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The annual incidence rates of some endemic infectious diseases are steady 
while others fluctuate dramatically, often in a regular cycle. In order to 
investigate the role of seasonality in driving cycles of recurrent epidemics, 
we analyze numerically the susceptible/exposed/infective/recovered 
(SEIR) epidemic model with seasonal transmission. We show that small- 
amplitude periodic solutions exhibit a sequence of period-doubling bi- 
furcations as the amplitude of seasonal variation increases, predicting a 
transition to chaos of the kind studied in other biological contexts. The 
epidemiological implication is that the seasonal mechanism generating 
biennial epidemics may not be able to account for small-amplitude 
recurrent epidemics of arbitrary periodicity. 

I. Introduction 

The annual  incidence rates of  some endemic infectious diseases are steady 
while others fluctuate dramatically,  often in a cycle of  recurrent epidemics. 
Much attention in the analysis o f  the frequency of  recurrent epidemics has 
focused on deterministic models  in which the disease confers permanent  
immunity.  Such models  typically possess a stable equilibrium but display 
damped  oscillatory behavior  around the equilibrium. Consequently,  the 
basic theory of endemic diseases can easily account  for disease equilibria 
(Hethcote,  1976); da m ped  oscillations cannot  explain periodic outbreaks.  

One proposed  explanat ion for the perpetuat ion of  recurrent outbreaks 
depends upon stochastic effects (Bartlett, 1960; Bailey, 1975; Anderson & 
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May, 1982). According to this argument, stochastic perturbations are sup- 
posed to sustain an otherwise damped oscillation. Although Bartlett (1960) 
focused on measles epidemics in small communities, Anderson & May 
(1982) have r~.cently extended Bartlett's analysis to a variety of diseases in 
larger populations. The advantage of this approach lies in the ability to 
obtain a simple expression for the (damped) frequency and succinctly 
characterize the dynamics. What remains unclear, however, is exactly how 
seasonal variation which locks periods into multiples of a year interacts 
with the non-integral periods of the damped oscillation. 

Indeed, seasonality may be the force driving the epidemics. An analysis 
of the biennial pattern in measles epidemics in New York City demonstrates 
that sufficiently large seasonal variation in transmission can generate a 
biennial cycle (London & Yorke, 1973). Analytical approaches suggest that 
the biennial cycle of measles results from the subharmonic resonance of 
a forced oscillator (Dietz, 1976; Grossman, Gumowski & Dietz, 1977; 
Grossman, 1980). However, there has been no attempt to determine whether 
the seasonal driving force can induce longer cycles which might explain 
outbreaks of other diseases such as rubella (CDC, 1980). Thus, we want to 
know if a seasonal model for epidemics can account for other patterns. In 
the following sections, we describe a simple epidemic model with seasonal 
transmission and explore numerically its periodic solutions. 

2. The Epidemic Model 

Assume that a given population consists of the following groups: 

SUSCEPTIBLES--those able to contract the disease 
EXPOSED--those who have been infected but are not yet 

infectious 
INFECTIVES--those capable of transmitting the disease 

RECOVERED--those who have become immune 

Let S, E, I, R denote the fraction of susceptible, exposed, infective, recovered 
individuals, respectively. Following Dietz (1975), we suppose that: (i) S, 
E, I, R are smooth functions of time such that S + E  + I  +R = 1 for all 
time; (ii) there are equal birth and death rates, p.; (iii) an exposed 
individual's probability of becoming infectious in a specified time interval 
is independent of time after initial contact, so that the probability of 
remaining in the exposed class at time ~" after initial contact is e -~,  where 
1/a is the mean latent period; (iv) after an individual becomes infective, 
the probability of that individual recovering after time r is e -v', where l / y  
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is the mean infectious period; (v) recovered individuals are permanently 
immune. 

An exposure of a susceptible by an infective is an encounter in which 
the infection is transmitted. The contact rate, f l ( t ) ,  is the average number 
of susceptibles in a given population contacted per infective per unit time. 
Thus [3 ( t ) S ( t )  denotes the rate of the total number of susceptibles infected 
by one infective, and f l ( t ) S ( t ) I ( t )  represents the rate of infection of 
susceptibles by all infectives. 

