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[1] The uncertainty in the boundary of two-dimensional, steady statewell catchments due to
the uncertainty of the spatially variable hydraulic conductivity field is investigated. The well
discharge rate and the areal recharge rate are assumed constant. The catchment boundary is
traced by backward particle tracking in the velocity field. The uncertainty bandwidth of
the catchment boundary is approximated in first order by formulating the time-dependent
longitudinal and transversal secondmoments of the particle displacements along and normal
to the mean particle trajectory. Applications of the approach are presented for a set of simple
configurations. The results are compared with the results from unconditional numerical
Monte Carlo simulations. The comparison allows an assessment of the accuracy, the
applicability, and the limits of the method. The approximation corresponds quite well with
theMonteCarlo simulations provided that the distance to the domain boundary is sufficiently
large. INDEX TERMS: 1832 Hydrology: Groundwater transport; 1829Hydrology: Groundwater hydrology;
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1. Introduction

[2] Regulations for the protection of water resources
require the designation of recharge areas of pumping wells,
which are endangered by pollution. The recharge area is
related to the well catchment or wellhead protection zone.
However, the practical determination of well catchments is
often hampered by a series of considerable problems. One
of these problems is the scarcity of observations within the
well catchment. Together with the more or less highly
heterogeneous nature of aquifer parameters only estimates
of the location of the well catchment boundary can be
given. Such estimates should be supplemented by the
probability estimation of a particular location to belong to
the catchment. A fully related question is to estimate the
uncertainty bandwidth of the location of the catchment
boundary.
[3] A large number of numerical methods and related

codes have been developed, which can be used to determine
well catchments [e.g., Kinzelbach et al., 1992]. The ques-
tion of uncertainty in the determination of well catchments
and time-related capture zones due to the spatial variability
in aquifer parameters has been raised by Varljen and
Schafer [1991] and Vassolo et al. [1998] and solved by
stochastic analysis using a numerical Monte Carlo techni-
que. Numerical Monte Carlo techniques in connection with
well catchments and time-related capture zones have been
further developed by Franzetti and Guadagnini [1996], Van
Leeuwen et al. [1998, 2000], Guadagnini and Franzetti
[1999], Riva et al. [1999], and Feyen et al. [2001]. Monte
Carlo type techniques are important stochastic tools for the

demonstration of the impact of aquifer heterogeneity and
uncertainty in boundary conditions. Moreover, they allow
valuable comparisons of the results with alternative approx-
imations. However, due to their high demand of computer
time, there is a need for less expensive alternatives for a
practical assessment of the uncertainty of well catchments
and capture zones.
[4] The aim of the present paper is to estimate the

uncertainty of the location of a well catchment boundary,
given the uncertainty of the spatially variable hydraulic
conductivity field and using a first-order approximation.
The following assumptions are adopted for reasons of
simplicity: (1) The aquifer can be modeled as a horizontally
plane system. (2) The aquifer consists of one layer, which
may be confined or unconfined. (3) The flow field is at
steady state. (4) The well discharge rate is constant. (5) The
areal recharge rate (natural recharge) is constant and is
homogeneously distributed over the well catchment and
its surroundings. (6) The expected average flow field can be
calculated by using a constant effective hydraulic conduc-
tivity corresponding to the geometric mean. (7) The catch-
ment boundary and its uncertainty can be determined by
considering only the advective transport mechanism, thus
neglecting local dispersion and molecular diffusion. (8) The
spatial variability of the natural logarithm of hydraulic
conductivity can be described by its variance and correla-
tion length (integral scale) adopting an exponential cova-
riance function.
[5] The restriction to two-dimensional flow conditions is

justified for catchments of fully penetrating wells with large
pumping rate Qw, small recharge rate N, small distance
between well and upstream boundary w, and small aquifer
thickness H, according to the criterion k = Qw/(N w H)>5
[Kinzelbach et al., 1992].
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[6] The analysis in this paper is based on a steady state
reverse velocity field. The boundary of the well catchment
is thus determined by the backward movement of two single
particles in the heterogeneous velocity field, starting near
the stagnation point of the well. Many realizations should
lead to an assessment of the uncertainty of the catchment
boundary by analyzing the ensemble of particle tracks. The
uncertainty of the catchment boundary is approximated by
the time-dependent longitudinal and transversal second
moments of the particle displacements, along and normal
to the mean particle trajectory.

