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Introduction

DISCLAIMER : These notes are distributed as a study aid for the
exam of the class : SIMULATIONS USING PARTICLES , ETHZ, SS
2007. The notes are neither complete nor proofread and care must be
exercised when using their content.

The simulation of the motion of interacting particles is a deceivingly simple, yet
powerful and natural method for exploring physical systems as diverse as planetary
dark matter and proteins, unsteady separated flows and plasmas. Particles can be
viewed as objects carrying a physical property of a system, that is being simulated
through the solution of Ordinary Differential Equations (ODE) that determine the
trajectories and the evolution of the properties carried by the particles. Particle
methods amount to the solution of a system of ODEs :

dxp
dt

= up(xp, t) =
N∑
q=1

K (xp,xq; wp,wq)(1)

dwp

dt
=

N∑
q=1

F (xp,xq; wp,wq)(2)

where xp,up denote the locations and velocities of the N particles, wp denote
particle properties (such as density, temperature, velocity, vorticity) and K,F rep-
resent the dynamics of the simulated physical system. In flow simulations particles
are implemented with a Lagrangian formulation of the continuum equations, as in
the vorticity formulation of the Navier-Stokes equations, or with systems that are
discrete by nature, as in molecular flows at the nanoscale. Continuum flows such
as flows in porous media and turbulent flows are inherently multiscale due to the
range of scales that govern the underlying physical phenomena. The continuum
assumption fails in flow regions containing contact lines and shocks and suitable
molecular descriptions become necessary. A consistent and systematic framework is
necessary to couple molecular and macroscale descriptions because the macroscale
flows determine the external conditions that influence the molecular system, which
in turn influences the larger scales by modifying its boundary conditions.

Particle methods such as Vortex Methods (VMs) and Smooth Particle Hydro-
dynamics (SPH) present an adaptive, efficient, stable and accurate computational
method for simulating continuum flow phenomena and for capturing interfaces such
as vortex sheets. On the other hand, particle methods encounter difficulties in the
accurate treatment of boundary conditions, while their adaptivity is often associ-
ated with severe particle distortion that may introduce spurious scales. Ongoing
research efforts attempt to address these issues as outlined in the review.

In molecular and mesoscopic simulations particle methods, such as Molecular
Dynamics (MD) and Dissipative Particle Dynamics (DPD) are the method of choice
because the discrete representation of the underlying physics is inherently linked to
interacting particles. Particle methods for continuum and discrete systems present
a unifying formulation that can enable systematic and robust multiscale simulations
as we outline in this review.
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6 INTRODUCTION

A remarkable feature of particle methods is that their computational structure
involves a large number of common abstractions that help in their computational
implementation, while at the same time particle methods are distinguished by the
fact that they are inherently linked to the physics of the systems that they simulate.

In this review we focus on updating the reader in methodological advances in
Lagrangian particle methods since the first related such review by Leonard in 1985
[8] with an emphasis towards describing methodologies that enable multiresolution
simulations. In the simulation of discrete systems, starting from the review of
Koplik and Banavar [7] we focus on hybrid continuum-molecular flow simulations.
In this article we do not discuss particle methods for the simulation of kinetic
equations for which we refer the reader to Chen and Doolen’s (1998) work.

The review is structured as follows: We introduce particle methods for con-
tinuous systems by illustrating unifying concepts such as function and derivative
particle approximations. We discuss the fundamental problem of particle distortion
and remeshing associated with the Lagrangian formulation and we introduce mul-
tiresolution particle methods. We briefly outline the key characteristics of molecular
simulations and we discuss recent advances in hybrid continuum-molecular simu-
lations. We conclude by describing efficient tools for large scale simulations using
particle methods and we provide an outlook for future developments in particle
methods in this new era of multiscale modeling and simulation.

Particle methods can be crudely classified in the following manner. A first
class of methods considers discrete systems where particles follow Newton’s laws of
motion

dx
dt

= u(x, t)(3)

m
du
dt

= F(x,u, t)(4)

Methods in this group can actually span a broad range of scales. At one end of
the spectrum of lengthscales, we have molecular dynamics (M.D.) where F models
atomic forces. At the other, we have planetary simulations where F is the law of
gravity. Discrete methods have emerged recently at meso-scales. These methods
attempt at modeling a continuum at scales where some randomness appears, e.g.
Brownian motion.