If we let S, E , / ,  R denote the fraction of susceptible, exposed, infective, 
and recovered respectively, the above assumptions yield the following: 

s ' ( t )  = ~ - ~ ( t ) s ( t ) I ( t ) - ~ s ( t )  

E ' ( t )  = f l ( t ) S ( t ) I ( t )  - (tz + a ) E ( t )  

I ' ( t )  = a E ( t )  - (I.t + y)/'(t). 

R ( t )  is determined from (i) above. 
The model is well understood when f l ( t ) =  flo. In this case, its dynamics 

can be characterized by Q = floU/[(p. + a) (~  + y)], i.e., the basic reproduc- 
tive rate of infection (Anderson, 1982a). If Q is greater than unity, the 
model has an endemic equilibrium state and a trivial equilibrium point. 
The structure of the linearized model about the endemic steady state is 
given in Schwartz & Smith (1983). It is shown that the endemic steady state 
is asymptotically stable, while the trivial equilibrium point is unstable. 
Regardless of Q, the disease just manages to reproduce itself at equilibrium. 
Defining effective infectee number (EIN) to be the average number of cases 
produced per average infective in one infectious period (Nold, 1979), we 
find the infectee number approaches unity if the system approaches an 
equilibrium (Yorke, Hethcote & Nold, 1978). In general, the infectee number 
is only applied to equilibrium cases (Dietz, 1975; Hethcote, 1975; Hethcote 
& Tudor, 1980). 

Although Q is difficult to measure directly by the spread of infection, it 
can be indirectly approximated because the susceptible fraction of the 
population is equal to 1/Q at equilibrium; the result is that Q is approxi- 
mately 1 + L / A  where L is the mean lifespan and A is the mean age of 
acquisition of infection (Dietz, 1975; Anderson & May, 1982). The basic 
reproductive rate of diseases may vary considerably. For example, recent 
figures for Western countries indicate Q for measles to be 12-18 and Q for 
rubella to be 6-8 (Hethcote, 1983). In order to investigate the relationship 
between Q and interepidemic periods, we shall look at the effects of changes 
in Q, or equivalently, flo, as other parameters are held constant. 
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Of course, many diseases have a seasonal component.  London & Yorke 
(1973), Yorke et al. (1979), and Fine & Clarkson (1982a) have computed 
seasonal contact rates for various diseases that incur permanent immunity. 
Both London & Yorke (1973) and Yorke et al. (1979) show that for monthly 
data, the contact rate appears to be smooth and periodic with a period of 
about one year. Fine & Clarkson (1982a) have taken weekly data for measles 
and have used the extra detail to investigate the factors causing seasonality 
in the contact rate. However, in order to investigate the qualitative effects 
of seasonality per se, a simplified form is appropriate so that we assume 

/3(t) = flo(l +fit  cos 27rt), 

where/3~ is a real number  between zero and unity, and/3o is positive. Since, 
for diseases which confer permanent immunity, London & Yorke (1973) 
have demonstrated that seasonality is necessary for perpetuating a recurrent 
epidemic, we will concentrate on examining variation in/3~. 

Concepts from the equilibrium case can be applied to recurrent epidemics 
with seasonal contact rates. 

Let 77 = I /y  and A = l/t~, and define 

C[a, d] = ~ in" [3(t)S(t)I(t) dt, 
~ l(t)  dt 

where ~ = -q/[(1 +/z~7)(1 +/zA)]. Notice that ~ is less than ~ (the infectious 
period) since there are deaths included in the infective and latent popula- 
tions. C[a, d]/~ is the ratio of  the average incidence (i.e., number  of  
exposures per unit time) to the average number  of  infectives in time interval 
[a, d]. If  (S(t) ,  E( t ) ,  l ( t ) )=(S( t+p) ,  E(t+p),  I( t+p)) for t->0, where 
p is an integer greater than or equal to unity, then C[0, p] is the effective 
infectee number along a periodic orbit having period p. Since/3 ( t)S(t) I(t) = 
/ z -  S ' ( t ) -  ixS(t), then along any periodic orbit having period p, 

fo /3( t )S( t )I( t )dt=lxp-/x  S(t) dt, 

and 

But 

p, J'~ [1 - S ( t ) ]  dt 
C[O, p] = ~ l/(p. + 1/7/) J'o p [aE( t )  - / ' ( t ) ]  dt" 