2. Lagrangian Approximation of the Uncertainty
in the Location of Well Catchment Boundaries

2.1. Problem Statement

[7] The steady state flow problem requires the solution of
the following equation:

r � K xð ÞH xð Þð ÞrhðxÞ½ � þ N ¼ 	r � q xð ÞH xð Þ½ � þ N ¼ 0 ð1Þ

where K(x) is the hydraulic conductivity, which is varia-
ble in space x, and H(x) is the saturated aquifer thickness.
The variable h(x) is the hydraulic head, q(x) is the
(vertically averaged) specific flux vector, and N is the areal
recharge rate, which is taken as constant. The hydrau-
lic conductivity K(x) is assumed to obey a spatial corre-
lation function according to an isotropic exponential
covariance function CY(r) = sY

2 exp(	jrj/IY) with Y = ln(K).
Standard boundary conditions are adopted. A pumping well
with the pumping rate Qw is located at xw. The well is
considered in equation 1 by an internal boundary. The
velocity field v(x) is related to the specific flux by v(x) =
q(x)/n, where n is the porosity, which is assumed to be
constant.
[8] For plane steady state flow conditions, the boundary

of a well catchment is identical to the boundary streamline
in any realization i. The boundary streamline extends from
the stagnation point Si to the domain boundary or water
divide on two branches, provided that a stagnation point
exists. By reversing the velocity field to 	v(x) the boundary
streamline belongs to the particle trajectory si, which starts
at the well W (see Figure 1 for homogeneous conditions),
passes by the stagnation point Si, and approaches the
upstream boundary or water divide on the two branches
si,I, and si,II. The uncertainty of the boundary location may
be approximately expressed by the transversal second
moment of the particle displacements of particles starting
at the well W, and passing along the mean trajectories sI(x)
and sII(x). This concept was used by Dagan [1984] for the
expression of preasymptotic macrodispersion effects for
uniform mean flow conditions and by Indelman and Dagan
[1999] for divergent radial flow. However, the mean stream-
line of a well catchment is much more complex by being
curved, and by passing by a stagnation point S. Moreover,
the mean velocity along the mean trajectory s is extremely
nonuniform. This effect is amplified by the areal recharge
rate N.
[9] We adopt a locally orthogonal coordinate system l, p,

with l being the coordinate along the mean streamline s(x),
and p normal to it, starting at the well W (Figure 1) with

l(xW) = 0, p(xW) = 0. For any realization i the particle
location at time t can be expressed by the integral

X tð Þ ¼
Z t

0

v X t0ð Þð Þdt0 ð2Þ

where X(t) is the particle trajectory, v(x(t)) is the velocity,
both at location x and time t. By adopting the first-order
expansion X(t) � hX(t)i + X0(t), and v(X(t)) � U(X(t)) +
u(X(t)) the particle location and velocity are expressed by
their respective mean and deviation. The vector U(X(t)) =
hv(X(t))i is the averaged velocity. The symbol hi denotes
the ensemble mean. Consequently the particle trajectory
increment over time is approximated in first order by

dX0 tð Þ
dt

� u X tð Þh ið Þ þ @U

@X0 X tð Þh ið ÞX0 tð Þ ð3Þ

[10] The existence of a stagnation point S on the mean
trajectory s(x) makes it necessary to consider separately the
sections from the well to the stagnation point and from the
stagnation point to the catchment boundary or water divide
(Figure 1). For homogeneous conditions, the streamline
arriving at the stagnation point is perpendicular to the two
streamlines departing. It is assumed that this concept holds
also for heterogeneous conditions in an approximate man-
ner. This orthogonality requires considering on the first
section the longitudinal displacement of the particles,
whereas for the continuation on the second section the
transversal displacement is applicable. Therefore both the
longitudinal and the transversal particle trajectories as well
as the second moment of the displacements have to be
formulated.