The other category covers particles which discretize a continuum and laws given
as Partial Differential Equations (PDE’s). These methods cover most physical
lengthscales at the exception of the atomistic ones; their domain of predilection lies
in advection-dominated problems such as fluid mechanics.

The present notes aim at giving a short but nevertheless extensive overview
of these two families. In a first step, we briefly look at the properties of ordinary
differential equations, keeping a particle simulation perspective.



CHAPTER 1

Time integration for particle methods

1. Introduction

In a vast majority of particle methods, the evolution of the particles affects
their location x and their properties

dx
dt

= u(5)

dq

dt
= f(x, q,u, . . .)(6)

An example is Newton’s laws of motion where the property is momentum

dx
dt

= u(7)

m
du
dt

= F(8)

where m is the particle mass and F is the force on the particles. For example a
particle with charge q moving in electric field E and magnetic field B is the sum of
the electrical force qE and the Lorentz force qu×B.

This chapter considers the discretization of the time derivatives on the left-
hand side. In particular, we discuss the properties of integrations schemes and how
they affect our choice in the case of particle methods.

2. Properties of time integration schemes

A first characteristic is the implicit or explicit character of a scheme. A general
linear multi-step scheme for Eqs. 5 and 6 can be written as

(9)
k∑
i=0

αk−i

(
x
q

)n+k−i

= δt

k∑
i=0

βk−i

(
u
f

)n+k−i

.

From this expression, we can isolate two families of schemes

Explicit Schemes: βk = 0, (x, q)n+k can be directly solved in terms of the
previously computed quantities.

Implicit Schemes: βk 6= 0, we need to solve for (x, q)n+k. Such schemes
display very good stability (see Section ??) but are expensive.

In addition, the choice of an integration scheme will involve the following cri-
teria,

(1) consistency
(2) accuracy
(3) stability
(4) efficiency

We now discuss these requirements, while keeping in mind the form of the particle
evolution equations.
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8 1. TIME INTEGRATION FOR PARTICLE METHODS

3. Consistency

After time discretization, the resulting set of equations should approximate
approximate the original differential equation, as we take δt → 0. Consider the
ODE dx

dt = u. This verification can be carried out through a Taylor series expansion
of each term in the scheme. Let us take the approximation xn+1−xn

δt = un as an
example. We develop the term xn+1 = x(t+ δt) about t

xn+1 − xn = x(tn + δt)− x(tn)

= [x(tn) +
dx

dt
|t=tn δt+

d2x

dt2
|t=tn

δt2

2
+ . . . ]− x(tn)

We the obtain a modified equation

(10)
dx

dt

∣∣∣∣
t=tn

+
d2x

dt2

∣∣∣∣
t=tn

δt

2
+ · · · = un

which tends toward the analytical one as δt→ 0. Our scheme is therefore consistent.
The idea of consistency can be taken further. One can develop integration

schemes which conserve some of the structure and the features of the exact equa-
tions. One such important feature is time reversibility, a feature of Newton’s laws of
motion, Eq. 7. The integration of particles forward in time, then reversing velocity
and time should place the particles back at their original positions.

Example 1.1. We consider a first scheme

xn+1 = xn + un ∗ δt(11)

un+1 = un +
F(xn)
m

.(12)

A step back can be written as xn
′

= xn+1 − un+1δt, which in terms of xn yields
xn

′
= xn + (un − un+1)δt. Because, in general, un 6= un+1, this is not reversible.

The error term un+1 − un suggests that time reversible difference approxi-
mations are rather obtained by defining time-centered differences. By considering
velocity values at tn+1/2, we can center the whole scheme1, which gives us the
Leapfrog scheme

xn+1 − xn

δt
= un+1/2(13)

un+1/2 − un−1/2

δt
= F(xn)(14)

When one can not employ the time-staggered arrangement of Eqs. 13 and 14, the
time symmetry requirement often leads to an implicit scheme.

4. Accuracy

The accuracy of time integration is influenced by two factors: the trunctation
error and the round-off error.is the scheme itself, the other is the discrete arithmetic,
inherent to computations.

1this only holds for a situation where the forces F only depend on the positions x; an
example is damping, a case where the force depends on the velocities and incidentally, energy is
not conserved.