I~ [ l -S ( t ) ]d t=l~  [E( t )+I( t )+R( t )]d t  
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which implies C[0, p] = 1. Furthermore, if 

lim [S(t), E(t),  I( t)]  = lim [S(t +p), E(t  +p), l ( t  +p)],  
t ~ o o  t ~ o O  

one can easily show that lim,~oo C[t, t +p]  = 1. Therefore, if a periodic orbit 
having period p is asymptotically stable, the EIN approaches unity. Since 
the EIN measures the average number of cases produced per infective, we 
can expect that if the EIN is less than unity, the disease will become less 
prevalent. Moreover, if it is greater than unity, then the disease becomes 
more prevalent. Furthermore, a recurrent epidemic that has a high level of  
incidence one year will have, with a high probability, a low level of incidence 
the following year. 

The simple relationship between the susceptible fraction at equilibrium 
and the basic reproductive rate may be generalized to periodic solutions as 
follows. Using the EIN, we know C[0, p ] =  1, which is equivalent to 
requiring 

~7 ~( t ) l ( t )S ( t )  dt = I(t)  dt 
(I +~ . ) (1  + ~ )  o 

along a periodic orbit. Two applications of the mean value theorem for 
integrals yields the product of  two positive numbers/~S, such that 

d s  = jg ~ (t) I ( t ) s ( t )  at 
fro I(t) dt 

Therefore 
^ ~ A  A A  

~7/3S 1 or = = 1/riB 

where ~ is defined as above. In other words, there exist mean values of the 
susceptible fraction and the basic reproductive rate which are inversely 
related. For the purposes of estimating the basic reproductive rate, the use 
of seasonal averages appears to give reasonable results (Anderson, 1982a). 

3. Results 

We examine via a numerical technique described in Schwartz (1983) 
stable periodic solutions which arise from the equilibrium point as seasonal 
variation in the contact rate is introduced. We simplify the analysis by first 
showing that the infective and exposed clssses are approximately lir~early 
related to first-order. (Here we follow Schwartz & Smith (1983).) Let 
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e = p . (Q  - 1) deno t e  the  force o f  infec t ion ,  a n d  assume tha t  0 <  e << 1. Fur-  
t he rmore ,  we a s sume  the exis tence  o f  pos i t ive  cons tan t s  A2 a n d  A3 such that  

(/z + a )  A2 and  (p. + 3,) A3 

C h a n g i n g  va r iab les  by  set t ing 

S -- So( 1 + x) ,  

where  

E E 

E = Eo(1 + y ) ,  l=lo(l +z), 

( (so, Eo, Io) = ~?, ~' rio, 

is the e n d e m i c  equ i l i b r i um poin t ,  one  can show that  

y - z =  e---~-z'=O(e), y=z+O(e), 
A3 

which in tu rn  impl i e s  

E I 
E ~ = T o + 0 ( , )  - 

Thus,  the  ra t io  o f  infect ive  to e x p o s e d  i nd iv idua l s  is 7/¢x to o r d e r  e. 
There fo re ,  it is sufficient to restr ict  ourse lves  to the  e x a m i n a t i o n  o f  suscep-  
t ibles  and  infect ives  only.  
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FIG. l(a). The negation of logarithm of infectives, - log I(t), is shown as a function of time 
for a periodic solution of the seasonal SEIR model described in the text. The parameters of 
the model are p.=0.02/yr, a=35.84/yr, y=100/yr, /30=1800/yr (so that Q~-18) and 
/31 =0.05. 
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- log( l )  vs. - log{S) 
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FIG. l(b). The negat ion of  logarithm of  infectives, - l o g  l(t) ,  is shown as a funct ion of  the 
negation o f  logari thm of  susceptibles,  - l o g  S(t), for a periodic solution of  the seasonal  SEIR 
model  described in the text. The parameters  of  the model  are same as for Fig. l(a).  

