997): assume the interface
intersects the stencil between x i;j and x iC1;j . We can determine the intersection point
up to second-order accuracy as
˛D

'i;j
:
'i:j  'i C1;j

Thus, the interface intersects Œx i;j ; x i C1;j at x i C˛;j . Now in order to find the
second derivative in x-direction we can construct a second-order polynomial that
interpolates Œci 1 ; ci ; g at Œx i 1;j ; x i;j ; x i C˛;j and take the second derivative of
this polynomial. Other differential operators are adjusted accordingly.
For the case of a known jump discontinuity at , we follow Mayo (1984) and
consider a “jump corrected” Taylor expansion of c.x i C1;j / around c.x i;j / (see
Fig. 11.3):
1
1
0
00
ci C1;j D ci;j Ch ci;j
C h2 ci;j
CŒc  C.1˛/ h Œc 0  C .1˛/2 h2 Œc 00  : (11.50)
2
2
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Let us assume that Œc 0  D Œc 00  D 0. If we construct a standard three-point
approximation of c at xi we obtain:
h c  h2 .ci 1  2 ci C ci C1 / D c C O.h2 / C h2 Œc  ;

(11.51)

and we make a O.h2 / mistake. We therefore need to correct the stencil as
hcorr c  h2 .ci 1  2 ci C ci C1 /  h2 J D  c C O.h2 /:

(11.52)

In this way we can also solve Poisson problems with jump conditions using standard
fast Poisson solvers (FACR, FFT, MG), because the jump corrections can be
precomputed and added to the right-hand side of the Poisson equation (Mayo 1984;
Leveque and Li 1994; Wiegmann 1999; Wiegmann and Bube 2000).

4 Reaction Diffusion Systems on Deforming Geometries
As the seminal work of Turing (1952) there have been many works that considered
theoretical and computational aspects of pattern-forming reaction diffusion systems.
These systems hinge on local autocatalysis and long-range inhibition. The review
(Koch and Meinhardt 1994) considered the generation of stripe and spot patterns by
activator-inhibitor and activator-substrate systems. Varea et al. (1999) considered a
linearized Brusselator system on a sphere. The Schnakenberg system on a sphere
has been considered by Chaplain et al. (2001), suggesting that prepattern theory
may play a role in solid tumor growth by determination of the distribution of growth
promoting factors on the tumor interface. On a different side Harrison and Kolar
(1988), Holloway and Harrison (1999) coupled pattern forming reaction diffusion
systems to growth algorithms in two dimensions to simulate algal growth. Later,
these simulations were extended to three space dimensions in making use of a
triangulated representation of the geometry (Harrison et al. 2001). The nodes of this
triangulation are then moved according to the local concentration of a morphogen.
However, the authors only considered short times and thus presented 3D results with
small deformations.
Here we investigate these growth models by employing the conservative formulation of the conservation law for surface-bound reactants as derived in Section 3.2. As
we wish to study reaction diffusion systems on deforming geometries, the governing
equations are given by a conservation law with reaction terms on the surface :
@cs
D Fs .c/ C Ds  cs ;
@t

(11.53)

for chemical species s D 1; : : : ; Ns . The surface itself deforms with a prescribed
velocity u.x; t/, as
dx 
D u.x; t/:
dt
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The discretization of (11.53) using particles results in the following system of
ODEs:


@cs
C r  .cs u/ D Fs .c/ C r  .1  n ˝ n/rcs ;
@t
@'
C u  r' D 0:
@t
After discretization with hybrid particle-mesh methods, these yield the following
set of ODEs:
dxp
dt
dC p
dt
dvp
dt
d'p
dt

D u.x p ; t/;


D vp F .c/ C vp Dr h  .1  n ˝ n/r h c ;
D vp r  u;
D 0:

(11.54)

The reactions that we consider here are a Brusselator and the Koch-Meinhardt
activator-substrate system (Koch and Meinhardt 1994). We use a linearized version
of the Brusselator (Varea et al. 1999); the concentrations have to be understood as
departures from the steady state:
@c1
D ˛ c1 .1  r1 c2 2 /  c2 .1  r2 c1 / C D1  c1 ;
@t


˛ r1
@c2
D ˇ c2 1 C
c1 c2 C c1 .  r2 c2 / C D2  c2 :
@t
ˇ

(11.55)