2.2. Longitudinal Particle Trajectory and Second
Moment in a Curved Locally Orthogonal System

[11] In the curved, locally orthogonal coordinate system l,
p, the longitudinal component in equation 3 is locally given
in first order approximation by:

dX0
l tð Þ
dt

� ul lð Þ þ
@Ul

@l
lð ÞXl

0
lð Þ ð4Þ

with l = l(t). Equation 4 holds for symmetric flow conditions
around the mean trajectory. It is assumed here that
asymmetry effects can be neglected. This assumption will
be made in our whole study. Equation 4 can be integrated up
to the location l = L(t) adopting the initial condition Xl(l =
0) = 0:

X0
l tð Þ � Ul L tð Þð Þ

Z t

0

ul l t
0ð Þð Þ

Ul l t
0ð Þð Þ dt ¼ Ul L tð Þð Þ

ZL tð Þ

0

ul lð Þ
U2

l lð Þ
dl ð5Þ

Based on equation 5 the longitudinal second moment of the
particle displacements is approximated by:

X0
ll tð Þ � U2

l L tð Þð Þ
ZL tð Þ

0

ZL tð Þ

0

ull l
0; l00ð Þ

U2
l l0ð ÞUl

2 l00ð Þ
dl0dl00 ð6Þ

The function ull(l
0,l00) is the longitudinal velocity covariance,

which is as yet unknown for a nonuniform flow field. For
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uniform mean conditions equation 6 is identical to that
obtained by Indelman and Dagan [1999] for a Cartesian
system (x1, x2). Besides the velocity covariance the mean
velocity is needed along the mean particle trajectory.

2.3. Transversal Particle Trajectory and Second
Moment in a Curved Locally Orthogonal System

[12] The transversal component in equation 3 can be
described locally in the curved, locally orthogonal coordi-
nate system l, p by

dX0
p tð Þ
dt

� up lð Þ þ @Up

@p
lð ÞX0

l lð Þ ð7Þ

and l = l(t) in a first-order approximation. The partial
derivative @Up/@p can be expressed using local continuity
and assuming constant thickness H by

@Up

@p
¼ 	 @Ul

@l
þ N

Hn
ð8Þ

which leads to

dX0
p tð Þ
dt

� up lð Þ 	 @Ul

@l
lð Þ 	 N

Hn

� �
X0

p lð Þ ð9Þ

Equation 9 can be integrated, adopting the initial condition
Xp(l = 0) = 0:

X0
p tð Þ � 1

Ul L tð Þð Þ

Z t

0

up l t0ð Þð Þexp N

Hn
� t	 t0ð Þ

� �
Ul l t

0ð Þð Þdt0 ð10Þ

or:

X0
p tð Þ � 1

Ul L tð Þð Þ

ZL tð Þ

0

up lð Þexp N

Hn
� t Lð Þ 	 t0 lð Þð Þ

� �
dl ð11Þ

Equation 11 is the basis for calculating the transversal
second moment of the particle displacements:

X0
pp tð Þ � 1

Ul L tð Þð Þ½ �2
ZL tð Þ

0

ZL tð Þ

0

upp l0; l00ð Þ

� exp N

Hn
� 2t Lð Þ 	 t l0ð Þ 	 t l00ð Þð Þ

� �
dl0dl00 ð12Þ

The function upp(l
0, l00) is the transversal velocity covariance,

also unknown yet for a nonuniform velocity field. Note that
equation 12 is valid for constant saturated thickness H. For
variable thickness, including unconfined conditions, it can
be approximated in the following way:

X0
pp tð Þ � 1

Ul L tð Þð Þ½ �2
ZL tð Þ

0

ZL tð Þ

0

upp l0; l00ð Þ

� exp N

n
� 2t Lð Þ

H Lð Þ 	
t l0ð Þ
H l0ð Þ 	

t l00ð Þ
H l00ð Þ

� �� �
dl0dl00 ð13Þ

In addition to the velocity covariance and the mean velocity
U, the recharge rate N, the porosity n, the thickness H, and
the average arrival times t(l) of the particles along the mean
trajectories are needed. The information required can be
obtained by conventional groundwater modeling.

2.4. Velocity Covariance

[13] Expressions for the two-dimensional longitudinal
and transversal velocity covariances ull(l

0,l00) and upp(l
0,l00)

are well known for uniform mean velocity fields [Rubin,
1990]. Under these conditions they are functions of the
variance sY

2, the correlation length IY, and the mean velocity
U. For general nonuniform flow conditions, however, no
general formulation is available. For two-dimensional non-
uniform parallel flow conditions with constant recharge rate,
Butera and Tanda [1999] formulated the velocity cova-
riance based on the head variogram formulation of Rubin
and Dagan [1987]. Since we aim at an expression of the
scaled form ull(l

