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ABSTRACT: For over five decades, molecular dynamics (MD) simulations have
helped to elucidate critical mechanisms in a broad range of physiological systems
and technological innovations. MD simulations are synergetic with experiments,
relying on measurements to calibrate their parameters and probing “what if
scenarios” for systems that are difficult to investigate experimentally. However, in
certain systems, such as nanofluidics, the results of experiments and MD
simulations differ by several orders of magnitude. This discrepancy may be
attributed to the spatiotemporal scales and structural information accessible by
experiments and simulations. Furthermore, MD simulations rely on parameters
that are often calibrated semiempirically, while the effects of their computational
implementation on their predictive capabilities have only been sporadically
probed. In this work, we show that experimental and MD investigations can be
consolidated through a rigorous uncertainty quantification framework. We employ
a Bayesian probabilistic framework for large scale MD simulations of graphitic nanostructures in aqueous environments. We
assess the uncertainties in the MD predictions for quantities of interest regarding wetting behavior and hydrophobicity. We focus
on three representative systems: water wetting of graphene, the aggregation of fullerenes in aqueous solution, and the water
transport across carbon nanotubes. We demonstrate that the dominant mode of calibrating MD potentials in nanoscale fluid
mechanics, through single values of water contact angle on graphene, leads to large uncertainties and fallible quantitative
predictions. We demonstrate that the use of additional experimental data reduces uncertainty, improves the predictive accuracy of
MD models, and consolidates the results of experiments and simulations.

■ INTRODUCTION

Molecular dynamics (MD) is a powerful computational tool for
investigating atomistic phenomena such as water transport in
nanotubes and aquaporins as well as the structure and
development of materials.1−3 In recent years, several
algorithmic developments and the availability of massively
parallel computer architectures has extended the applicability
and time scales that can be addressed by MD simulations.4

Despite these extensions, a critical aspect of MD simulations is
that the physics of the system being simulated hinges on the
selected interaction potentials and the simulation protocol.
The parameters of MD simulation potentials are often

obtained through calibration by related experiments or
quantum mechanics simulations. However, when these
potentials are implemented for simulating systems beyond
their “calibration envelope”, the interpretation and validity of
the simulated predictions are questionable. The aforemen-
tioned calibration envelope thus deals with a question at the
core of MD simulations: Given a calibration of an MD force-
field model based on experimental observations of a quantity A,
how accurately can the MD model predict any other quantity B
of either the same or different nature? The quantities A and B
can be of structural nature, such as radial distribution fitting of
X-ray diffraction data; statistical thermodynamic nature, such as

free energies; or kinematic nature, such as transport coefficient.
Such questions can be answered through systematic uncertainty
quantification (UQ) and calibration of the devised potentials.
So far, limited efforts5−8 have been dedicated to this direction.
Here, we perform a systematic UQ analysis of MD potentials

using as a case study nanoscale flows. We consider MD
simulations involving water−graphene interactions quantified
by Lennard-Jones (LJ) potentials between carbon and oxygen
atoms. Force-field parametrizations based on water contact
angles (WCAs) have resulted in substantially different water
transport rates through carbon nanotubes (CNTs),9 while rates
reported by experiments and simulations may differ by 3 orders
of magnitude. MD simulations have also reported carbon
nanotube hydrophobicity to vary from strongly hydrophobic to
hydrophilic behavior.10 In other works, tweaking the potential
truncation scheme leads to spurious behavior such as
spontaneous filling of CNTs by water molecules11−13

Werder et al.14 used MD simulations to identify the relation
of the WCA to the model parameter ϵC−O

LJ , the well depth of the
LJ potential. On the basis of the simulation predictions, they
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fitted a linear relationship of the WCA to the ϵC−O
LJ . This linear

meta-model was used to calibrate the LJ-carbon oxygen
parameter ϵC−O

LJ to match an experimental value available for
graphite WCA. The protocol was also specific, as this study was
for a fixed truncation length rcut = 1.0 nm, and with a shift
electrostatics truncation scheme. In ref 15, combinations of the
interaction parameters and truncation lengths were presented
for use in graphite−water interaction simulations. The existence
of different sets of parameters ϵC−O

LJ and rcut that all predict
accurately the mean value of the calibrated macroscopic water
contact angle was also noted. However, these studies, among
others, focused on minimizing the discrepancy between the
mean value of the WCA predicted by the MD simulations and
the mean experimental value, neglecting the effect of
computational and experimental uncertainties on predictions
of any output quantities of interest (QoI’s).
The literature contains literally thousands of related works

based on similar strategy calibrations for other materials than
carbon, as in refs 9 and 16−18. Examples of QoI’s predicted
from WCA calibrated MD models include the self-diffusion
coefficient (DC70