4. ACCURACY 9

4.1. Truncation error. This first error originates in the scheme itself: it is
the difference between the exact time integration from t to δt and its approximation

(15) Tn =
xn+1

exact − xn+1
numerical

δt
.

It is evaluated by substitution of xn+1
exact by a Taylor series centered at (tn,xn)

xn+1
exact = xn + δt

dx
dt

∣∣∣∣
t=tn

+
δt2

2
d2x
dt2

∣∣∣∣
t=tn

+ O(δt3) .

and replacing xn+1
numerical with the expression given by the scheme.

Example 1.2. Let us look at at the accuracy of a few schemes.

Explicit Euler: The scheme is xn+1 = xn + δtun. The truncation error is
given by

Tn =
xn + δtun + δt2/2 d2x/dt2 + · · · − xn − δtun

δt
' δt

2
d2u
dt2

which makes it a first order term.
Implicit Euler: xn+1 = xn + δtun+1. This scheme is also first order ac-

curate.
Trapezoidal rule: xn+1 = xn + δt

2 (un + un+1). This scheme is second
order accurate. The averaging cancels the first order errors of the implicit
and explicit Euler.

Adams-Bashforth 2: xn+1 = xn+ δt
2 (3un−un−1). This scheme is second

order accurate, Tn = 5
12
d3x
dt3 δt

2, at the cost of the storage of a past value
un−1.

Adams-Bashforth 3: xn+1 = xn+ δt
12 [23un−16un−1+5un−2]+O( 3

8x(4)δt3)
Leapfrog: The approximation of Eqs. 13 and 14 is second order accurate.

Indeed, one can substitute the expressions of un−1/2 and un+1/2 from
Eq. 13 in Eq. 14,

(16)
xn+1 − 2xn − xn−1

δt2
=

F(xn)
m

.

We can consider the modified equation for the exact solution xnexact. We
first develop the solution around tn, for tn + δt and tn − δt

xn+1
exact = xn + δt

dx
dt

∣∣∣∣
tn

+
δt2

2
d2x
dt2

∣∣∣∣
tn

+
δt3

6
d3x
dt3

∣∣∣∣
tn

+ O(δt4)

xn−1
exact = xn − δt dx

dt

∣∣∣∣
tn

+
δt2

2
d2x
dt2

∣∣∣∣
tn
− δt3

6
d3x
dt3

∣∣∣∣
tn

+ O(δt4)

If we take the sum of the two expressions, we find the modified equation

(17)
xn+1

exact − 2xnexact − xn−1
exact

δt2
=
d2x
dt2

∣∣∣∣
tn

+ O(δt2) =
F(xn)
m

.

4.2. Round-off error. The round-off error arises from the discrete arith-
metics and the finite precision of a floating point value on a computer.

Example 1.3. We compute xn+1 = xn + un ∗ δt and use 6 significant digit
arithmetic. We assume to have O(1) quantities for the positions and velocities

xn = x.xxxxxx | . . .
un = y.yyyyyy | . . .
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Along with a decreasing time-step value, a increasingly severe round-off can happen

δt = 10−3 and δt ∗ un = 0.00yyyy | yy
δt = 10−5 and δt ∗ un = 0.0000yy | yyyy

where the symbol | represents the digits lost after addition to xn.

4.3. The Verlet Algorithm. An alternative to leapfrog is the Verlet algo-
rithm

x(tn + δt) = x(tn) + δt
dx
dt
|t=tn +

∆t2

2
d2x
dt2
|t=tn +

d3x
dt3

∆t3

6
+ ...

= x(tn) + u(tn)∆t+
F(tn, xn)

2m
∆t2 +

∆t3

6
d3x

dt3
+ ...

Similarly expanding x(tn − δt) around x(tn) we obtain that:

x(tn − δt) = x(tn)− u(tn)δt+
f(tn, xn)

2m
− δt3

6
d3x

dt3
+ ...

Summing the above equation we obtain that:

x(tn + δt) + x(tn − δt) = 2x(tn) +
f(tn, xn)

m
δt2 +O(δt4)

or

x(tn + δt) = 2x(tn)− x(tn − δt) +
f(xn, tn)

m
δt2 +O(δt4)

The Verlet algorithm does not need velocities which can be computed as

u(tn) =
x(tn + δt)− x(tn − δt)

2δt
+O(δt2) .

