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Diffusion

OBSERVATIONS
Soft rinks lose their fizz when CO2 escapes
Drugs diffuse out of clever encapsulating devices into the body
Metabolites flow in and out of cells
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Brownian Motion

What is Brownian Motion?

In 1827, while examining grains of pollen of 
the plant Clarkia pulchella suspended in 
water under a microscope, Brown observed 
minute particles, now known to be 
amyloplasts (starch organelles) and 
spherosomes (lipid organelles), ejected from 
the pollen grains, executing a continuous 
jittery motion. He then observed the same 
motion in particles of inorganic matter, 
enabling him to rule out the hypothesis that 
the effect was life-related. 

Although Brown did not provide a theory to 
explain the motion, and Jan Ingenhousz already 
had reported a similar effect using charcoal 
particles, in German and French publications of 
1784 and 1785,[15] the phenomenon is now 
known as Brownian motion.

Source: Wikipedia
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Brownian Motion

SOURCE: http://www.youtube.com/watch?v=LqVeBxtZbj0&feature=related
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Einstein !

A particle at absolute temperature of T has an average Kinetic 
Energy associated with movement in each of its axis of kT/2.
Einstein showed in 1905 that this is true irrespective of the size of 
the particles (Brownian motion)
<m ux2 > = kT/2 (particle ensemble averaged over time)

EXAMPLE : A molecule of the protein lysozyme
Molecular weight 1.4 104 g - mass of one mole or 6*1023 molecules. So 1 
molecule has mass 2.3*10-20 g
kT for T=27o C is 4.14 *10-14 g cm2/sec
<ux2 > 1/2 = 13 m/sec ~ 47 Km/h
Molecule can cross the classroom in ~ 1 second
But it does not ......
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Brownian Motion : 2 Key issues

Motion is caused by the frequent impacts on the pollen grain of the 
continuously moving molecules of  liquid in which it is suspended

Motion of these molecules is complicated so that its effect on the 
gain of pollen can be described only probabilistically in terms of 
exceedingly frequent, statistically independent impacts
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Random Walk in 1D

0 ! 2! 3!-!-2!-3!

ASSUMPTIONS/RULES : 
1. Each particle steps to the left or to the right once every τ, moving with a velocity ±U a 

distance δ = ±Uτ (τ, δ are constants - usually would depend on liquid, particle size, T)

2.The probability of going to the left or to the right is 1/2. Successive steps are independent. 
The walk is not biased

3. Each Particle moves independent of all other particles

CONSEQUENCES

1. Each Particle goes nowhere on the average

3. Root-Mean-Square displacement is proportional to square root of time.
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1D RW

According to rule 1 xi(n) = xi(n� 1)± �

Mean displacement of particles after the n-th step
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Particle spread is symmetric about the origin
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1D RW (continued)

How much do particles spread ?

Mean square displacement of particles after the n-th step
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1D RW

Define a diffusion coefficient : D =
�2

2⌧

D: characterizes migration of particles of a given kind, in a given 
medium in a given temperature

< x

2
>= 2D t !

p
< x

2
> = l =

p
2Dt

e.g. : a small molecule in water in room temperature has D = 10-5 cm^2/sec

No such thing as diffusion velocity as displacement is proportional 
to square root of time.
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Random Walk in 1D
• A species U, whose elements are labeled by an index i  

• Particles start at the Center (t=0,x=0)
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Einstein

In this paper it will be shown that, according to the molecular- kinetic theory of heat, bodies of a microscopically visible 
size suspended in liquids must, as a result of thermal molecular motions, perform motions of such magnitudes that 
they can be easily observed with a microscope. It is possible that the motions to be discussed here are identical with 
so-called Brownian molecular motion; however, the data available to me on the latter are so imprecise that I could not 
form a judgment on the question....”

On the movement of small particles suspended in a stationary liquid demanded by the molecular-kinetic theory of heat
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Jean Perrin

Einstein’s statement that thermal molecular motions should be easily 
observed under a  microscope stimulated Jean Perrin to make 
quantitative measurements, culminating  in his book The Atoms in 1909.

Reproduced from the book of Jean Baptiste Perrin, Les Atomes, three tracings of the motion of 
colloidal particles of radius 0.53 µm, as seen under the microscope, are displayed. Successive 
positions every 30 seconds are joined by straight line segments (the mesh size is 3.2 µm)

"I did not believe that it was possible to study the 

Brownian motion with such a precision."

Letter from Albert Einstein to Jean Perrin (1909).

Nobel Prize 1926
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...back to the Einstein paper

Assumption I

... each individual particle executes a motion which is independent of the motions of all other 
particles; it will also be considered that the movement of one and the same particle in 
different time intervals are independent processes, as long as these time intervals are not 
chosen too small.

Assumption II

We introduce a time interval t into consideration, which is very small compared to the 
observable time intervals, but nevertheless so large that in two successive time intervals t, the 
motions executed by the particle can be though of as events that are independent of each 
other.
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...back to the Einstein paper, part 2

Let there be a total of n particles 
suspended in a liquid. In a time interval t, 
the X-coordinates of the individual 
particles will increase by an amount Δ, 
where for each particle Δ has a different 
(positive or negative) value. 
There will be a certain frequency law for Δ; 
the number dn of the particles which 
experience a shift which is between Δ and 
Δ+dΔ will be expressible by an equation of 
the form: 

dn = n�(�)d�

where:

Z 1

�1
�(�) d� = 1

φ is only different from zero for 
very small values of Δ, and satisfies 
the condition : φ(Δ) = φ(-Δ) 
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...back to the Einstein paper, part 3

“We now investigate how the diffusion coefficient depends on φ. We shall once more restrict 
ourselves to the case where the number ν of particles per unit volume depends only on x and t.

Let ν = f(x,t) be the number of particles per unit volume. We compute the distribution of particle at 
the time t + τ  from the distribution at time t. From the definition of the function φ(Δ) it is easy to 
find the number of particles which at time t+ τ are found between two planes perpendicular to the 
x-axis and passing through points x and x + dx. One obtains  

f(x, t+ ⌧)dx = dx

Z 1

�1
f(x+�, t)�(�)d�

But since t is very small we can set 
f(x, t+ ⌧) = f(x, t) + ⌧
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Diffusion

f(x, t+ ⌧)dx = dx

Z 1
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with the expansions becomes:
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What is the Basis for Fick’s law ?

Why do particles move from higher to lower concentrations ?

How does a particle know which direction is downhill ? After all its particle moves 
independently and randomly.

Problem of reversibility: According to Newton’s law the motion of one particle is fully time-
reversible and random. Yet when particles move together, they move in a particular direction
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