) of C70 fullerenes in aqueous solutions19,20 or
the movement of isolated water molecules encaged inside a
single fullerene molecule.21

In this work, the importance of quantifying and propagating
uncertainty in MD simulations is investigated. A Bayesian
uncertainty quantification and propagation (UQ+P) frame-
work22−27 is used to quantify and calibrate uncertainties based
on available measurements from system or components tests, as
well as propagate uncertainties in MD simulations to predict
the uncertainties in output QoI.
The focus of the present study is to evaluate the quantitative

predictive envelope of water−carbon potentials using as case
study WCA calibration. The uncertainty in the carbon−oxygen
force-field parameter and the cutoff radius value used to
truncate pairwise molecular interactions is estimated using two
different system setups for graphite models. The uncertainty is
propagated to QoI’s related to thermodynamic and kinematic
properties of aqueous solutions of fullerenes and water
transport across CNTs, illustrating the importance of data-
driven UQ of MD models for robust performance evaluation of
nanofluidics systems.

■ BAYESIAN UNCERTAINTY QUANTIFICATION AND
PROPAGATION

UQ and Model Class Selection in MD. We consider a
parametrized class of molecular model structures
characterizing water−carbon interactions for MD simulations.
Each model class is characterized by the functional forms of the
interaction potentials (e.g., LJ potential), the electrostatic
Coulombic potential, and the truncation schemes (e.g., cutoff,
particle mesh Ewald). In this work, two different model classes
for the WCA simulations are employed: The first model class,

SG, regards simulation of the WCA ϕ between a water
droplet and three vertically stacked atomistically resolved
graphene sheets resembling the simulation model of ref 14. The
second MD model class, Steele, assumes an infinite stack of
graphene sheets constructed from the same carbon atom
building blocks as SG, with their effective potential
describing their aggregate interaction with water molecules
given by the Steele 10-4-3 potential28 (more details in the
Supporting Information).

Let θ ∈ Rn be a set of MD functional model parameters (e.g.,
bonded and non-bonded force-field parameters or the twin or
global cutoff radius) in a model class to be estimated
using experimental data. MD involve a larger number of
candidate parameters for calibration. In this work, we fix all
bonded terms, partial charges, and functional forms and only
consider two parameters to be calibrated: the cross interaction
strength ϵC−O

LJ and the electrostatic and van der Waals
truncation length rcut.
The present analysis is limited to uncertainties in these two

parameters due to their relative importance in the MD
simulations mentioned in ref 14 and in the specific nanoscale
systems analyzed in this work. Specifically, refs 8, 9, and 29
indicated a very strong sensitivity of the water flow inside
carbon nanotubes to the cross interaction strength ϵC−O

LJ

parameter. The cutoff is also an important parameter with
considerably varying values selected by users to trade-off
computational effort versus accuracy in MD simulations. As a
result, the cutoff values vary significantly among different
software packages, not only due to the template input files but
also implicitly because of the different truncation schemes used
even when full particle mesh Ewald is employed.
The values of the model parameters θ are considered to be

uncertain, and a probability distribution function (PDF)
quantifies their plausibility. An a priori PDF π(θ| ) is
assigned to the model parameters incorporating prior
information that is usually subjective based on previous
knowledge, experience, physical, or computational limitations.
Specifically, prior to the use of measurements, information
about the importance of the cutoff values for determining the
precision of simulations and the adverse consequences of high
cutoff values in the computational cost should be taken into
account in assigning the prior PDF for the cutoff parameter.
For example, an upper bound on the support of the prior PDF
can avoid values that will yield excessive computational effort.
Bayesian inference is used to update the PDF of θ based on

measurements available either at molecular component or
system level. For this, let D ≡ y ̂ = {yr̂, r = 1, ..., ny}̂ ∈ Rny ̂ be a set
of experimental observations (data), where ny ̂ is the number of
observations performed under different thermodynamic states.
The prediction error e = y ̂ − g(θ| ) ∈ Rny ̂ is introduced to
characterize the discrepancy between the experimental
observations y ̂ and the model predictions g(θ| )
obtained from a particular value of the model parameters θ
given the model class . The predictions g(θ| ) here
can be idealized as, e.g., an entire simulation package that
performs the simulation given the functional forms of the
molecular interactions, their parameters, and geometries. The
prediction error can be decomposed into three contributions e
= eexp + eens + em accounting for the measurement
(experimental) error eexp, the computational error eens due to
the sampling error arising from the finite time size and
ensemble choice of our MD simulations, and the modeling
error em due to the inadequacy of the selected to
represent exactly the actual behavior of the nanofluidics system.
Assuming zero-mean normally distributed error terms and

independent components, justified by the maximum entropy
principle,30 one has that eexp ∼ N(0, Σexp), eens ∼ N(0, Σens), and
em ∼ N(0, Σm), with diagonal covariance matrices Σexp =
diag(νr