0, l 00)/(U(l 0)U(l 00)sY
2) and upp(l

0, l 00)/
(U(l0)U(l00)sY

2) needed in connection with the integration in
equations 6 and 13, we reformulate the expression. The
result is given in Appendix A. It represents the correction
due to the existence of a constant recharge rate. Butera and
Tanda [1999] found no impact of the recharge on the
transversal displacements covariance when comparing sol-
utions with and without considering recharge. It can thus be
expected that the use of the transversal velocity covariance
for uniform mean flow is precise enough. Therefore the
numerical evaluation of the integral in equations 6 and 13 is
performed using the scaled velocity covariances eull(x,x0)
and eupp(x,x0) for uniform mean flow. Both covariances are
evaluated along the mean trajectory and using the distance
jx 	 x0j between the locations x and x0. Note that in curved

Figure 1. Locally orthogonal coordinate system with
longitudinal (l) and perpendicular ( p) coordinates of mean
particle trajectory for catchment boundary, starting at well
W, and passing by the stagnation point S.
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systems this distance is different from the path length. This
concept represents a simplification and approximation for
generally nonuniform mean flow conditions. In addition to
this concept, the velocity covariance correction for nonuni-
form, parallel mean flow according to the Appendix is
incorporated in our analysis as an option.
[14] The above mentioned approximations for the veloc-

ity covariances ull(l
0,l00) and upp(l

0,l00) still require that the
location under consideration is far away from the domain
boundary. Rubin and Dagan [1988, 1989] showed that the
presence of boundaries influences the structure of the head
variogram along a zone of width up to three correlation
lengths IY. A similar effect can thus be expected for the
velocity covariances. Osnes [1998] found these effects for
uniform mean flow conditions. The transversal velocity
variance evaluated for a rectangular region decreased to
zero toward an impermeable or a constant head boundary.
Although the flow field near a well is far from being quasi-
uniform, we may expect similar effects due to the presence
of the domain boundary in a zone along the boundary being
up to three correlation lengths IY wide.

2.5. Approximation of the Uncertainty Bandwidth for
a Well Catchment

[15] The uncertainty of the location of a well catchment
boundary is estimated for the boundary streamline starting
at the well (Figure 1). For any particle along the catchment
boundary the particle trajectory is

X0
p tð Þ � Ul LSð Þ

ZLS

0

ul lð Þ
U2

l lð Þ
dlþ 1

Ul L tð Þð Þ

ZL tð Þ

LS

up lð Þ

� exp N

Hn
� t Lð Þ 	 t lð Þð Þ

� �
dl ð14Þ

[16] The corresponding second moment of the transversal
particle trajectory is:

X0
pp tð Þ � Ul

2 LSð Þ
ZLS

0

ZLS

0

ull l
0; l00ð Þ

Ul
2 l0ð ÞUl

2 l00ð Þ
dl0dl00 þ 1

Ul L tð Þð Þ½ �2

�
ZL tð Þ

LS

ZL tð Þ

LS

upp l0; l00ð Þ

� exp N

n
� 2t Lð Þ

H Lð Þ 	
t l0ð Þ
H l0ð Þ

	 t l00ð Þ
H l00ð Þ

� �� �
dl0dl00

þ 2
Ul LSð Þ
Ul L tð Þð Þ

ZLS

0

ZL tð Þ

LS

ulp l0; l00ð Þ
Ul

2 l0ð Þ

� exp N

n
� t Lð Þ

H Lð Þ 	
t l00ð Þ
H l00ð Þ

� �� �
dl0dl00 ð15Þ

The function ulp(l
0,l00) is the velocity cross-covariance. For

the case that the scaled uniform covariance eulp(l0,l00)
according to Rubin [1990] is accepted, it becomes zero
along the mean trajectory s(l, p = 0). Therefore the last term
in equation 15 vanishes. Consequently the second moment
contributions of the two sections can be added up directly.
[17] The evaluation of the first term in equation 15, which

represents the longitudinal second moment, yields zero at

the stagnation point S. The corresponding transversal sec-
ond moment would be infinite. Since the stagnation point is
a singular point with strongly converging and diverging
flow components in its surroundings, it is obviously not
possible to evaluate the second moment by equations 6 and
13 for this location. The first-order approximation fails at
the stagnation point. As an alternative we use the following
(crude) approximation. The contribution of the segment
between well and stagnation point is approximated empiri-
cally. It is based on the longitudinal second moment for
radial mean flow conditions [after Indelman and Dagan,
1999], for which we can use their analytical approximation:

X0
rr tð Þ � s2YIY � 2er

3
	 1	 2er2 � 1þerð Þexp 	erð Þ 	 1½ �

� �
ð16Þ

with er ¼ L tð Þ=IY . Based on this equation, the lateral second
moment at the stagnation point Ls is approximated
empirically by:

X0
ll tðLSÞð Þ � X0

rr t LSð Þð Þ � 1	 1

2

Qw

Nw2

� �
ð17Þ

[18] The parameter w is the distance from the well to the
upstream boundary or water divide. The empirical correc-
tion in equation 17 accounts for the effect of the extremely
diverging flow field near the stagnation point. The dimen-
sionless term Q0 = Qw/(N w2) [Kinzelbach et al., 1992] is a
measure of the relative well discharge rate, or for the
relative catchment area, and therefore also for the relative
catchment width. For high pumping rates this width is large,
and therefore the impact of the extremely diverging flow
field is large, compared to low pumping rates. The applic-
ability of this procedure is restricted to values of Q0<2. Note
that equation 17 only estimates the initial lateral second
moment of the particle displacement at the stagnation point.
[19] The numerical evaluation of equation 13 is straight-

forward. The integral is approximated by the double sum
over finite segments �l, which are nothing else than the
particle tracking steps for mean flow conditions. The
variables U(l) and H(l) are taken at the location l(t) along
the catchment boundary s of the mean flow model, which is
solved either analytically if possible, or numerically.
[20] By assuming a Gaussian distribution of the trans-

versal particle displacement variance X0
pp the probability

density of the location of the catchment boundary is given.
By taking an uncertainty bandwidth corresponding to twice
the standard deviation

ffiffiffiffiffiffiffiffi
Xpp

p
on both sides of the mean

trajectory s(x), a 95% confidence interval for the location of
the catchment boundary is estimated.
[21] The presence of boundaries of any type will

undoubtedly affect the uncertainty bandwidth. This con-
cerns not only the lateral boundaries but also the upstream
boundary or water divide. Besides the boundary effect of
the velocity covariance the existence of a boundary affects
the probability density of the catchment boundary, which
can no longer be approximated by a Gaussian distribution.
Impermeable boundaries and water divides are streamlines.
The catchment boundary approaches this streamline asymp-
totically. Therefore the validity of the present analysis is
limited to the region, which is sufficiently far away from the
boundary or water divide.
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[22] For comparison, the stochastic Lagrangian approx-
imation method is applied to a set of examples defined in
4.1 and compared with the results of Monte Carlo
simulations.

3. Numerical Simulation of the Well Catchment
Boundary Distribution

[23] The procedure for the stochastic numerical evalua-
tion of the uncertainty of the well catchment boundary
according to a Monte Carlo technique is as follows.
1. Generation of a set of m realizations of Y = ln(K)

fields for a rectangular grid given the variance and
correlation length of Y using the code FGEN96 version
9.21 [Robin et al., 1993; Robin and Schmidt, 1996].
2. Calculation of the steady state velocity field vi(x) for

each realization using MODFLOW [U.S. Geological
Survey, 1996] for a rectangular grid. The calculation leads
to the fluxes through the cell faces.
3. Searching for the stagnation point Si in the vicinity of

the well by checking the cell velocity and starting the
particle tracking from the two locations in the neighborhood
of Si, for every realization, given a time step increment. The
particle tracking uses the velocity interpolation after Pollock
and the time integration according to the second-order
Runge-Kutta method [Kinzelbach et al., 1992]. It is based
on the cell fluxes. A check is made whether the starting

positions lead to tracks, which cover both branches of the
catchment.
4. Analysis of the particle tracks of all realizations in a

predefined grid by testing whether a considered cell belongs
to the catchment. This yields a probability map showing the
probability of a particular point being inside the catchment.

