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1. Introduction

The magnetic control of microswimming devices[1–5] through
micromanipulation,[6,7] targeted drug delivery,[8,9] or convec-
tion-enhanced transport,[10] has created new frontiers for
biomedicine. A particularly promising technology involves
corkscrew-shaped magnetic microswimmers (artificial bacterial
flagella (ABFs)) that propel themselves when subjected to a rotat-
ing magnetic field.[11] Rotating magnetic fields can form propul-
sive gradients and they are arguably preferable to alternatives,
such as electric fields, for in vivo conditions.[12,13] However,
the independent, yet coordinated, control of individual ABFs
is challenging as it requires balancing between the magnetic
forces and the hydrodynamic interactions between the
swimmers while the employed magnetic fields are practically
uniform over lengths of few micrometers. We note that indepen-
dent navigation of mm-sized microswimmers has been shown in
ref. [14] through experiments and simulations, while in ref. [15], a

reinforcement learning (RL) algorithm was
applied to adjust the velocity of an idealized
swimmer in simulations with one way cou-
pling with a complex flow field. Control of
swimmers using two-way coupling and RL
have been demonstrated with linked-spheres
at low Reynolds numbers[16] and for artificial
fish in macroscales.[17] Similarly, genetic
algorithms have been used to navigate
microswimmers toward high concentrations
of chemicals.[18]

The problem of heterogeneous microro-
bots navigation via a uniform input has
been studied in two dimensions on

surfaces[19] and in a fluid at rest.[20] The steering of two micro-
propellers along two distinct paths in three dimensions has been
accomplished with the help of magnetic fields gradients.[21]

These advances exploited the heterogeneous response of micro-
swimmers to a uniform input to achieve independent trajectories
along a prescribed path. These control methods are based on
short horizon objectives (stay on the prescribed path) and do
not provide the trajectory that minimizes the travel time to a tar-
get position, particularly in the presence of a background flow. In
addition, strong background flows restrict the set of feasible
paths for given micro-swimmers. To the best of our knowledge
the steering of multiple micron-sized swimmers towards a target
in a minimal time under a background flow and a uniform
magnetic field has not been reported before.

In this work, we present two methods to independently guide
two micro-ABFs towards a single target in the presence of a uni-
form magnetic field. The two methods rely on simulations of
swimming ABFs using an ordinary differential equation
(ODE) model. The model is calibrated with the method of dissi-
pative particle dynamics (DPD),[22,23] taking into account the
particular geometry of the swimmers and their interactions with
the viscous fluid. We first present a semi-analytical solution for
the simple yet instructive setup of multiple, geometrically
distinct ABFs in free space, with zero background flow. This
result enables understanding of the design constraints for the
ABFs necessary for independent control and how their geometric
characteristics relate to their travel time. We then employ RL to
control multiple ABFs trajectories in a broad range of flow
conditions including a nonzero background flow.

2. Artificial Bacterial Flagella

The ABFs are modeled as microscopic rigid bodies of length l with
position x and orientation q (represented by a quaternion), immersed
in a viscous fluid and subjected to a rotating, uniform, magnetic

L. Amoudruz, P. Koumoutsakos
Computational Science and Engineering Laboratory
ETH Zürich
Zurich CH-8092, Switzerland
E-mail: petros@seas.harvard.edu

L. Amoudruz, P. Koumoutsakos
John A. Paulson School of Engineering and Applied Sciences
Harvard University
Cambridge MA 02134, MA, USA

The ORCID identification number(s) for the author(s) of this article
can be found under https://doi.org/10.1002/aisy.202100183.

© 2021 The Authors. Advanced Intelligent Systems published by Wiley-
VCH GmbH. This is an open access article under the terms of the
Creative Commons Attribution License, which permits use, distribution
and reproduction in any medium, provided the original work is
properly cited.