The activator-substrate system is given by:
@c1
c1 2 c2
D 1

@t
1 C  c1 2
c1 2 c2
@c2
D 2
C
@t
1 C  c1 2

1 c1

2

C

1

C D1  c1 ;

C D2  c2 :

(11.56)

Simulation results of the system are reported in Fig. 11.4. The anisotropic
differential operator in the right-hand side of the equation for the particle weights
in (11.54) is discretized using second-order finite differences and second-order
approximations of the diffusion tensor, resulting in a 3 3 3 stencil. The minimal
narrow band thickness is, thus, D 2 h. For our calculations we used D 4 h,
@c
so that the extension (11.47), which is used to enforce @n
D 0 and @u
@n D 0, was
only performed every third time step. For the results presented herein we used the
explicit Euler time integrator, unless stated otherwise.
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Fig. 11.4 Simulation of the reaction diffusion system (11.55). From left to right: distribution of c1
after iterations 1,000, 10,000, 100,000 and 200,000

4.1 Diffusion on a Sphere
In order to assess the accuracy of the present calculations we perform simulations of
diffusion (i.e., F  0, and u  0) on the unit sphere. We consider one species, i.e.,
@c
D  c;
@t

(11.57)

c.; ; t D 0/ D Y10 .; /;

(11.58)

with initial conditions

where Y10 is the .1; 0/ spherical harmonic. The exact solution is given by:
c.; ; t/ D e2 t Y10 .; /:

(11.59)

For the time stepping we employ a TVD RK2 scheme (Shu and Osher 1989) to
obtain solutions, which converge with second-order accuracy.

4.2 Growth
In order to assess the accuracy of the presented method in the case of deforming
geometries we considered a case without either reaction or diffusion. We initialize a
concentration c on the sphere and let the sphere grow with velocity u D n. The exact
solution for this case is given by a simple rescaling of the initial condition, i.e.,

c.x; t/ D

R
jx.t/j

2
c.x=jxj; 0/:

The initial condition is again chosen as (11.58). Figure 11.5 displays convergence
measurements for this case.
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Fig. 11.5 Refinement study
for growth only: L2 and L1
error at time t D 0:4. Error of
concentration – solid line
with black circles (L2 ), and
white circles (L1 ),
respectively, and error of the
interface location – dashed
line with black squares (L2 ),
and white squares (L1 ),
respectively
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4.3 Reaction/Diffusion Systems on a Sphere
For the linearized Brusselator (11.55) we use the parameters proposed in Varea
et al. (1999): r1 D 0:02, and r2 D 0:2, D1 D 0:088, D2 D 0:516, ˛ D 0:899,
and ˇ D 0:91. The initial condition is given by c1 D c2 D 0 and a uniformly
random distribution Œ0:5; 0:5 of c1 and c2 on a band of width 0:2 centered on
the equator. The same six-spot pattern as in the reference (Varea et al. 1999) are
obtained. We depict the evolution of the maxima of c1 and c2 in Fig. 11.6. After
the pattern goes through an initial oscillatory stage in the beginning, the system
converges to a stable steady state after 150;000 steps.
The next system we consider is the activator-substrate system (11.56), for which
we perform two different parameter sets, 1 D 0:0, 2 D 0:02, 1 D 0:01, 2 D
0:02, 1 D 0:01, 2 D 0:0, and  D 0 and  D 0:25, respectively. The initial
condition of the simulation is given as 10% random perturbations from the steady
state solution. This parameter choices lead to the evolution of spot patterns and stripe
patterns, respectively, on a square lattice in Koch and Meinhardt (1994). We observe
similar patterning on the sphere R D 0:3. The results are shown in Fig. 11.7 (stripes,
 D 0:25) and Bergdorf et al. (2010).
Figure 11.8 illustrates that the method can also be applied to more complex
geometries.
Reaction Diffusion and Growth We now couple the deformation of the geometry
to the reaction diffusion system by calculating the local velocity as:
u D n c1 :

(11.60)
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Fig. 11.6 Evolution of the
maximum of jc1 j (solid line),
and jc2 j respectively, for the
spot pattern forming system
(11.55). The plot illustrates
the stiffness of the system and
an initial oscillatory phase is
apparent during the first
80,000 steps
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Fig. 11.7 Simulation of the reaction diffusion system (11.56) with  D 0:25. From left to right:
distribution of c1 after iterations 1,000, 10,000, 40,000 and 140,000