2yr̂
2), Σens = diag(σr

2yr̂
2), and Σm = s2diag(yr̂

2), where νr
2

is the normalized variance of the rth thermodynamic state
observation, σr

2 are the normalized variances measuring the
variability in the MD predictions for the corresponding
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measured quantities, and s2 is the normalized variance
parameter of the model error. Normalization of the variance
parameters is done with respect to yr̂. The variance parameters
σr

2 are known constants that could be assigned at each
simulation of the MD system for a particular value of θ so that
the MD simulation terminates after the variance of the response
quantity of interest falls below the σr

2yr̂
2 value. Finally, it should

be noted that nonzero mean Gaussian models could also be
readily introduced in the proposed framework to handle
systematic biases in the computational or model predictions.
However, in the present work, zero-mean Gaussian models
were considered adequate as no systematic biases were
observed.
Following the Bayesian framework, the updated distribution

f(θ|D, ) of the model parameters θ, given the data D and
, is obtained in the form8

θ
π

θ π θ| = |Σ| − ̂ |
|

− ⎡
⎣⎢

⎤
⎦⎥f D J y

f D
( , )

(2 )
exp

1
2

( ; )
( )
( )N

1/2

/2

(1)

where

θ θ θ̂ = ̂ − | Σ ̂ − |−J y y g y g( ; ) [ ( )] [ ( )]T 1
(2)

is the weighted measure of fit between the MD model
predictions and the measured data, Σ = diag[(νr

2 + σr
2 + s2)yr̂

2]
is the covariance of the prediction error, f(D| ) is the
evidence of the model class , selected such that the
posterior PDF f(θ|D, ) integrates to one, and |.| denotes
determinant.
The problem of selecting between two alternative molecular

model classes i and j based on the observed data D is
addressed using the Bayes factor

=
|
|

K
f D
f D
( )
( )ij

i

j (3)

given by the ratio of the evidence of the two model classes. In
addition, a number of μ competing classes 1, ..., μ are
ranked, given the data D, based on their probability

| =
|

Pr D
f D Pr

f D
( )

( ) ( )
( )i
i i

(4)

where Pr( i) is the prior probability of the model class
i and f(D) is a normalization constant selected such that

the sum of the posterior probabilities of all model classes is
equal to 1. The most probable model class is selected as the one
that maximizes Pr( i|D) over i.
The high performance computing framework introduced in

ref 8 to speed up Bayesian UQ+P computations based on the
transitional Markov chain Monte Carlo (TMCMC) algorithm31

is used for generating samples from the posterior PDF of the
model parameters as well as evaluating the evidence of
(more details in the Supporting Information).
Uncertainty Propagation for Robust Predictions. Let

f(q|θ, ) be the conditional PDF of an output QoI q (e.g.,
diffusion coefficients, free energies, or any other kinematic,
structural, or thermodynamic observable in a MD simulation)
given the model parameters θ and . The conditional PDF
f(q|θ, ) follows a Gaussian distribution with mean μq(θ;

) and variance σq
2(θ; ) computed for an output

quantity q directly from the MD simulations for a given value of
the model parameters θ.

Robust posterior predictions of q, taking into account the
uncertainties in the model parameters of given the
measured data D, are quantified by the posterior PDF32

∫ θ θ θ| = | |
Θ

f q D f q f D( , ) ( , ) ( , ) d
(5)

representing an average of the conditional PDF weighted by the
posterior PDF f(θ|D, ) of the model parameters. Using the
samples θ(i), i = 1, ..., N drawn from the posterior PDF f(θ|D,

), the integral above is approximated by a sample estimate
in terms of the conditional PDF f(q|θ(i), ) (Supporting
Information). Similar sample estimates are available (Support-
ing Information) for the posterior robust mean and variance of
the output QoI q in terms of μq(θ

(i); ) and σq
2(θ(i); ).

Robust predictions can also take into account the competing
model classes in eq 4 by averaging their predictions using eq S8
in the Supporting Information.