DOI: 10.1002/aisy.202100183

Artificial bacteria flagella (ABFs) are magnetic helical microswimmers that can be
remotely controlled via a uniform, rotating magnetic field. Previous studies have
used the heterogeneous response of microswimmers to external magnetic fields for
achieving independent control. Herein, analytical and reinforcement learning control
strategies for path planning to a target by multiple swimmers using a uniform
magnetic field are introduced. The comparison of the two algorithms shows the
superiority of reinforcement learning in achievingminimal travel time to a target. The
results demonstrate, for the first time, the effective independent navigation of
realistic microswimmers with a uniform magnetic field in a viscous flow field.

RESEARCH ARTICLE
www.advintellsyst.com

Adv. Intell. Syst. 2021, 2100183 2100183 (1 of 7) © 2021 The Authors. Advanced Intelligent Systems published by Wiley-VCH GmbH

mailto:petros@seas.harvard.edu
https://doi.org/10.1002/aisy.202100183
http://creativecommons.org/licenses/by/4.0/
http://www.advintellsyst.com


field. We estimate that the magnetic and hydrodynamic interactions
betweenABFs are orders ofmagnitude smaller than those due to the
magnetic field for dilute systems (see Supporting Information) and
we ignore inertial effects due to their low Reynolds number
(Re � 10�3). Following this approximation, the system is fully
described by the position and orientation of the ABFs.

Additionally, the linear and angular velocities of the ABF, Vb

andΩb, are directly linked to the external force and torque, Fb and
Tb, via the mobility matrix[24]

Vb

Ωb

� �
¼ Δ Z

ZT Γ

� �
Fb

Tb

� �
(1)

where the superscript b indicates that the quantity is expressed in
the ABF frame of reference, for which Δ, Z , and Γ are diagonal.
The matrices Γ and Z represent the application of torque to
changing the angular and linear velocity, respectively. The
ABFs are propelled by torque applied through a magnetic field
and we assume that it can swim only in the direction of its main
axis so that Z has only one nonzero entry (Z11Þ. The coefficients
in the mobility matrix are often estimated by empirical formulas
for low Reynolds number flows.[25] Here we estimate the com-
ponents of the mobility matrix for the specific ABF by conducting
flow simulations using DPD,[22,23] which we validate against
experimental data of ref. [8] (see Supporting Information). We
remark that the shape (pitch, diameter, length, thickness) of
the ABF influence the elements of these matrices and the present
approach allows to account for these geometries.

The ABF with a magnetic momentm is subjected to a uniform
magnetic field B and hence experiences a torque

T ¼ m� B (2)

No other external force is applied to the ABF, hence F ¼ 0.
Combining Equation (1) with the kinematic equations for a rigid
body gives the following system of ODEs

x
: ¼ V (3a)

q
: ¼ 1

2
q⊗Ω̂ (3b)

Vb ¼ ZTb (3c)

Ωb ¼ ΓTb (3d)

where ⊗ denotes the quaternion product, and Ω̂ the pure qua-
ternion formed by the vectorΩ. The transformations between the
laboratory frame of reference and that of the ABF are given by

Tb ¼ RðqÞT (4a)

m ¼ Rðq⋆Þmb (4b)

V ¼ Rðq⋆ÞVb (4c)

Ω ¼ Rðq⋆ÞΩb (4d)

where q⋆ is the conjugate of q and RðqÞ is the rotation matrix that
corresponds to the rotation by a quaternion q.[26] The system of
differential Equation (2) and (3) is advanced in time with a fourth
order Runge–Kutta integrator.

We note that when simulating multiple noninteracting ABFs
in free space, we use the above ODE system for each swimmer
with the common magnetic field but different mobility
coefficients and magnetic moments.