Fig. 11.8 Spot pattern generated by (11.56): iterations 0, 75,000, 150,000, and 290,000

As c1  0 this will always result in an outward motion of the geometry, and thus
it will lead to an increase in surface area. This increase of surface area corresponds
to lowering the effective diffusion constants in the reaction diffusion system, as the
reactions are generally not dependent on the surface properties; the only direct effect
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Fig. 11.9 Growth of the stripe pattern of system (11.56). Iterations 0, 50,000, 127,000 and 150,000

Fig. 11.10 Spot pattern generated by solving (11.56) on a dumbbell shrinking under mean
curvature flow

that growth has on the reactions is the decrease of the concentration in the sense of a
decay term that depends on the growth velocity. In the next section we will consider
a growth model, where reactant concentration and surface deformation are more
tightly coupled. Figure 11.9 depict the evolution of these coupled simulations (See
also Bergdorf et al. 2010). Figure 11.10 illustrates the robustness of the proposed
method with respect to large changes in the morphology.

5 Avascular Tumor Growth
Ever since mathematical modeling has entered the realms of biology and medicine,
cancer has been one of the main application domains. If we could predict the
evolution of a cancer computationally, this could assist on the understanding of
the disease, improve diagnosis, and enable the assessment of new treatments. The
biophysical processes at the core of cancer tumor growth are gradually being
identified and understood. Here, we model cancer tumor growth, by considering
the interplay of a strongly reduced set of such processes. However simple, the
framework we put together may serve as a foundation for model studies and
refinement.
The model considered herein follows up on the work of Macklin and Lowengrub
(2005), and Cristini and Lowengrub (2003). The model is based on a continuum
description of a sharp interface that separates cancerous tissue from healthy tissue.
The tumor tissue is modeled as an incompressible fluid. All biophysical processes
considered here are modeled as continuum phenomena, e.g., cell–cell adhesion
is represented as surface tension acting at the tumor boundary, proliferation is
modeled as a mass source within the tumor interface. All cells require nutrients
for cell viability and reproduction. Here we will only consider one nonspecific
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nutrient, which reaches the tumor by diffusion. Depending on the local nutrient
concentration within the tumor, cells will die (necrosis), remain quiescent or
multiply (proliferation); this situation is reflected by different source or sink terms
in the mass balance.
The novelty presented in this work are the extension of a 2D simulation (Macklin
and Lowengrub 2005) to a 3D particle simulation, we modify the formulation to
allow the application of fast Poisson solvers, which enables large-scale, extendedtime, and parallel simulations. Furthermore, by using far-field boundary conditions
for the pressure we are able to assess effects of the tumor environment.

5.1 Computational Model
Cells require nutrient supply for cell viability and proliferation. In our model we
consider one nutrient, which diffuses from the healthy-tissue region into the tumor
and is consumed there. If the nutrient concentration within the tumor interface
is sufficient, i.e., greater than a given threshold, tumor cells proliferate which is
expressed as mass gain. This mass gain induces a pressure which causes the tumor
to grow. However, if the concentration of the nutrient locally drops below a critical
level necessary for cell viability, cell necrosis is induced. This is represented by
mass loss. In this model, the tumor surface is approximated through a sharp interface
separating the cancerous cells from the healthy tissue, dividing the domain into two
distinctive regions. The interface is implicitly represented by a level set function.
In the following, (11.61) describes the reaction diffusion system for the nondimensionalized concentration c of the nutrient. If the concentration drops below the
critical value N necessary for cell viability, a necrotic core of dead cancer cells is
formed. We denote this region by N D fx j c .x/ < N g and its boundary by N .
The solution of equation (11.61) is solely dependent on the position of the interface
 of the living cancer cells and can be calculated without knowing the position of
the necrotic core.
The concentration satisfies
@c
D r 2 c  cin
@t
cj D 1;
c D 1 outside

;

:

(11.61)

The boundary condition cj D 1 reflects that the healthy tissue is considered to be
an infinite reservoir of nutrient.
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5.1.1 Proliferation
As cells proliferate in the tumor, mass is created, and as the tumor is modeled as an
incompressible fluid, this added mass leads to a pressure. This nondimensionalized
pressure p, depends on the solution of the concentration equation, the curvature 
at the interface , a surface tension coefficient and the parameters A, measuring
the rate of apoptosis (“preprogrammed” cell death), G, related to the rate of mitosis
(cell proliferation), GN , which measures the rate of volume loss due to necrosis (cell
degradation) and N .
The pressure satisfies
(
r pD
2