■ RESULTS
Cutoff Radius Dictates MD Predictions. We first explore

the effect of the cutoff radius on MD predictions by considering
the potential of mean force (PMF) for two C70 fullerenes in
aqueous solution. The predictions are based on the model

SG with the value of ϵC−O
LJ chosen to be ϵC−O

LJ = 0.439 as
proposed in ref 15 based on a WCA calibration. Figure 1 shows

the predicted PMF for two different cutoff values rcut = 0.9 nm
and rcut = 1.35 nm (see also the Supporting Information). For
each cutoff value, the mean (solid curve) and the fluctuations
within one standard deviation (error bars) of the predictions of
the mean PMF are shown in the figure. The fluctuations are
due to the ensemble error eens. Predictions from the 0.9 nm
(green line) and 1.35 nm (magenta line) cutoff values differ
significantly, especially for small intermolecular separations,
showcasing the importance in the selection of the cutoff value
for carrying out reliable predictions using MD models. The
selection of the cutoff values, like other force-field parameters,
should be guided from experimental data so that the estimated
model parameter values are consistent with observations.

UQ+P. Full MD model simulations are used to quantify
uncertainties in the MD model parameters ϵC−O

LJ and rcut, as well

Figure 1. Potential of mean force prediction for two different cutoff
radii rcut = 0.9 nm and rcut = 1.35 nm. Colored curves (green or
magenta) indicate mean values of PMF, while gray error bars indicate
computational uncertainty from bootstrapping estimates.
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as propagate these uncertainties to predict output QoI’s based
on the experimental uncertainty in the WCA reported in Table
1 for T = 298.15 K, as well as on the computational
uncertainties.

(a). One Parameter Case. The parameter ϵC−O
LJ is first

estimated using the data. The estimation is performed for both
molecular model classes SG and Steele given a fixed
value of the cutoff radius rcut. In order to explore the effect of
the cutoff value in UQ+P, the following two values of the cutoff
are considered: rcut = 0.9 nm and rcut = 1.35 nm. Thus, a total of
four model classes are introduced, denoted by SG

0.9, SG
1.35,

Steele
0.9 , and Steele

1.35 , corresponding to the underlining MD
model class SG or Steele and the cutoff values rcut = 0.9
or 1.35 nm.
The distributions of ϵC−O

LJ are shown in Figure 2a. All four
model classes entail uncertainty in the estimate of ϵC−O

LJ , with
the optimal value of ϵC−O

LJ and the extent of uncertainty
depending on the underlying model and the cutoff value
considered. The supports of the two posterior PDFs (magenta
curves) in Figure 2a for ϵC−O

LJ regarding SG
0.9 and SG

1.35

yield a small overlap at the tails of the distributions. Thus, the
uncertainty in ϵC−O

LJ identified by the calibration of the same
underlying model depends on the values of the cutoff radius.
This implies that one should not use the values of ϵC−O

LJ

calibrated with one specific cutoff to make predictions from
the same model using another cutoff value, as such predictions
will not be anymore consistent with the experimental data.
Differences in the PDF supports are also observed for Steele

0.9

and Steele
1.35 , albeit less pronounced. This is due to the fact

that the rcut influence is considerably smaller for the model
Steele, since only the SPC/E non-bonded interactions are

affected from the truncation length change.

On the basis of the results in Figure 2a, the extent of
uncertainty (see also Table 2) measured by the coefficient of

variation (COV) uϵC−OLJ ranges from 2.8 to 3.9% of the mean

value. The uncertainty uϵC−OLJ found for Steele
0.9 differs by 50%

from the one of SG
0.9, demonstrating that the uncertainty in

the parameter of the LJ potential greatly depends on the
underlying MD model class used for nanofluidics simulations.
We propagate the identified ϵC−O

LJ values in order to assess
the uncertainty in the predicted WCA. The posterior PDFs of
the WCA are shown in Figure 2b and are compared with the
uncertainties in the experimental value of the WCA assumed to
be Gaussian distributed (see also Table 1). Both baseline
models SG and Steele, for both cutoff values, provide
accurate robust predictions of the WCA. The small deviations
in the predictions observed between the four model classes are
due to the inclusion of the computational uncertainty in
generating the TMCMC samples and the use of a finite number
of such samples.
Bayesian model class selection allows one to pick the most

probable cutoff among the two used in this study by comparing
the evidence of each model class. Specifically, on the basis of
the log evidence of the model classes SG

0.9 and SG
1.35 given

in Table 2, the most probable cutoff is 0.9 nm corresponding to
a slightly higher LogEvidence value. The Bayes factor is 1.52,
indicating a higher preference of SG

0.9 in relation to SG
1.35

based on the data. Robust predictions considering the
information from both cutoff values rcut = 0.9 nm and rcut
=1.35 nm can be obtained from the Bayesian framework by
averaging the predictions of both SG

0.9 and SG
1.35 using

equation S8 in the Supporting Information, where Pr( SG
0.9|

D) = 0.73 and Pr( SG
1.35|D) = 0.27 for equal model class

priors.

