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151-0104-00L - Uncertainty Quantification for Engineering & Life Sciences 

Homework Assignment No. 6 (20pts) 
Recent research in the CSELab has developed state-of-the-art image processing techniques to 
collect and analyze data for cell growth in biological systems. In the study performed in 
Tauriello et al. 2015[1], various models are used to describe the average growth of sepal cells 
of an Arapidopsis plant over the course of 90 hours. The average is taken over all segmented 
and uniquely identified cells (see figures below). 

 
In this homework, we would like to compare the performance of 4 models in describing the 
data based on the Bayesian model class selection framework:  
(1) G1(t) = ✓1 + ✓2t, (2) G2(t) = ✓1e

✓2t
 

(3) G3(t) =
✓1

1 + e✓2(✓3�t)
, (4) G4(t) =

✓1
1 + e✓2(✓3�t)

+ ✓4
 

Using the data provided at the class website, you are going to find the mean prediction of 
each model, as well as estimating the log-evidences to perform Bayesian model class 
selection. 
 
a) Based on the material you learned in this class, perform stochastic embedding for these 
models (do it generally for Gm(t), where m = 1,…,4 in this case), assuming a zero-mean and σ 
standard deviation Gaussian additive error and uniform priors for all unknown parameters 
(leave the bounds as variables). Denote each stochastic model as Mm, where m = 1,…,4, 
respectively. Write down the likelihood function for the model parameter vector for a generic 
model class using the notation (ti,yi) for data, where i = 1,…,16 in this case. Clearly state any 
extra assumptions needed or any extra variables defined. Also, explain why our choice of 
using the zero-mean Gaussian additive error is reasonable. 
 
b) Draw posterior samples for each model using Metropolis-Hastings (MH) with a Gaussian 
random walk proposal. Use the values in Table 1 and 2 for the initial seeds and boundaries of 
uniform priors, respectively. Pick the standard deviation for the proposal to have 20% 
coefficient of variation with respect to the seed values. Draw 10K samples and discard the 
first 10% as burn-in. Report the sample mean and coefficient of variation (in %) of each 
variable in each model. Plot the mean prediction for each model using the MH samples along 
with the data points. Then, based on one of the methods described in Cheung & Beck 2010[2], 
estimate the log-evidence of each model using the MH posterior samples and the formula: 
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p(D|Mm) ⇡ N

 
NX

i=1

1

p(D|~✓(k),Mm)

!�1

 
where p(D|Mm)  denotes the evidence for model Mm  and p(D|~✓(k),Mm) denotes the 
likelihood evaluated at ~✓(k), which is the kth sample of the N posterior samples from MCMC. 
This method was first proposed by Newton & Raftery (1994)[3] and is known as the harmonic 
mean estimation. 
 
c) Repeat the procedure in part (b) 100 times and report the mean and coefficient of variation 
(in %) of the log-evidence estimation for each model. Note that the harmonic mean 
estimation can be inaccurate and has a large variance[2], which is an important drawback that 
makes it impractical, despite the simplicity of this method. Use MCS with 10K samples from 
the prior PDF to estimate the log-evidences again. Repeat the estimate 100 times and report 
the mean and coefficient of variation (in %) for each model. How does it compare with the 
harmonic mean estimation based on MH samples? Why? 
 
d) Please propose an analytical method learned in this course to estimate the log-evidence? 
What do you expect the performance of this new method to be in this case study? Why? 
 
e) There is a way to improve the accuracy of estimating the posterior distribution, the 
prediction and the evidence estimation for model G1(t). How would you do it? Please explain. 
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We wish you an early Merry Christmas and Happy New Year! 

In the new year of 2016, may you all start using your new Bayesian skills to solve all sorts 

of challenging problems in life J 