Œp j D

G.c  A/

in

if c  N;

GGN

in

if c < N;

;

r p D 0 outside
2

:

(11.62)

The pressure equation (11.62), poses two difficulties to a numerical solver. First,
there is a jump at  which has to be taken into account and second, we have to
provide boundary conditions for the solver.
The interface  is moved by an outward normal velocity given by Darcy’s law
U j D n  rp j D 

@p
j ;
@n

(11.63)

where rp is the pressure gradient on .

5.2 Method Outline
We initialize a level set function ' to define the interface  of the tumor. The method
follows Algorithm 1.

5.2.1 Discretization
Normal Vector and Curvature The interface normal is given in terms of the level
set function as:
n D r';
(11.64)
and the curvature as:
 D r  n:

(11.65)
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Algorithm 1 Algorithm for tumor growth
1: initialize level set '
2: for t D 0 to T do
3:
Reinitialize the level set '.
4:
Create particles carrying ' in D
5:
Calculate n and  in a narrow band around interface .
6:
Solve the reaction diffusion system for the concentration c in
7:
Solve the Poisson equation for the pressure p in D .
8:
Calculate U.
9:
Convect the particles.
10:
t D t C ıt .
11:
Re mesh the particles onto the grid.
12: end for

Γ
x1

Γ

RIDGE

Fig. 11.11 Ridges (dashed
line) form when two
interfaces are close to each
other (solid lines). The first
derivatives of the level set
function are not defined on
that ridge, and a straight
forward application of
second-order centered
differences at x 2 will lead to
inaccurate normals and
curvature

.

ϕ<0

x2
ϕ<0

ϕ<0

To compute these surface properties, we interpolate the level set values from the
particles onto the grid, where we employ finite-difference approximations of the
differential operators in (11.64) and (11.65). The second-order approximations for
the derivatives ux and uxx are computed as:
 
1
.ui C1  ui 1 / C O h2 ;
2h

(11.66)

 
1
.ui 1  2ui C ui C1 / C O h2 :
h2

(11.67)

ux D
and
uxx D

With this method, problems arise when two interfaces are close to each other and
the derivatives of the level set function are calculated across ridges as illustrated
in Fig. 11.11. In order to address this problem, we apply a Weighted Essentially
Non-Oscillatory (WENO) Scheme (Jiang and Peng 2000). The WENO detects these
ridges as great values in the second derivatives of the level set function around the
particle of interest and then approximates the derivatives using a weighted sum of
one sided finite differences.
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5.2.2 Pressure with Jump Corrections
In our case, where we apply a Poisson solver using finite differences to solve the
pressure equations, we have to consider this correction term when constructing the
right-hand side. For the pressure, we only have a known jump in the function across
the interface. This term is call the Laplace-Young jump condition and is given by:
Œp



D

;

where is the constant surface tension coefficient and  is the local curvature. As the
jump is located at , a correction term has to be applied to grid points adjacent to
the interface (see (11.52) in Section 3.3). In the present case, the curvature  is
interpolated onto the interface and the term h2 is subtracted, respectively, added to
the right-hand side depending on whether the grid point lies inside or outside .
Boundary Conditions The problem of posing boundary conditions for the pressure equation can be addressed in different ways. If we solve the equation (11.62)
in D with periodic boundary conditions, the tumor is exposed to its own pressure
extended across the periodic domain boundaries. The resulting effect is that instead
of simulating growth of one tumor into soft tissue, we simulate the growth of many
tumors, each influencing its periodic neighbors, thus constraining and corrupting
its expansion. In order to reduce the pressure contribution across the boundaries,
one could choose D far bigger than . In a three-dimensional setting, however,
the increase in computational time and memory to solve this larger system renders
this method impractical. We discuss here two approaches in order to overcome
this problem. First, we modified equation (11.62) to p D 0 outside and used a
GMRES solver (Frayssé et al. 1997) to calculate a correction to the right-hand side,
which enforces this condition. We find that this method interferes with the jump
correction at the interface. In a second approach, we use a far field solver to solve
the pressure equation without jump for particles located on the domain boundary.
We then take the solution at these locations as Dirichlet boundary conditions for a
finite differences-based Poisson solver and solve the system for all particles in D.
In a first variant of this method, we used a Fast Multipole Method solver (Greengard
and Rokhlin 1987) to calculate the pressure on the domain boundary, but the solver
was far too computationally expensive to satisfy our needs. Finally, an FFT-based
approach (Hockney and Eastwood 1988) provided a solution to solve the equation
for particles at domain boundary location faster. The advantage of this modification
is that we can ensure a free space boundary condition, so that the simulations are
independent of the size of the computational domain.

