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Monte Carlo integration part 2 



Markov Chain Monte Carlo 
The Metropolis Algorithm



Evaluate weighted integrals by importance sampling 

How do we pick configurations with the correct weight p(c)?

Monte Carlo for physical systems
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In putting together this issue of Computing in 
Science & Engineering, we knew three things:
it would be difficult to list just 10 algorithms;
it would be fun to assemble the authors and
read their papers; and, whatever we came up
with in the end, it would be controversial. We

tried to assemble the 10 algorithms with the greatest
influence on the development and practice of science
and engineering in the 20th century. Following is our
list (here, the list is in chronological order; however,
the articles appear in no particular order):

• Metropolis Algorithm for Monte Carlo
• Simplex Method for Linear Programming
• Krylov Subspace Iteration Methods
• The Decompositional Approach to Matrix

Computations
• The Fortran Optimizing Compiler
• QR Algorithm for Computing Eigenvalues
• Quicksort Algorithm for Sorting
• Fast Fourier Transform
• Integer Relation Detection
• Fast Multipole Method

With each of these algorithms or approaches, there
is a person or group receiving credit for inventing or
discovering the method. Of course, the reality is that
there is generally a culmination of ideas that leads to a
method. In some cases, we chose authors who had a

hand in developing the algorithm, and in other cases,
the author is a leading authority.

In this issue

Monte Carlo methods are powerful tools for evalu-
ating the properties of complex, many-body systems,
as well as nondeterministic processes. Isabel Beichl and
Francis Sullivan describe the Metropolis Algorithm.
We are often confronted with problems that have an
enormous number of dimensions or a process that in-
volves a path with many possible branch points, each
of which is governed by some fundamental probability
of occurence. The solutions are not exact in a rigorous
way, because we randomly sample the problem. How-
ever, it is possible to achieve nearly exact results using a
relatively small number of samples compared to the
problem’s dimensions. Indeed, Monte Carlo methods
are the only practical choice for evaluating problems of
high dimensions.

John Nash describes the Simplex method for solv-
ing linear programming problems. (The use of the
word programming here really refers to scheduling or
planning—and not in the way that we tell a computer
what must be done.) The Simplex method relies on
noticing that the objective function’s maximum must
occur on a corner of the space bounded by the con-
straints of the “feasible region.”

Large-scale problems in engineering and science of-
ten require solution of sparse linear algebra problems,
such as systems of equations. The importance of iter-
ative algorithms in linear algebra stems from the sim-
ple fact that a direct approach will require O(N3) work.
The Krylov subspace iteration methods have led to a
major change in how users deal with large, sparse, non-
symmetric matrix problems. In this article, Henk van
der Vorst describes the state of the art in terms of
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The Metropolis Algorithm (1953)



Instead of drawing independent samples ci we build a Markov chain 

Transition probabilities Wx,y for transition x → y need to satisfy: 

Normalization:  

Ergodicity: any configuration reachable from any other 

Balance: the distribution should be stationary 

change in distribution in one step: 

stationarity condition: 
Detailed balance is sufficient but not necessary for balance

Markov chain Monte Carlo
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Teller’s proposal was to use rejection sampling: 

Propose a change with an a-priori proposal rate Ax,y

Accept the proposal with a probability Px,y

The total transition rate is Wx,y =Ax,y Px,y 

The choice 
 
 
 
 
 
satisfies detailed balance and was first proposed by Metropolis et al

The Metropolis algorithm
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Statistical mechanics and the Boltzmann weight

At a fixed temperature T the average of a physical observable A 
can be calculated as a sum over all configurations c 
 
 
 
where 

This is ideal for importance sampling with the Boltzmann weight

A = 1
Z

Ac
c
∑ exp(−βEc )

c configuration
Ec energy of a configuration
Ac value of the observable for a configuration
T temperature

β = 1
kBT

inverse temperature

Z= exp
c
∑ (−βEc ) partition function (normalization)

pc =
1
Z
exp(−βEc )



Ising model 
molecular magnets with two states 
north pole up or down 

Magnetic moments prefer to align 

parallel: energy -J          or 

anti-parallel: energy +J    or  
Phase transition: 

low temperatures: magnetically ordered 

high temperatures : disordered

The Ising model

N
S N

S
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1. Pick a random spin and propose to flip it 

2. Accept the flip with probability 

3. Perform a measurement independent of whether the proposed 
flip was accepted or rejected!

Metropolis algorithm for the Ising model

P = min 1,e−β (Enew−Eold )⎡⎣ ⎤⎦



But I’m not interested in the Ising model!

Rewrite it as a quadratic binary optimization (QUBO) problem 
Choose variables xi = 0,1 to minimize the cost of a function 

The QUBO problem and spin glass problem are NP-complete, which means 
that many interesting hard problem can be expressed in that way 

Simulated annealing [Kirkpatrick et al., Science (1983)] performs a Monte 
Carlo simulation on such a model. Slowly lowering the temperature one 
finds a local optimum that is often close to the global one.

C(x1,...., xN ) = aij
i< j
∑ xix j + bi

i
∑ xi
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The Lennard-Jones interaction

We next consider a system of N of atoms, interacting with a 
Lennard-Jones potential 

at low temperatures: a crystalline solid 
at high temperatures: a liquid or gas

image source: wikipedia

long-range attraction

hard-core repulsion between atoms



Crystal and liquid/gas

Crystal at low temperatures, liquid at high temperatures 

ε = 5
rm = 0.1
N = 100 particles

box size L = 1
kBT = 1 kBT = 100



Sampling N-body states

Simple sampling 
draw random configurations and calculate their energy and weight 
measure: 
problem: we will never hit low-energy configurations (e.g. a crystal)! 

Importance sampling by Markov chains 
Start from a suitable initial condition, e.g. a perfect crystal 
Then do the following updates: 

choose a random particle 
choose a random direction and distance, e.g. by Gaussian distribution 
with sensible parameters 
Accept/reject with Boltzmann weight and Metropolis sampling 
Measure 
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Parallelization of MC simulations

Two strategies: 
1. parallelize the updates in a single simulation 
2. run multiple independent simulations in parallel 

Discussion: what is better? 
Memory usage? 
Maximum speedup (Amdahl’s law)? 

You can implement both strategies and compare



Scaling of MC simulations

Direct sampling:  
independent simulation (clone) on each core 
small overhead to set up the clones 
log(N) communication to collect the results 
near perfect scaling => perfectly parallel 

Markov chain Monte Carlo 
each clone needs to be equilibrated 
scaling and speedup limited by equilibration time