3. Forward Velocity

ABFs were designed to swim under a rotating, uniformmagnetic
field.[11,27] We first study this scenario by applying the field
BðtÞ ¼ Bð0, cosωt, sinωtÞ to ABFs initially aligned with the x
axis of the laboratory frame. Note that in the later sections,
the magnetic field is able to rotate in any direction so that the
swimmers can navigate in three dimensions. We consider two
ABFs with the same length but different pitch and magnetic
moments, as shown in Figure 1. In both cases, the magnetic
moment is perpendicular to the helical axis of the ABF.
Under these conditions, by symmetry of the problem, the
swimmers swim along the x axis. The difference in pitch results
in different coefficients of the mobility matrix and along with the
different magnetic moments results in distinct propulsion veloc-
ities for the two ABFs. For each ABF velocity, we distinguish a
linear and a non-linear variation with respect to the frequency of
the magnetic field. First, the ABF rotates at the same frequency
as the magnetic field and its forward velocity increases linearly
with the frequency of the magnetic field, consistent with the low
Reynolds approximation.[3,8,28,29] In the nonlinear regime, the
magnetic torque is no longer able to sustain the same frequency
of rotation as the magnetic field. The onset of nonlinearity

Figure 1. Left: Dimensionless time averaged forward velocity of two ABFs, differing in shape and magnetic moment, against the field rotation frequency
(in units of the step-out frequency of the first swimmer, ωc,1). Right: The ABFs geometries. The arrows represent the magnetic moment of the ABFs.
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depends on the geometry and magnetic moment of the ABF as
well as the imposed magnetic field. Indeed, the magnitude of the
magnetic torque is bounded while that of the hydrodynamic
torque increases linearly with the ABF angular velocity Ω. The
torque imbalance at high rotation frequencies causes the ABF
to slip, resulting in an alternating forward and backward motion
(see Supporting Information). Increasing the frequency further
increases the effective slip and accordingly decreases the
forward velocity. The two regimes are distinguished by the
step-out frequency ωc corresponding to the maximum forward
velocity of the ABF.

The differences in propulsion velocities for the ABFs can be
exploited to control independently their trajectories. The slope
V=ω in the linear regime depends only on the shape of the
ABF. The step-out frequency depends on both the shape and
the magnetic moment (it can also be changed by varying the
surface wetability of the ABF[30]). These two properties can be
chosen such that the forward velocities of two ABFs react differ-
ently to the magnetic rotation frequency (Figure 1). By changing
ω, it is then possible to control the relative velocities of the two
ABFs: one is faster that the other in one regime while the oppo-
site occurs in an other regime. This simple observation consti-
tutes the key idea for independent control of several ABFs even
with a uniform magnetic field. We remark that, while this poten-
tial has been previously identified,[28,30–33] the control of similar
systems have been performed in the simple case of free space,
non interacting propellers and no background flow.[20,21] To the
best of our knowledge, this is the first time that such indepen-
dent controlled navigation of multiple microswimmers is mate-
rialised in three dimensions with a complex background flow. In
the following sections we propose two methods to tackle the
problem of steering ABFs toward a target in a minimal amount
of time.

4. Independent Control I: Semianalytical Solution

In the absence of an external flow field, we derive a semianalytical
strategy for the navigation of N ABFs toward a particular target.
Each ABF has a distinct magnetic moment and without any loss
of generality, we set the target position of all swimmers to the
origin and define the initial position of the ith ABF as xðiÞ. We
assume that the time required by one ABF to align with the rota-
tion direction of the field is much smaller than jxðiÞj=v, where v is
the typical forward velocity of the ABF. The proposed
strategy consists in gathering all ABFs along one direction
nk at a time, such that xðiÞ ⋅ nk ¼ 0, i ¼ 1, 2, : : : ,N after phase
k. We choose a sequence of orthogonal directions,
nk ⋅ nk

0 ¼ δkk0 . The choice of the orientations of nk is not
restricted to the basis vectors of the laboratory frame and is
described at the end of this section. In three dimensions, the
strategy consists of three phases, k ¼ 1, 2, 3, until all ABFs
have reached their target: they first gather on a plane, then on
a line and finally to the target.