5.2.3 Growth Speed
In order to evaluate equation (11.63), we interpolate rp onto , calculate
the velocity at the interpolation points and then extend it into D using the
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Hamilton-Jacobi-based extension method (Jiang and Peng 2000; Sussman et al.
1994). In order to attenuate the effect of high-frequency errors in the pressure and
curvature approximations on the velocity, a Gauss filter is applied to the velocity as
proposed in Macklin and Lowengrub (2005). The 1D form of this filter reads:
 2 !
3M
X
1
i
1
1
UO I D
;
p
UI i exp 
S M 2 i D3M
2 M

(11.68)

where S is an appropriately chosen normalization constant and M D h where
is the standard deviation of the filter. In order to save computational time, only
particles in a narrow band around the interface are moved. This narrow band
demands the application of mollification to the velocity, such that the movement
of the particles at the outer region of the narrow band does not abruptly stop, but is
gradually reduced. The mollification kernel is calculated as follows:
8
1
if ' .x/ < ˇ;
ˆ
ˆ
<
2 2 j' .x/j C  3ˇ
if ˇ  ' .x/  ;
.x/ D .j' .x/j  /
ˆ
.  ˇ/3
:̂
0
if ' .x/ > ;

(11.69)

with the variables
and ˇ denoting the distances to the interface in between
which the mollification is applied. The velocity at particle locations can then be
calculated as:
UN .x/ D  .x/ UO .x/ :
(11.70)

5.2.4 Reinitialization
Reinitialization is the process of reinitializing the level set function at particle
locations, so that the signed-distance property is restored. As only particles in the
proximity of the interface are moved, the level set function carried by particles
farther away from the interface has to be recalculated after every convection. In order
to reinitialize, we considered two methods. The Group Marching Method (GMM)
(Kim 2001) and a PDE-based approach by Jiang and Peng (2000), Sussman et al.
(1994), from now on referred to as HAMJAC. We find that, at least in the context of
the present particle framework, both of these methods do not accurately reinitialize
the level set function.
Computational Details In order to capture the effects of the reinitialization
methods on the level set, an initial level set of a sphere is iteratively reinitialized
without being moved. Under these conditions, the GMM method does not change
the level set, whereas the HAMJAC gradually shrinks the initial level set until
it disappears after approximately 1,300 iterations as is illustrated in Fig. 11.12.
In terms of speed the GMM method outperforms the HAMJAC method. In order
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Fig. 11.12 Reinitialization HAMJAC: The figure shows how repeated reinitialization with HAMJAC shrinks the interface. Snapshots are taken at the initial stage, after 500,1000 and 1300 iterations

to reinitialize a sphere with radius r D 2 and particle spacing h D 0:185 it takes
the GMM method 0.48 seconds where the HAMJAC method needs 0.75 seconds.
In terms of robustness however, the GMM fails in some cases where the interface
exhibits large curvature variations, because the kickoff procedure fails (Bergdorf
2007). In such simulations (Bergdorf 2007) spurious geometries emerge and destroy
the level set which causes the simulation to break down. With the HAMJAC method,
throughout all the simulations, we have never experienced such deformations of the
level set, which may be attributed to the diffusive properties of this method. In order
to assess the accuracy of the Poisson solver, we will later use the GMM method,
but to grow tumors in 3D, the HAMJAC method will be applied to circumvent the
emergence of spurious geometries.
In order to save computational time and memory, we define a narrow band around
the interface of the tumor. Curvature and velocity have only to be defined inside this
narrow band in the proximity of the level set and only particles within the narrow
band will be moved. After one time step, the level set value at particles outside the
narrow band will not be correct anymore and has to be reinitialized. The motion of
the interface is indirectly a function of the curvature. This coupling heads to a stiff
system as described in Hou (1994). Although the stiffness is mollified by the speedfiltering described earlier, it still necessitates a CFL-type Euler step constraint. All
simulations are run with CFL D 0:25.