Table 1. Data Set for the WCA for Three Different
Temperaturesa

(K) yr̂ ≡ ϕ (deg) vr̃ (deg) ref

298.15 92.7 2.3 ref 33
328 88.5 2.7 ref 34
358 86.8 2.1 ref 34

aThe third column vr̂ refers to the reported measurement uncertainties
for each temperature case.

Figure 2. (a) Parameter uncertainty estimation: posterior distributions of the model parameter ϵC−O
LJ for model classes SG

0.9, SG
1.35, Steele

0.9 ,
and Steele

1.35 . (Inset) Snapshot of the system. (b) Uncertainty propagation: posterior distribution of the water contact angle predicted by the four
model classes. PDF quantifying the experimental uncertainty is depicted in yellow color. (c) Uncertainty propagation: posterior distribution of the
diffusion coefficient of a fullerene molecule in water. Dashed lines indicate rcut = 1.35 nm, where solid lines indicate rcut = 0.9 nm. Magenta color
indicates SG, whereas green color indicates Steele.

Table 2. Mean Values and Coefficients of Variation of the
Posterior Distribution of the Model Parameter ϵC−O

LJ , along
with the LogLikelihood of Each Model Class

model class rcut (nm) ϵL̅J
C−O (kJ/mol) uϵC−OLJ LogEvidence

SG
0.9 0.9 0.4828 2.84% 1.84

SG
1.35 1.35 0.4281 3.23% 0.83

Steele
0.9 0.9 0.4628 3.47% 1.42

Steele
1.35 1.35 0.4892 3.94% 2.24
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The uncertainties identified for the parameter ϵC−O
LJ are next

propagated to robustly predict the diffusion coefficient DC70
of a

C70 fullerene in water. The diffusion coefficients reported
herein are with the standard mean square displacement
approach (see the Supporting Information) and do not include
any correction term for periodic boundary conditions for
system size,35 but the uncertainties are expected to be of the
same order even with the additive correction term. A
theoretical estimate for DC70

via the Stokes−Einstein equation

yields a value of 0.20·10−9 m2/s. The PDFs of the DC70
,

quantifying the uncertainty in the values of DC70
predicted by

each one of the four model classes, are shown in Figure 2c. The
results suggest that prediction of the diffusion coefficient of C70,
that has not been used for calibration of the model parameters,
greatly depends on the underlying MD model and the cutoff
value used. The 95% confidence intervals are [0.263, 0.314] and
[0.304, 0.344] m2/s·10−9 for the two model classes SG

0.9 and
SG
1.35, respectively, resulting in nonoverlapping supports.

The extent of uncertainty of DC70
is 3.23 and 1.62% for SG

0.9

and SG
1.35, respectively. It is worth noting that robust

predictions that take into account the corresponding
probabilities Pr( SG

0.9|D) = 0.73 and Pr( SG
1.35|D) = 0.27

of each model class given the data can be readily obtained as a
weighted average of the distribution predicted in Figure 2c
from the two model classes. Similar results related to the
predictions DC70

from the model class Steele are obtained,
although the effect of the cutoff value is less pronounced as
observed in Figure 2c.
(b). Two Parameter Case. The Bayesian calibration is next

performed by letting also rcut be a free parameter to be
estimated from the data. The two distinct two-parameter model
classes are now denoted by SG and Steele. Uniform
prior PDFs are used for both parameters. The values of 0.8 and
1.5 nm are used as bounds for the support of rcut, representing
the range of commonly selected values.
The TMCMC samples drawn from the posterior distribution

f(ϵC−O
LJ , rcut|D, ) of the two model parameters along with

the estimated posterior probability functions and the marginal
distributions of the two model parameters are presented as a 2
× 2 plot matrix in Figure 3 for SG and Figure SI4
(Supporting Information) for Steele, and results also are
summarized in Table 3. From the projections in the (ϵC−O

LJ , rcut)
space shown in Figure 3, one can identify that the importance
region of high probability volume of the posterior PDF is
directed along a one-dimensional manifold inside the (ϵC−O

LJ ,
rcut) space, indicating that uncertainties in these model
parameters are strongly correlated. Along this one-dimensional
manifold, ϵC−O