All ABFs are gathered along a given direction nk by exploiting
the different forward responses of the ABFs when we alternate
the frequency of rotation of the magnetic field. More specifically,
for N ABFs, the field rotates in the direction nk for tj time units at
frequency ωc,j, j ¼ 1, 2, : : : ,N, where ωc,j is the step-out

frequency of the jth swimmer. We define the velocity matrix with
elements Uij ¼ Viðωc,jÞ, denoting the velocity of swimmer i
when the field rotates with the step out frequency of swimmer
j. We can relate the above quantities to the (signed) distances dj
covered by the ABFs as

di ¼
XN
j¼1

sjtjUij (5)

where sj ∈ f�1, 1g determines if the field rotates clockwise/
counterclockwise. Equivalently, the vector form of the above is
d ¼ Uβ, where βj ¼ tjsj. Setting di ¼ xðiÞ ⋅ nk, we can invert this
linear system of equations for each phase k and obtain the times
spent at each step-out frequency β ¼ U�1Xnk, where we have set

Xij ¼ xðiÞj . We emphasize that this result holds only if the velocity
matrix is invertible, restricting the design of the ABFs to achieve
independent control. The total time spent at phase k is then
given by

TðnkÞ ¼
XN
i¼1

ti ¼
XN
i¼1

jβij ¼ kU�1Xnkk1 (6)

The yet unknown directions nk, k ¼ 1, 2, 3, are chosen to min-
imize the total travel time. The directions are parameterized as
nk ¼ Rðϕ, θ,ψÞek, k ¼ 1, 2, 3, where Rðϕ, θ,ψÞ is the rotation
matrix given by the three Euler angles ϕ, θ and ψ. Note that this
choice of handedness of the three directions does not influence
the final result. The optimal angles satisfy

ϕ⋆, θ⋆,ψ⋆ ¼ argminϕ,θ,ψ

X3
k¼1

TðRðϕ, θ,ψÞekÞ (7)

We solve the above minimization problem numerically
with derandomised evolution strategy with covariance matrix
adaptation (CMA-ES)[34] (see Supporting Information for the
configuration of the optimizer).

5. Independent Control II: Reinforcement
Learning

We now employ a RL approach to solve the problem introduced
in section 4. Each of the N ABFs is initially placed at a random
position xi∼N ðx0i , σÞ, i ¼ 1, 2, : : : ,N. The RL agent controls the
magnetic field frequency of rotation and direction, and has the
goal of bringing all ABFs within a small distance (here two body
lengths, d ¼ 2l) from the target origin. This small distance is
justified by the assumption of noninteracting ABFs. The
agent sets the direction and magnitude of the magnetic field
frequency every fixed time interval. An episode is terminated
if either of the two conditions occur: a) all ABFs reached the
target within a small distance d, or b) the simulation time
exceeds a maximum time Tmax. The positions xi and orienta-
tions qi of the ABFs describe the state s of the environment
in the RL framework. The action performed by the
agent every Δt time encodes the magnetic field rotation
frequency and orientation for the next time interval. The
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reward of the system is designed so that all ABFs reach the
target and the travel time is minimized. Additionally, a
shaping reward term[35] is added to improve the learning
process. The training is performed using VRACER, the
off-policy actor critic RL method described in ref. [36] More
details on the method can be found in the Supporting
Information.

6. Reaching the Targets

In this section, we demonstrate the effectiveness of the twometh-
ods introduced in Sections 4 and 5. We first consider 2 ABFs in
free space with zero background flow. Figure 2 shows the dis-
tance of the ABFs to their target over time, and the corresponding
magnetic field rotation frequency for both methods. In both
cases, the ABFs successfully reach their target. Interestingly,
the rotation frequencies chosen by the RL agent correspond to
the step-out frequencies of the ABFs. Indeed, these frequencies
allow the fastest absolute velocity difference between the ABFs,
so it is consistent that they are part of the fastest solution found
by the RL method. Furthermore, the RL trained swimmer was
about 25% faster than the semianalytical swimmer. We remark
that the RL solution amounts to first blocking the forward motion
of one swimmer while the other continues swimming (see
Figure 3). The blocked swimmer is first reoriented such that
its magnetic moment is orthogonal to the plane of the magnetic
field rotation, thus the resulting magnetic torque applied to this
swimmer is zero. On the other hand, the method presented in
Section 4 makes both ABFs swim at all time, even if one of them
must go further from its target. In such situations, the “blocking”
method found by RL is advantageous over the other method.