5.3 Validation
For validation, we have considered the following tests. The first validation case is the
growth of a sphere determined by surface tension dynamics. The second validation
case is the evolution of an ellipsoid determined by surface tension dynamics. In a
third scenario, we try to reproduce the 2D results from Macklin for the full method
and an initial condition of a stretched circle.
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Fig. 11.13 On the left, we see the volume/surface and the min/max curvature plots for the
evolution of a sphere under surface tension dynamics. On the right side, we see the same plots
in the case of a stretched sphere. One can see how the stretched circle evolves back to its original
shape with the same volume and surface values as for the sphere

5.3.1 Evolution Under Surface Tension Dynamics
For both scenarios, we define the domain as a cube of volume 123 and initialize 653
particles throughout the whole domain. This leads to a grid spacing of h D 0:1875.
The pressure is set to r 2 p D 0 in and 0 and D 1. In order to evaluate our
results, we capture the interface determined by the level set function together with
the minimum and maximum of the curvature on the interface, the surface, and the
volume of the sphere at discrete time steps.
Evolution of a Sphere For the evolution of a sphere, the exact solution is given by
r.t/ D r0 , with r0 being the initial radius of the sphere. We initiate a sphere with
radius r D 2 at the center of the domain, giving us an initial surface S D 50:27 and
volume V D 33:51. The initial curvature for this scenario is  D 0:5. Comparing
these numbers to the results in Fig. 11.13, we see that the initial values measured for
surface SO0 D 50:50 and volume VO0 D 33:78 drop over the first 10 time steps but
then stabilize at SO100 D 50:11 and VO100 D 33:45. The high starting values are due
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to the fact that the numerical approximations to the volume and surface for convex
shapes are biased. Min and max curvature stabilize around the value of the expected
curvature. As Fig. 11.13 shows, the minimum and maximum of the curvature do not
converge to the same value, indicating that from a curvature point of view, our level
set function does not describe a perfect sphere. On the other hand, as the volume and
the surface stabilize under surface tension dynamics, the simulation indicates that
the level set describes a perfect sphere from a pressure point of view. This could
explain the initial drop in the surface and volume, as the initiated level set is not
considered a sphere by the pressure. In order to overcome these differences, the
numerical approximations of pressure and curvature should be coordinated.
Evolution of an Ellipsoid As initial condition, we stretch a sphere of radius r D 2
located at the origin by a factor  D 0:3, giving us an initial level set defined by:
q
' .x/ D .x1 .1 C //2 C x22 C .x3 .1  //2  r:
(11.71)
As the interface evolves, the stretched circle grows back to its original shape, taking
on the same values as measured for the sphere.

5.3.2 Comparison to Macklin and Lowengrub (2005)
In order to compare our solution to the 2D scenario described in Macklin and
Lowengrub (2005), we initialize our level set as a stretched cylinder of radius r D 2
located at the origin, stretched by a factor  D 0:1:
q
(11.72)
' .x/ D .x1 .1 C //2 C .x3 .1  //2  r;
and consider the cross section. As the boundary conditions have to be periodic
in the axis of the cylinder, we cannot solve the pressure equation with the same
boundary conditions we use for the normal 3D case. Instead we solve the pressure
equation with periodic boundary conditions. In order to reduce the contribution
of the pressure across the periodic boundary, we set the computational domain
very large (243 ) compared to the diameter of the cylinder. We set D 1 and the
parameters determining tumor growth to: A D 0:5, G D 20, and N D 0. The
simulation is run twice, once with the GMM and once with the HAMJAC method
for reinitialization. The results are illustrated in Fig. 11.15 and Fig. 11.16.
As the figures show, the interfaces evolving under GMM reinitialization resemble
the ones presented in (Macklin and Lowengrub, 2005), shown in Fig. 11.14 much
better than the ones evolving under HAMJAC reinitialization. The case suggests
that simulation with HAMJAC generates more excrescences causing the tumor to
gain volume faster than under GMM reinitialization. Pictures of the interface at
later times under GMM reinitialization could not be generated, because also in this
simulation the GMM method destroyed the level set short after t D 4. Therefore,
we cannot make further quantitative comparisons.
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Fig. 11.14 Tumor growth in 2D with ellipse initial condition as shown in Macklin and Lowengrub
(2005). Cross sections are cut at time t D 1:5; 2; and 2:5
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Fig. 11.15 Tumor growth with cylinder initial condition, reinitialized with GMM. Cross sections
are cut at time t D 2; 3; and 4
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Fig. 11.16 Tumor growth with cylinder initial condition, reinitialized with HAMJAC. Cross
sections are cut at time t D 3; 4; and 5
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5.4 Results
In the following, we will investigate the influence of various factors on tumor
growth. Parameters of interest are the size of the domain, the resolution, the necrosis,
the surface tension, and the initial condition.