LJ and rcut are equally probable, while the posterior
PDF decays more rapidly in the directions perpendicular to this
manifold. The support of the posterior PDF extends along this
one-dimensional manifold as far as the bounds of the uniform
prior distribution of rcut, signifying that the set of two
parameters is unidentifiable based on available WCA measure-
ment at a single temperature. Comparing the marginal posterior
PDFs for the LJ parameter ϵC−O

LJ in Figure 3 with the one in
Figure 2a, we note that the uncertainty in ϵC−O

LJ is significantly
higher for the two-parameter model classes.
In addition, on the basis of the LogEvidence reported in

Table 3, the Bayes factor between model classes SG and
Steele is f(D| SG)/f(D| Steele) = 1.8. Thus, on the

basis of the experimental WCA, the model class SG has

slightly higher preference than the model class Steele to
represent the experimental data.
Different results for the posterior PDFs of the WCA are

shown in Figure 4a for both model classes and compared
against the experimental WCA uncertainty. The continuous
spectrum of feasible values of the model parameters along the
one-dimensional manifold shown in Figure 3 can accurately
predict the experimental data and the associated uncertainty,
similarly to the case of the one-parameter model classes.
The posterior PDF f(DC70

|D, SG) quantifying the
uncertainties in the self-diffusion coefficient of a C70 fullerene
in water given the WCA experimental data for the most
probable model class SG is presented in Figure 4b
(magenta), and it is an average of the predictions from all
possible cutoff values in the neighborhood of the one-
dimensional manifold, weighted by the plausibility of each
value of rcut. The COV of DC70

is 6.31%, and the extent of
uncertainty defined by the 0.95 percentile values is contained
within the interval [0.27, 0.34] m2/s·10−9. Comparing the size
of the supports of the PDFs in Figure 4b, it can be seen that the
COV uDC70

predicted by the two-parameter model class SG

is significantly higher than the one in the diffusion coefficient
predicted by the one-parameter model classes (Figure 2c).
We conclude that uncertainty propagation using the two-

parameter model class yields quite accurate predictions of the
WCA uncertainty which are comparable to the ones predicted
by the one-parameter model classes SG

0.9 and SG
1.35.

However, similarly to the one-dimensional case, the corre-
sponding predictions of output QoI that have not been used for
calibration differ substantially. The additional parameter
introduces a greater diversity of parameter combinations that
match the calibration data, which lead to a greater diversity of
predictions (and thus uncertainty) for observables that are not

Figure 3. Top right: TMCMC samples of the posterior distributions
f(ϵC−O

LJ , rcut|D, SG) in the 2-d parameter space (color bars indicate
the LogLikelihood of the samples). Diagonal: Marginal distributions of
the model parameters. Bottom left: Reconstructed posterior PDF
(color bars indicate posterior PDF values).
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in the calibration. For the diffusion coefficient, the model class
SG predicts significantly higher uncertainty than the model

classes SG
0.9 and SG

1.35. This is attributed to the fact that,
in the calibration process, the parameter rcut was left free to be
estimated from the data. The available measurements in this
case are not informative enough to reduce the uncertainties and
provide more accurate estimates of the parameters, confined in
a smaller region in the parameter space.
It is worth mentioning that considering more uncertain

parameters in the proposed analysis, such as partial charges and
σC−O
LJ , without using additional data, will cause an increase in
the size and dimension of the uncertainty manifold in the
resulting higher dimensional parameter space, extending the
unidentifiability in the parameters and increasing the
uncertainty bounds in the predictions of unobserved QoI.

It should be pointed out that a variety of truncation schemes
can be used to model the non-covalent forces. Quantitatively,
the uncertainty in the parameters will depend on the choice of
the truncation schemes. However, it is not expected to get
significant qualitative differences. The proposed Bayesian
model class selection method can also be used to compare
different truncation schemes and select the best one among
alternative potential truncation schemes.36 Furthermore, the
uncertain parameter set can be augmented to include the
healing length of truncation schemes37 as a free parameter to be
estimated from the data. In this case, the MD model will have
more freedom to fit the data, extending further the size of
uncertainties in all parameters and increasing the uncertainties
in predictions of unobserved QoI.