4. Application and Comparison of Results

4.1. Test Cases

[24] The semianalytical and numerical procedures des-
cribed above are applied to a set of synthetic test cases,
which do not depend on local data. The cases comprise a
single well with areal recharge (Figure 2). The domain is a
rectangular, two-dimensional unconfined heterogeneous
aquifer with horizontal impermeable base. The spatial
variability of the aquifer’s hydraulic conductivity K(x) is
given by the variance and the correlation length of Y =
ln(K). The three boundaries (x1 = 0, x2, western boundary),
(x1 = A, x2, eastern boundary), and (x1, x2 = B, northern
boundary) are impermeable. The boundary (x1, x2 = 0,
southern boundary) is a boundary with fixed head at a level
h(x1, x2 = 0) = h0. Without well a nonuniform flow is in
north-south direction toward the fixed-head boundary. The
input parameters of the examples are presented in Table 1.
The examples allow a demonstration of the impact of lateral
boundaries, of increased variance of Y, and of reduced well
discharge rate. They comprise simplified, but nevertheless
typical conditions for relatively small and highly conductive
unconfined aquifers. Such conditions with a quasi-steady
state flow field are often found in Central Europe. A
variance sY

2 between 0.1 and 1 is typical for vertically
averaged plane aquifers. A correlation length of 100m
corresponds to a fraction of 1/10 of the distance between
the well and the upstream boundary.
[25] For the semianalytical approach according to section

2, the flow field is calculated analytically. For the particle
tracking, a backward Runge-Kutta scheme is used with a
spatial increment of �s = 10 m. For the numerical modeling
according to section 3, a discretization with a mesh size of
10 m and a time step of 30d is used.

4.2. Comparison of Results

[26] The Monte Carlo type simulation results are pre-
sented as a map of the probability of a given point x
belonging to the well catchment (Figures 3a–6a). The lines

Figure 2. Aquifer domain of rectangular test cases with
uniform recharge rate and constant pumping rate.

Table 1. Input Parameters for Test Cases

Experiment
1

Experiment
2

Experiment
3

Experiment
4

Well discharge rate QW [m3/d] 432 432 432 216
Recharge rate N [mm/d] 1 1 1 1
Geom. mean Hydraulic conductivity K [m/d] 432 432 432 432
Variance of Y = ln(K) [-] 0.1 0.1 1 0.1
Correlation length of Y (integral scale) [m] 100 100 100 100
Porosity n [-] 0.1 0.1 0.1 0.1
Length A of domain in x1 direction [m] 2000 1000 2000 2000
Width B of domain in x2 direction [m] 1200 1000 1200 1200
Coordinate x1 of well [m] 995 495 995 995
Coordinate x2 of well [m] 505 305 505 505
Constant head h0 [m] 10 10 10 10
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of equal probability 0.977, 0.5 and 0.023 correspond to the
uncertainty bandwidth of the semianalytical approach (Fig-
ures 3b–6b). Figure 3a represents the standard case. The
impact of relatively close lateral boundaries is demonstrated
in Figure 4a. It mainly affects the shape of the mean
catchment boundary together with the uncertainty band-
width near the upstream boundary. The influence of an
increase in the variance of Y by a factor of 10 is shown in
Figure 5a. A reduction of the well discharge rate to 50%
leads to the probability map presented in Figure 6a. An
analysis of the realizations shows that 1000 Monte Carlo
runs are sufficient to present stable ensemble statistics.
[27] The results of the semianalytical approach (Figures

3b–6b) are quite similar to the Monte Carlo type results
except for the uncertainty bandwidth near the upstream
boundary. The catchment boundary for homogeneous con-
ditions is practically identical to the 50% boundary over all
realizations. The uncertainty bandwidth clearly deviates from
the numerical results within a zone of about two correlation

lengths from the upstream boundary. The initial uncertainty
bandwidth near the stagnation point is represented relatively
well in most cases. The impact of lateral boundaries, as
shown in Figure 4, is visible in an overestimation of the
bandwidth compared to the numerical results.

5. Discussion and Conclusions

[28] In this paper we present a first-order analytical
approximation for expressing the covariance of the particle
displacements in a spatially variable, steady state, nonuni-
form mean flow field. Based on a semianalytical evaluation
of this covariance, the uncertainty of the location of the
catchment boundary for pumping wells is estimated. The
evaluation of the uncertainty bandwidth is of practical use,
since only few observations are usually available. The
presence of heterogeneities in the hydraulic conductivity
field may strongly affect the uncertainty bandwidth. The
semianalytical results are obtained with a computational

a b

Figure 3. Uncertainty bandwidth (95%) of well catchment boundary, example 1; cut from flow domain
2000 m � 1200 m; well at x1 = 995 m, x2 = 505 m; well discharge rate QW = 432 m3/d; recharge rate N =
1 mm/d; variance sY

2 = 0.1, correlation length IY = 100 m. (a) Monte Carlo simulation with 1000
realizations; dark shading, probability 1; no shading, probability 0 to belong to well catchment. (b)
Semianalytical approach.