5.4.1 Tumor Growth Without Necrosis
In a first simulation, we initiate an ellipsoid as defined in equation (11.71) with
 D 0:1. Further parameters are set to: A D 0:5, G D 20, N D 0, and D 1.
The domain is set to a cube of size 243 and 1293 particles are initiated throughout
the whole domain. In Fig. 11.17, the interface together with a cross section of the
concentration are illustrated at successive time steps. The pressure is mapped onto
the interface of the tumor. The figure shows how the tumor grows over a time span of
ıt D 7. As healthy tissue is representing an infinite resource of nutrient, the tumor
constantly grows and never reaches a steady state or shrinks. We cannot observe
approaching interfaces to join, therefore no healthy tissue is completely enclosed by
the tumor. Velocity filtering and the pressure approaching interfaces apply on each
other prevent the interfaces from closing the gap in between.
In order to examine the effects of the domain size, the initial condition and the
parameters are set to the same values as in the previous simulation. One tumor
is grown in a cube of size 243 , the other in a cube of size 483 . As illustrated
in Fig. 11.18, the interfaces evolve the same, even in regions close to the domain
boundary. Is the simulation carried on, the tumor in the smaller domain crosses the
domain boundary and does not grow according to the tumor in the larger domain.
The simulation shows the independence of our pressure solver from the domain size,
until the narrow band surrounding the tumor reaches the domain boundary.
In order to illustrate the effects of resolution, we compare three runs in a cubic
domain of size 243 . The initial conditions and parameters are the same as in the
previous simulations, the number of particles are set to 653 ; 1293 , and 2573 leading
to grid spacings of size h D 0:3692; h D 0:1875, and h D 0:0938. Figure 11.19
shows the interfaces for the three simulations at time t D 4. As suggested by the
figure, the method is very vulnerable to small variations in the level set, here inflicted
by the change in resolution. Whether the method converges to a stable simulation
under higher resolution cannot be said at this point of time, as the computational
costs and memory for higher resolutions increase cubically. However, Fig. 11.15
suggests that the HAMJAC reinitialization method could be the reason for this
sensitivity to the level set, as it seems to be the driving force for bumps on the
interface. Unfortunately, the case shows that the simulations are determined by the
resolution and not representative for the underlying model, prohibiting qualitative,
and quantitative statements.
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Fig. 11.17 Tumor growth with ellipsoid initial condition. The color on the surface indicates
the pressure conditions at the interface. Together with the level set, the nutrient concentration
throughout the whole domain is shown. Pictures are taken at t D 0; 1:5; 3; 4:5; 6; and 7

5.4.2 Effects of Necrosis
In order to capture the effects of necrosis, we run simulations under variation of the
parameter N . The initial condition is again the ellipsoid as defined in (11.71) with
 D 0:1. The domain is set to a cube of size 243 , 1293 particles are initiated equally
distributed throughout the whole domain. The parameters determining tumor growth
are set to: A D 0:5, G D 20, and GN D 1 and is set to 1. N takes on the values
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Fig. 11.18 Effects of domain size. Pictures are taken at time t D 6. Left: Cubic domain of size
243 , the domain boundary is illustrated as a black square in the cross section. Right: Cubic domain
of size 483

0, 0.25, 0.5, and 0.75. The evolution of the interfaces together with the necrotic
cores are illustrated in Fig. 11.20. The case with N D 0, is illustrated in Fig. 11.17.
In order to compare the simulations, the surface and volume of the tumors are
recorded (not shown here) (Bergdorf 2007) and indicate that the overall growth
is slowed down, when the nutrient level N for cell viability is raised. Even in the
case with N D 0:75 the over-all growth of the tumor is not limited, as the living
tumor tissue is always supplied with nutrient from the healthy tissue outside. The
morphology of tumors of the same volume grown with a higher value for N seem
to be more diverse than for tumors grown with a lower value for N . The reason
for this is that a tumor with larger necrotic core is forced to grow on the outside,
whereas tumors without necrotic core will also grow in regions further inside the
tumor, causing the cancer to grow faster but inflicting less bumps on the interface.
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Fig. 11.19 Effects of resolution. The domain is set to a cube of size 243 . Pictures are taken at time
t D 4. The number of particles used from left to right: 653 , 1293 , and 2573