■ ROBUST PREDICTIONS FOR NANOSCALE FLOWS

We demonstrate that UQ has important ramifications for
applications in nanoscale fluid mechanics. We make robust
predictions for the PMF between two fullerenes C70 in aqueous
solution, as well as their mean breakup and dissociation time by
propagating the uncertainties in ϵC−O

LJ and rcut using SG and
Steele. These estimates are essential for targeted drug

delivery38,39 and colloidal dispersion stability.
Robust predictions of PMF are shown in Figure 5a for both

SG and Steele. Moving from larger to smaller
interparticle distances, uncertainty in the PMF increases
substantially. These uncertainties are due to the parametric
uncertainties and should be distinguished from the computa-
tional uncertainties traditionally presented in the literature via
bootstrapping eens from an isolated PMF evaluation at a fixed
ϵC−O
LJ , shown in the inlet of Figure 5a for two different
parameter sets (ϵC−O

LJ , rcut).
Uncertainties in the estimates for the C70 association and

dissociation rates obtained using Kramers theory are presented
in Figure 5b for SG (see the Supporting Information40).
We estimate a mean aggregation time ka̅gg = 4.6 min and COV
14%, with an overall uncertainty ranging in the 95% confidence
interval [3.24, 7.81] min, relevant to medicinal applications.41,42

Similarly, the uncertainty in the thermally induced breakup
mean time for two aggregated fullerenes is estimated kb̅reak = 5.1
h with a COV of 22% and an overall uncertainty of [2.78,7.31]
h. The large uncertainties are attributed to the exponential
dependence of the Kramers rates to the PMF well. The
predictions of the uncertainties in both aggregation and
breakup rates are quite sizable, unsuitable for firm predictions
in applications such as drug delivery. An alternative way to
estimate these rates could be found in the recent work of
Morrone et al.43 The dependence of these estimates though
also hinge on the PMF and will thus still mitigate large
uncertainty to the predictions.
Are similar uncertainties expected for other systems? One

such system regards the friction and the water flow inside CNT
arrays.29,44 To illustrate this, consider the friction coefficient λ
between carbon and water, as given by a Green−Kubo

Table 3. Most Probable Values and Coefficients of Variation of the Posterior Marginal Distributions of the Model Parameters
ϵC−O
LJ and rcut

model class (K) ϵC−O
LJ (kJ/mol) uϵC−OLJ rcut (nm) urcut LogEvidence

SG 298.15 0.4770 6.21% 1.23 18.42% −0.68

Steele 298.15 0.4487 3.94% 1.10 17.03% −1.27

SG [298.15, 328, 358] 0.5073 2.62% 0.96 14.1% 4.84

Figure 4. (a) Uncertainty propagation: posterior distribution of the
water contact angle predicted from the model classes SG

(magenta curve) and Steele (green curve). PDF quantifying the
experimental uncertainty is depicted in yellow color. (b) Magenta and
blue: propagation to the self-diffusion coefficient using SG and
experimental data from one temperature (T = 298.15 K) and three
temperatures (T = 298.15, 328, and 358 K), respectively.
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expression for an equilibrium flow free simulation (see the
Supporting Information). The uncertainty in the two
parameters ϵC−O

LJ and rcut induces uncertainties both in the
nanofriction coefficient as well as the slip length ls being
inversely related to the nanofriction coefficient and propor-
tional to the water viscosity in the nanochannel. Robust
estimates for these QoI’s are given in Figure 5c by propagating
the parameter uncertainties using SG.
Large uncertainties are observed with COV uλ = 51% and

COV uls = 67%. The 95% confidence intervals are [0.014,
0.114] for λ and [13, 237] for ls. It is important to note here
that the values of ls have been reported to vary from 50 to 170
nm (see, e.g., refs 29 and 45 and refs therein). The present
results attribute this volatility to the highly nonlinear
dependence of these QoI’s to the uncertain parameters of the
investigated force fields. Note that the eens computational error
contributions associated with the integrated autocorrelation
function evident in the Green−Kubo formalism are relatively
high, as the exact time to stop integrating is not easy to be
correctly determined, requiring heavy averaging. However, we
chose to neglect here this contribution (estimated to introduce
a 10% extra uncertainty via the eens) to highlight the generic
sensitivity of such calculations to the two parameters discussed
herein. Thus, even assuming negligible computational errors
eens, one would still compute widely varying slip lengths due to
uncertainties in the model parameters arising from insufficient
experimental data.

■ REDUCTION OF UNCERTAINTY

To alleviate the unidentifiability problem and reduce the
uncertainty in the model parameters ϵC−O

LJ and rcut, one needs to
consider additional experimental data to provide extra
information for estimating the parameters, hoping to confine
the uncertainty in smaller region in the parameter space. To
investigate the effect of additional test data on the estimation of
parameter uncertainty, two additional experimental data values
for the WCA are considered34 for two different temperatures
(see Table 1) and the Bayesian calibration of the two
parameters ϵC−O

LJ and rcut of the model class SG is repeated.
The results for the parameter estimation are shown in Figure 6
and in Table 3. Comparing Figure 6 with Figure 3, it is clear
that the size of the support of the posterior PDF of the model
parameters is reduced for the case where additional data are

used to quantify parameter uncertainties. The reduction of
uncertainty is approximately 17.2% for the LJ parameter ϵC−O