We now employ the RL method in the case of 2 ABFs swim-
ming in a background flow with nonzero velocity. The assump-
tions required for deriving the semianalytical approach are
violated and therefore we do not use this approach in this case.

In the presence of a background flow u∞, Equation (4c)
and (4d) become

V ¼ Rðq⋆ÞVb þ u∞ðxÞ
Ω ¼ Rðq⋆ÞΩb þ 1

2∇� u∞ðxÞ þ λ2�1
λ2þ1 p� ðEðxÞpÞ (8)

where we approximated the rotation component by the effect of
the flow on an axisymmetric ellipsoid of aspect ratio λ (Jeffery
orbits). Here EðxÞ ¼ ð∇u∞ðxÞ þ ∇uT∞ðxÞÞ=2 is the deformation
rate tensor of the background flow evaluated at the swimmer’s
position and p ¼ Rðq⋆Þex is the orientation of the ellipsoid.
We used λ ¼ 2 in the subsequent simulations. The background
flow is set to the initial conditions of the Taylor-Green vortex

u∞ðrÞ ¼
A cos ax sin by sin cz
B sin ax cos by sin cz
C sin ax sin by cos cz

2
4

3
5 (9)

with A ¼ B ¼ C=2 ¼ V1ðωc,1Þ and a ¼ b ¼ �c ¼ 2π=50l. With
these parameters, the maximum velocity of the background flow
is larger than the maximum swimming speed of the ABFs.

Figure 2. Distance to target of the two controlled ABFs (in units of body length l) against dimensionless time ( and ) in free space, zero
background flow, and corresponding magnetic field rotation frequency ( ), where ωc,1 is the step-out frequency of the first swimmer.

Figure 3. Trajectories of the ABFs from their initial positions (ABF repre-
sentations) to the target area (sphere) obtained with the two methods in
three dimensions : semianalytical (dotted lines) and RL (solid lines). The
arrows show the successive axes of rotation of the magnetic field. The size
of the ABFs has been scaled up by a factor of 7, for visualization purpose.
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The distances between the swimmers and the target over time
are shown for the RL method on Figure 4. Despite the back-
ground flow perturbation, the RL method successfully navigates
the ABFs to their target. The magnetic action space exhibits a
similar behavior as in the free space case: the rotation frequency
of the magnetic field oscillates between the step out frequencies
of both swimmers and never exceeds the highest of these
frequencies, where the swimming performance would degrade
considerably. The trajectories of the ABFs seem to make use
of the velocity field to achieve a lower travel time: Figure 4. shows
that the trajectories tend to be parallel to the velocity field. The RL
method not only found a solution, but also made use of its
environment to reduce the travel time.

7. Robustness of the RL Policy

The robustness of the RL method is tested against two external
perturbations, unseen during the training phase. In both cases,
the robustness of the method is measured in terms of success
rate (expected ratio between the number of successful trajectories

and the number of attempts). First, a flow perturbation
δuðrÞ ¼ εu∞ðr=pÞ is added to the background flow described
in the previous section, where ε controls the strength of the per-
turbation and p controls the wave length of the perturbation with
respect to the original one. Figure 5 shows the success rate of the
RL approach against the perturbation strength ε for different p.
For large wave lengths (p ¼ 2), the RL agent is able to success-
fully steer the ABFs to their target in more than 90% of the cases
when the perturbation strengths of less than 20% of the original
flow. In contrast, the success rate degrades more sharply for
smaller wave lengths (p ¼ 1=2), suggesting that the method is
less robust for short wave length perturbations. The RL policy
seems more robust to perturbations with the same wavelengths
as the original flow (p ¼ 1) for large perturbation strengths: the
success rate is above 30% even for large perturbations.