5.4.3 Amorphous Initial Conditions
Tumor growth for amorphous initial conditions is illustrated in Fig. 11.21 and
Fig. 11.22 (with necrosis). Parameters determining growth and necrosis are set to
A D 0:5; G D 20; GN D 1 and N D 0, respectively, N D 0:5 for the simulation
with necrosis. The domain is set to a cube of size 243 and 1293 particles are initiated.
Again, necrosis slows the over-all growth, but does not limit it. Our methods
succeed in capturing the diverse morphologies, but as the simulations depend on
the resolution, no further statements can be made.

5.4.4 Effects of Surface Tension
Effects of surface tension on tumor growth are investigated by comparing different
simulations under variation of parameter . The initial condition, parameters and
resolution are set to the same values as in the example without necrosis of the
previous section, the surface tension coefficient takes on the values D 1; 2 and
5. In Fig. 11.23 we see that the speed of growth is slowed down as is increased
and a bigger jump seems to have a smoothing effect on the interface. Comparing
the cross sections at different times (not shown here) suggests that the shape of
the tumor is not significantly disturbed by the surface tension coefficient, similar
patterns emerge in all three simulations, sooner for D 0, later for D 5.
5.4.5 Zero Pressure Condition in 0
In a final simulation, we want to compare our 3D results to tumors grown under
pressure conditions as suggested in Macklin and Lowengrub (2005). Here, the
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Fig. 11.20 Tumor growth under variation of parameter N . From left to right: N D 0:25; 0:5, and
0:75. Pictures are taken at t D 0; 1:5; 3; 4:5; and 6
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Fig. 11.21 Tumor growth with amorphous initial condition and no necrosis. Pictures are taken at
t D 0; 1; 2; 3; 4; and 5

equation (11.62) is solved to enforce p D 0 outside . The simulation area is
set to a cube of size 243 and 1293 particles are used to solve the system. Parameters
determining tumor growth are set to A D 0:5; G D 20; GN D 1, and N D 0:5.
The initial condition is the same as for the other simulations with amorphous initial
conditions and is set to 1. As illustrated in Fig. 11.24, the zero pressure condition
outside the tumor enables approaching interfaces to join and enclose healthy tissue
inside the tumor. Comparing Fig. 11.24 to Fig. 11.22 shows that the evolution of
the interface under these modified pressure conditions is quite different to the ones
observed with the r 2 p D 0 outside .

5.5 Summary
The model presented here and the methods implementing it have to be considered
as a first step towards macroscopic 3D tumor growth simulation. As we have seen
from our numerical experiments, the validity of the model hinges on the level set
technology its built upon. We have found results to depend very strongly on the level
set initialization method used and on the techniques used to extend off the interface
values that are defined only in a direct neighborhood of the interface (j'j  h).
Additionally, the development of this framework revealed that interface joining is
not trivial even though the underlying implicit interface formulation using level sets
carries this appraisal. On the other hand, the differences we have found between
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Fig. 11.22 Tumor growth with amorphous initial condition and necrosis (N D 0:5). Pictures are
taken at t D 0; 1; 2; 3; 4; 5; 5:5; 6; and 6:5

p D 0 boundary conditions on the tumor, and the free-space formulation employed
herein, make a valuable and clear statement: if we aim to develop representative
models of tumor growth, the modeling of the tumor microenvironment and thus the
healthy tissue is as crucial as appropriate modeling of the tumor itself. This is a fact
which to date has largely been neglected in simulations of tumor growth.
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Fig. 11.23 Tumor growth with amorphous initial condition and varying surface tension. From left
to right, D 0; 2; and 5. Pictures are taken at time t D 2; 3; 4; and 5

Fig. 11.24 Tumor growth with amorphous initial condition and p D 0 in 0 . The necrotic core is
colored red, healthy tissue completely enclosed in the tumor is colored orange. Pictures are taken
at time t D 0; 2; 4; 6; 8; and 10
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