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Exercise 1: Particle Level sets

The level set method defines an interfaceΓ(t) as the zero level of a higher dimensional, scalar function
ϕ(x, t),

Γ(t) = {x ∈ Ω : ϕ(x, t) = 0} ,

whereΩ is the computational domain. The level set function has the following properties:

ϕ(x, t) > 0 , x ∈ Ω̃ and ϕ(x, t) ≤ 0 , x /∈ Ω̃ ,

whereΩ̃ ⊆ Ω is an open region bounded byΓ. The motion of the interface is driven by a velocity field
u(x, t) as

∂ϕ

∂t
+ u · ∇ϕ = 0 ,

with
ϕ(x, 0) = ϕ0(x) .

The specific form of the velocity field depends on the problem under consideration. The function
ϕ0 is usually chosen as the signed distance to the interface such that|∇ϕ| = 1. The evolution of the
level set function can be computed using grid-based methodsand the spatial derivatives are calculated
by finite difference schemes. Alternatively, the level set equation can be expressed in a Lagrangian
framework. Then

ϕ(x, t) =
∑

p

Φp ζε(x − xp(t)) .

Using the material derivativeD
Dt

= ∂
∂t

+ u · ∇ we obtain

DΦp

Dt
= 0 and

Dxp

Dt
= up ,

wherexp denotes the particle trajectories andup are the particle velocities evaluated at the location of
the particles. The velocity often depends on the normal of the interfacen = ∇ϕ/|∇ϕ| or its curvature
κ = ∇ · n.

Task

Program a 2D particle level set method for the solid body rotation of Zalesak’s disk. Initially a slotted
disk is centered at (0.5,0.75) with radius of 0.15, a slot width of 0.05 and a slot length of 0.25. The
velocity field is given by:

u =
π

314

(

0.5 − y
x − 0.5

)

The disk completes one revolution in the unit domain every 628 time unites. Initialize the level set
using a color function (CF), i.e. by assigningφ0(x) = 0 if x is outside of the interface andφ0(x) = 1
if the point is inside.



Approximate CF with2m particles, withm = 5, . . . , 8. Use cell lists to speed up the evaluation of
ϕ. As particle kernel use either the Gaussian or a fourth or sixth order BSpline. Plot the relative error
= computed area - exact area

exact area versus particle spacing in a log-log plot. Use RK2 as an integration scheme.

Task

Again we consider a domain of size[0, 1]×[0, 1] with periodic boundary conditions. Test your particle
level set code on the deformation of a circular front with radius 0.15 centered at (0.5,0.75) by the
following flow which is constant in time:

u =

(

−2 sin2(πx) sin(πy) cos(πy)
2 sin2(πy) sin(πx) cos(πx)

)

.

The level set function in this case isϕ0(x) = |(x − 0.5)2 + (y − 0.75)2| − 0.15. Let the circular
front evolve untilt = 8 and then reverse the velocity field in order to obtain the initial front. Use
cell lists to speed up the computation. Report the relative error as before versus the particle spacing
in a log-log plot. Recommended resolutions are2m with m = 6, 7, 8, 9. Additionally, compare the
results if youremesh the particles every time step (use a second order Bspline or theM ′

4
kernel for

remeshing).
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