At small length scales, microswimmers are subjected to
thermal fluctuations. We investigate the robustness of the RL
policy (trained with the background flow, Equation (9)) on
swimmers subjected to thermal noise and background flow
(Equation (9)). The thermal fluctuations are modeled as an additive
stochastic term to the linear and angular velocities of each

Figure 4. Left: Distance to target of the two controlled ABFs (in units of body length l) against dimensionless time ( and ) in free space
with the background flow described by Equation (9) and corresponding magnetic field rotation frequency ( ), where ωc,1 is the step-out frequency of
the first swimmer. Right: Trajectories of the ABFs with nonzero flow obtained with the RL method. The arrows represent the velocity field and the
colors represent the magnitude of the vorticity field. The flow field is only shown for a distance less than 4l from the trajectories, where l is the length
of the swimmers.

Figure 5. Left: Success rate of the RL method to guide swimmers to their target against the flow perturbation strength ε, for different wave
numbers, p ¼ 1=2 ( ), p ¼ 1 ( ), p ¼ 2 ( ). Right: Success rate of the RL method to steer swimmers to their target against thermal
fluctuation kBT=kBT0.
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swimmer, following the Einstein relation with the mobility
tensor given by Equation (1). Defining the generalized undisturbed
velocity V ¼ ðV,ΩÞ, the resulting stochastic generalized velocities
satisfy

V ¼ V þ δV,
δV ih i ¼ 0, i ¼ 1, 2, : : : , 6,
δV i, δV j
� � ¼ kBTMij, i, j ¼ 1, 2, : : : , 6,

(10)

where M is the mobility tensor and kBT is the temperature of the
system, in energy units. The above property is achieved by adding a
scaled Gaussian random noise with zero mean to the velocities at
every time step of the simulation. The success rate of the policy is
shown in Figure 5 for various temperatures kBT , in units of the
room temperature kBT0. As expected, a large thermal noise causes
the policy to fail at its task. Nevertheless, this failure only occurs at
relatively high temperatures: the success rate falls below 50% for
kBT > 25kBT0, which is well above the normal operating condi-
tions of ABFs. With temperatures below 2kBT0, the RL method
sustains a success rate above 99%. We remark that this robustness
is achieved successfully even with a policy trained with kBT ¼ 0.

8. Conclusion

We have presented two methods to guide multiple ABFs individ-
ually toward targets with a uniform magnetic field. The semi-
analytical method allows to understand the basic mechanisms
that allow independent control and we derive the necessary
condition for the independent control of multiple ABFs: their
velocity matrix must be invertible, a condition that can be accom-
modated by suitably choosing the geometries of the swimmers.
This result may help to optimize the shapes of ABFs to further
reduce the travel time.

The RL approach can control multiple ABFs in quiescent flow
as well as in the presence of a complex background flow.
Additionally, this approach is resilient to small flow perturba-
tions and to thermal noise. When the background flow vanishes,
the RL method recovers a very similar behavior as the first
method: the rotation frequency is alternating between the
step-out frequencies of the swimmers. Furthermore, the RL
method could reach lower travel time than the first method by
blocking one swimmer while the other is swimming. Steering
an increased number of swimmers requires longer travel times
according to the first method. We thus expect that applying the
RL approach to more than two swimmers requires longer train-
ing times and might become prohibitively expensive as the num-
ber of swimmers increases. Possible solutions to this problem
might include pre-training the RL agent with the policy found
by the semi-analytical method.

The current work focused on the simplified case of non-
interacting swimmers. In practice, the ABFs may interact
hydrodynamically and magnetically with each other, encounter
obstacles, evolve in confined geometries or experience time
varying flows. Nevertheless, we expect the RL method to be a
good candidate to overcome these variants, in the same way
as it naturally handled the addition of a background flow.
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the author.
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