a b

Figure 4. Uncertainty bandwidth (95%) of well catchment boundary, example 2; flow domain 1000 m
� 1000 m; well at x1 = 495 m, x2 = 305 m; well discharge rate QW = 432 m3/d; recharge rate N = 1 mm/
d; variance sY

2 = 0.1, correlation length IY = 100 m. (a) Monte Carlo simulation with 1000 realizations;
dark shading, probability 1; no shading, probability 0 to belong to well catchment. (b) Semianalytical
approach.
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time several orders of magnitude smaller than that of the
numerical Monte Carlo method. The method is therefore
highly attractive for practical applications.
[29] The comparison of the semianalytical results with the

Monte Carlo type simulations shows that the method yields
reasonable estimates of the uncertainty bandwidth. Maxi-
mum deviations in the bandwidth from the numerical results
are in the order of 5 to 50%. The largest deviations in the
uncertainty bandwidth are obtained for upstream and lateral
boundaries less than about two correlation lengths away
from the mean catchment boundary location. The reason for
the latter is mainly due to an alteration of the velocity
covariance near boundaries. However, no reasonable esti-
mates for velocity covariance in nonuniform flow fields
near a domain boundary are available. Therefore in the
vicinity of boundaries the application of the semianalytical
results is limited to a minimum distance of about two
correlation lengths from the domain boundary.

[30] A weak point in the present semianalytical approach
is the empirical estimation of the initial second lateral
moment near the stagnation point by using equation 17.
Up to now, no reasonable alternative was found to circum-
vent the difficulties using equations 6 and 13 near the
stagnation point, which is believed to be caused by the
extremely diverging velocity field. A possible explanation
of the difficulties could be a limitation due to the first-order
perturbation used in the development of the method. A
further limitation originates from the evaluation of the
velocity covariance in nonuniform flow fields. The impact
of the curved mean particle trajectory on the estimate of the
lateral second moment is an additional source of error.
However, compared with the two problems described
above, it is believed to be of second-order significance.
Overall, the semianalytical Lagrangian approach yields
reasonable estimates of the uncertainty bandwidth of the
location of the catchment boundary of pumping wells.

a b

Figure 5. Uncertainty bandwidth (95%) of well catchment boundary, example 3, cut from flow domain
2000 m � 1200 m; well at x1 = 995 m, x2 = 505 m; well discharge rate QW = 432 m3/d; recharge rate N =
1 mm/d; variance sY

2 = 1, correlation length IY = 100 m. (a) Monte Carlo simulation with 924 realizations;
dark shading, probability 1; no shading, probability 0 to belong to well catchment. (b) Semianalytical
approach.
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Figure 6. Uncertainty bandwidth (95%) of well catchment boundary, example 4, cut from flow domain
2000 m � 1200 m; well at x1 = 995 m, x2 = 505 m; well discharge rate QW = 216 m3/d; recharge rate N =
1 mm/d; variance sY

2 = 0.1, correlation length IY = 100 m. (a) Monte Carlo simulation with 1000
realizations; dark shading, probability 1; no shading, probability 0 to belong to well catchment. (b)
Semianalytical approach.
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Appendix A

A1. Longitudinal Velocity Covariance With
Recharge in Two-Dimensional Parallel Flow

u11 x; x0ð Þ
U xð ÞU x0ð Þs2Y

¼ eu11 x; x0ð Þ þ I2YN
2

U xð ÞU x0ð ÞH2
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with x, x0 and r = jx 	 x0j, along the mean trajectory, and the
constants:

a0
1 ¼

3

32
; a0

2 ¼
13

32
; a0

3 ¼
25

32
; a0

4 ¼ 	 7

64
; a0

1 ¼ 38

The function eu11(x, x0) is the scaled longitudinal velocity
covariance for uniform mean flow conditions [Rubin, 1990].

A2. Transversal Velocity Covariance With
Recharge in Two-Dimensional Parallel Flow

u22 x; x0ð Þ
U xð ÞU x0ð Þs2Y

¼ eu22 x; x0ð Þ þ I2YN
2

U xð ÞU x0ð ÞH2
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a0
2 þ a0

3

r
þ a0

5

r2

� ��

	 2a0
4 	

a0
5

r2

)

with x, x0 and r again along the mean trajectory, and eu22(x,
x0) being the scaled transversal velocity covariance for
uniform mean flow conditions [Rubin, 1990].
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