LJ

and 33.5% for the cutoff radius rcut. In particular, the
uncertainty in the cutoff radius is significantly reduced. The
most plausible cutoff radius with higher probability based on
the experimental WCA data is confined in the region [0.8, 1.1]
nm. This preference for low truncation values is counter-
intuitive. However, one is reminded that the LJ potentials are
empirical approximations to reality and the cutoff radius is one
more free parameter of the MD model. This addresses a
frequent misconception in molecular simulations suggesting a
priori that larger cutoffs provide more accurate predictions.
Using SG calibrated against the three experimental WCA,
the parametric uncertainty is propagated to DC70

in Figure 4b.
This COV is 3.12%, significantly reduced due to the reduction
of the parameter uncertainties, and is smaller than the COV
6.21% predicted from the same model class based on a single
WCA measurement.

Figure 5. (a) Uncertainty propagation to the potential of mean force. Red and blue shaded areas indicate the combined parametric and ensemble
uncertainty. The free energy reference point is set at the maximum measured separation. (b) Uncertainty propagation to the measurement of
fullerene dimer formation (magenta-lower axis) and disassociation (green-upper x-axis) in aqueous solution. (Inlet) Snapshot of the system. (c)
Robust predictions of the water−carbon friction coefficient (red-lower x-axis) and slip length (green-upper x-axis) in a typical nanopore system.
(Inset) Snapshot of the system.

Figure 6. Posterior PDF f(ϵC−O
LJ , rcut|D, SG). Color code and

subplots as in Figure 3.
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■ DISCUSSION AND CONCLUSIONS

We demonstrate that a Bayesian uncertainty quantification
framework is essential in order to bridge the results of
experiments and MD simulations for atomistic phenomena and
in particular nanoscale flows. In such systems, it is not
uncommon to observe orders of magnitude differences in the
reported physical quantities of interest. We provide a systematic
basis on the assessment of such differences and the
predictability of MD simulations for nanoscale fluid mechanics.
We demonstrate our approach, by revisiting the most

common calibration methodology in nanofluidics, namely,
estimating the well depth parameter of the LJ interaction
potential between SPC/E water and carbon based on WCA
measurements. Our approach takes into account the exper-
imental uncertainty of WCA and the computational uncertainty
involved in predictions carried out under various MD models.
We find that the identified uncertainty in the LJ parameters
depends on the cutoff radius used to truncate pairwise
molecular interactions and the underlying model selected to
predict the WCA. In addition to the well depth parameter, the
uncertainty in the cutoff radius was also identified and
propagated through MD models for making robust predictions
of the dynamical properties of aqueous fullerene solutions and
water−CNT systems. Such predictions clearly highlighted
certain weaknesses of the force-field calibration method based
on a single thermodynamic state of the WCA measurement.
QoI such as mean times for fullerene aggregation, PMFs, and
slip length for water flowing inside CNTs, exhibiting a highly
nonlinear dependence on the MD model parameters, yield
large uncertainties that render MD predictions insufficient for
making firm assessment of the performance of the analyzed
system.
The main uncertainty source in the predictions is attributed

to the limited number of experimental data in relation to the
number of calibrated parameters. WCA observations at a single
temperature are insufficient to yield an identifiable estimate of
the two model parameters. It was demonstrated that the
uncertainties in the parameters and thus the uncertainties in the
predictions of output QoI can be reduced by including in the
calibration procedure more experimental data from MD
component or system tests. The analysis in this work assumed
fixed the values of a number of potential parameters that were
not included in the calibration procedure. Given sufficient
information from measured data, one could certainly consider
additional parameters such as partial charges of water, carbon
bond lengths, or computational parameters such as time step.
Ways to treat such unidentifiability in the WCA paradigm
include as an example the usage of surface tension measure-
ments as additional information. It is expected that
unidentifiability will be present, to a certain extent, when
more parameters are included in the parameter set, to be
identified from the data.
The increased popularity of MD tools dictates a closer

attention to a robust reparametrization of the popular force
fields before any quantitative study could be trusted in large
scale applications. The proposed Bayesian framework can serve
the purpose of managing uncertainties in MD simulations,
integrating system or component tests for making predictions
consistent with available experimental data. The quality of these
data certainly affects MD model selection, uncertainty
quantification, and prediction accuracy. Thus, future calibration
studies must come hand in hand with accurate experimental

studies at a wide range of thermodynamic states, helping
achieve accurate, transferable parameter sets for reliable, robust
quantitative predictions.
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