The following series of figures displays stable periodic solutions of the 
system at parameter values roughly corresponding to the dynamics of 
measles transmission in a large urban area. For each level of seasonal 
variation,/3,, there is a pair of figures--one plotting the negation of logarithm 
of infectives versus time and one plotting the negation of logarithm of 
infectives versus the negation of logarithm of susceptibles. For /3, very 
small, a stable periodic orbit having period 1 emerges from the endemic 
equilibrium point (Figs l(a) and l(b)). As/3, is increased, past a critical 
value of/3,.¢, the period 1 orbit becomes unstable and a stable biennial 
orbit appears (Figs 2(a), 2(b)). For measles, the period 2 orbit has been 
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FIG. 2(a). Same as for Fig. l(a) wi th/3  t =0 .2 .  
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FIG. 2(b). Same as for  Fig. l ( b )  wi th  ,81 =0.2.  

used in modelling biennial outbreaks in New York City and England and 
Wales. An important feature of the biennial outbreak is that alternating 
years of high and low incidence begin to appear. Further increments in/3~ 
yield orbits whose periods double at critical values of fl~. The bifurcations 
of period doublings follow the Feigenbaum sequence (Collet & Eckmann, 
1980) in which an accumulation point is reached at some value of/3t where 
every orbit is unstable. At this accumulation point, the epidemic is said to 
be chaotic. The evidence for the period doubling bifurcation is illustrated 
in Figs 2(a)-6(a) and Figs 2(b)-6(b) where the first five period doublings 
are plotted. 

The period doubled orbits have a good deal of structure with regards to 
biennial outbreaks. If one examines Figs 4(a) and 5(a), it is observed that 

6 0 0  
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10.00 

II .00 

.1200 
ooo ,bo 2~o 3;o 4bo 5bo 6bo 700 

FIG. 3(a). Same as for Fig. I(a) with /3 i =0.26. 
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FIG. 3(b). Same as for Fig. l(b) with ~1=0.26. 
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FIG. 4(a). Same as for Fig. l (a)  with /3~ =0.266. 
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FIG. 4(b). Same as for Fig. l(b) with/31 =0.266. 
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FIG. 5(a). Same as for Fig. I(a) with fl~ =0"268. 
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FIG. 5(b). Same as for Fig. l(b) with flj =0-268. 

7.00 

there is very little variation in the amplitude of  the biennial peaks of the 
infectives over a wide range of fl~. The peaks mark the years where the 
epidemic produces a large number of  cases. The following year is much 
lower with respect to the level of  infectives, thus producing a biennial 
outbreak. Structurally, when the orbits undergo period doublings, since the 
maximum peaks remain fairly constant, the observed changes appear in the 
small amplitude or low incident year of  infectives. Since the low-level peaks 
are approximately two orders of  magnitude lower than peaks of  high-level 
incidence, most of  the new information due to period doubling is introduced 
as noise; i.e., the new information is probably not detectable in a real 
environment. 
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FIG. 6(a). Same as for Fig. l(a) with fl~ =0-2685. 
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FIG. 6(b). Same as for Fig. l(b) with/3~ =0.2685. 
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One advantage of  the SEIR model is that since the new information 
introduced is low level noise, the parameter/31 is robust. That is, if one 
models a disease in which the outbreaks are biennial, for a wide range of  
parameters of/3~, the location of  the predicted peaks does not change. An 
important factor in determining when the onset of  biennial outbreaks does 
occur is the basic reproductive rate, which is directly proportional to the 
contact rate. 

Figure 7 shows a graph of  the onset of  bifurcation at/3~.c as a function 
of average contact rate,/30 (or equivalently, Q~ ~). For low values of  contact 
rate, it takes a reasonably large value of  seasonal forcing to produce a 
biennial cycle. As the contact rate increases (e.g., in more urban populations 
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(Anderson, 1982b, p. 157)), biennial outbreaks occur much more readily 
with respect to seasonal variation in the contact rate. Therefore, ceteris 
paribus, large populations are more susceptible to biennial outbreaks than 
small populations. 

2-0 E - I  

I , S E - I  

I - O E - I  

5 0 E - 2  

Onset of bifurcation vs Contact rote 

\ 
\o 

\o 
\o 

o o  
13oo ,4'5o ,6;o , z 5o' ,9oo 

FIG. 7. The critical value of fl~ at the onset of the initial period-doubling is plotted versus 
the average contact rate, /30, for the seasonal SEIR model described in the text. All other 
parameters are the same as listed in Fig. l(a). For these parameter values, Q ~/3o/100. 

For extremely low values of the basic reproductive rate, it is unlikely that 
a period-doubling bifurcation occurs for a reasonable amplitude of seasonal 
variation. In particular, Q in the range 6 to 8 (roughly corresponding to 
rubella) produces only annual (period l) epidemics in this model. 

4. Discussion 

We have shown numerically that the small-amplitude periodic solutions 
arising from the seasonally-forced SEIR epidemic model form a sequence 
of period-doubling bifurcations. As the amplitude of the seasonal variation 
increases, the solution may pass from a period 1 (annual) cycle to period 
2 to period 4, etc., tending to a Feigenbaum transition to chaotic behavior. 
This structure persists even with changes in the method of introducing 
seasonality. However, the longer periods could'never be observed epi- 
demiologically since changes occur mainly in low years; the alternating 
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pattern of higl~ and low incident years persists even in the presence of 
small-amplitude noise. 

Prior analysis of seasonal epidemiological models demonstrated the 
switch from period 1 to period 2. London & Yorke (1973) emphasized the 
importance of latency period in the dynamics; longer latency periods make 
it more difficult to have a period-doubling bifurcation. The comparison 
between SIR and SEIR models demonstrates this effect; compared to an 
SEIR model, transitions to period-doubling in an SIR model occur at very 
low reproductive rates (Grossman et al., 1977). However, the full sequence 
of period-doubling bifurcations had not been suspected in this context. 
Further, these authors have never discussed problems in obtaining epidemics 
with longer inter-epidemic periods. 

Inability to construct small-amplitude orbits of arbitrary periodicity raises 
difficulties in the construction of a unifying theory of recurrent epidemics. 
The solution to this problem could lie in the analysis of other periodic 
solutions of the seasonally-forced model. In Schwartz & Smith (1983), stable 
subharmonic solutions of period n for many values of n are proved to exist 
simultaneously. However, these orbits considered in the deterministic 
models are large amplitude oscillations, which in general could lead to a 
null infective population due to stochastic effects when infectives are few. 
The significance of multiple stable harmonics of various periods could lie 
in the possibility that random effects in the environment could perturb the 
state of the system from one domain of attraction to another, thus producing 
aperiodic looking levels of incidence. An alternative is to consider small 
amplitude period doubling solutions of the model. Here the goal would be 
to produce smaller amplitude aperiodic incidence levels from a ditterent 
mechanism; i.e., by varying/3~ as a parameter, biennial oscillations appear, 
and then keep doubling in period until an accumulation point is reached, 
upon which all trajectories are unstable and chaos ensues. (See for example, 
Collet & Eckmann (1980) and Li & Yorke (1975).) 

Other evidence suggests that seasonality will not prove to be the driving 
force in all situations. For example, the seasonal trends in the three- to 
four-year cycle in pertussis in the U.K. are not as clearcut as for measles 
(Fine & Clarkson, 1982b). On the one hand, such an argument leads us 
back to the non-seasonal model pumped by stochastic perturbations. On 
the other hand, the special role played by seasonality in measles epidemics 
has to be accounted for. 

The resolution of this dilemma lies in more extensive epidemiological 
studies of the recurrent epidemics which take more into account than 
frequency. An important factor may be the choice of the appropriate 
amplitude and geographic scale used to define epidemics. As more is learned 
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abou t  a par t i cu la r  disease,  it may even tu rn  out  that  a l ternat ive  exp lana t ions  

have been  mis taken ly  ruled out. For  example ,  the existence of  a cl imatic  

effect or mul t ip le  infect ious agents could  be revealed.  
In conc lus ion ,  we have shown that the S E I R  model  generates  a sequence  

of  pe r i od -doub l i ng  b i furca t ions  as the ampl i t ude  of seasonal  var ia t ion  in 

t r ansmiss ion  increases.  The appea rance  of pe r i od - doub l i ng  does depend ,  
however ,  on the basic  reproduct ive  rate. It is not  observed for lower values 

character is t ic  of rubel la ,  while it is observed for higher  values  character is t ic  

of measles.  The pe r iod -doub led  solut ions  all appea r  as s t ructura l ly  stable 
a l te rna t ing  high- and  low- inc idence  years;  effectively only  b i enn ia l  epi- 

demics can be exp la ined  by this model  s ince the longer  per iods change  only  
the low years which are statistically ind is t inguishable .  More deta i led studies 

are needed  to de te rmine  the mechan i sms  genera t ing  longer  in te rep idemic  
periods.  

We thank J. A. Yorke for suggesting further exploration of the seasonal epidemic 
model and Laura Loechler and Francis Slakey for generating the graphics. We also 
thank C. Ball and C. D. G. Brown for careful typing of the manuscript. 
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