Variants of this algorithm will be presented in Section 7.

5. Stability

Stability is concerned with the propagation of errors and the development of
errors over time. It arises due to the non-physical solution of the discretized equa-
tions.

5.0.1. Linear stability and stability conditions. In general though, a stability
analysis cannot be developed for any right-hand side. It is only possible for certain
cases of right-hand sides (linear, quadratic) but the first order behavior of the prop-
agation of the error is known to determine the stability behavior. This corresponds
to the homogeneous part of the equation

dx

dt
= f(x, t) ' f(x0, t0) + α(x− x0) + β(t− t0)

which is the model problem

(18)
dx

dt
= αx , with x(t = 0) = x0 .

The exact solution is
x(t) = x(0)eαt .

If we solve this equation with explicit Euler, we find that the numerical solution
will be

xn = (1 + α δt)nx0

where we clearly identify an amplification factor (1 +α δt). We note that the exact
exponential can be developed as

(19) eα δt = 1 + α δt+
1
2

(α δt)2 + . . .+
1
n!

(α δt)n + . . .
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Figure 1. Stability region of Euler explicit

and we see that Euler can reproduce the first two terms —another way of showing
that Euler explicit is first order accurate.

In general, α can be complex α = a+ b i; the solution is then

x(t) = eαt = eat(cos(bx) + i sin(bx)) .

In the case of growth (Re(α) = a > 0), both the exact and discrete solutions will
grow exponentially; this becomes an issue of accuracy. For Re(α) = a < 0, the
exact solution decays but the approximate may not decay at all, as in the case
α δt < −2. More precisely, the condition

(20) |1 + α δt| < 1

defines a region of the complex α δt-plane where the numerical solution decays.
Eq. 20 is the stability condition of explicit Euler and the corresponding complex
plane region (see Fig. 1) is also called the stability region of the time integration
scheme. If we consider the implicit Euler scheme, we have

xn+1 = xn + δt α xn+1 ⇒ xn+1 =
1

1− α δt
xn

and the amplification factor can be developed as
1

1− α δt
' 1 + α δt+ (α δt)2 + . . . ;

the second order term does not match the one of Eq. 19, which shows that Euler
implicit is also first order accurate. The stability is this time quite different. We
have

1
1− α δt

< 1 for Re(α) < 0 ,

making the scheme unconditionally stable. The stability region is plotted in Fig. 2.
The analysis above can be transposed to the case of a vector variable x

(21)
dx
dt

= Ax
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Figure 2. Stability region of Euler implicit

The amplification factor becomes an amplification matrix. This matrix can be
diagonalized

dχ

dt
= Λχ

where Λ = E−1AE, χ = E−1x and E is the matrix of the eigenvectors of A. One
then sees that the procedure above can be applied to every eigenvelue of A, which
will have to fall within the stability region of the integration scheme.

5.1. The Verlet algorithm. We now consider the stability of integration
schemes for discrete particles. We start with the Verlet algorithm. only in terms
of positions. First we look at the behavior of the solution both with and without
errors due to discrete arithmetics, xn and Xn respectively. Let us consider the
initial conditions x0 = X0, x1 = X1and the first couple of time steps.

In the absence of any error (roundoff) we will get:

Step 1: X2 − 2X1 +X0 =
F (X1)
m

δt2

Step 2: X3 − 2X2 +X1 =
F (X2)
m

δt2 .

Due to inexact arithmetic however we obtain

Step 1: x2 − 2X1 +X0 =
F (X1)
m

δt2

Step 2: x3 − 2x2 +X1 =
F (X2)
m

δt2 .

If we consider the error εn = xn −Xn, we get

(X3 + ε3)− 2(X2 + ε2) +X1 =
F (X2 + ε2)

m
δt2
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After subtracting the exact equation, we obtain

ε3 − 2ε2 =
F (X2 + ε2)

m
δt2 − F (X2)

m
δt2

Expanding the right-hand side yields

ε3 − 2ε2 = ε2(
δf

δx
|x=X2

δt2

m
)

and similarly, for the next step

ε4 − 2ε3 + ε2 = ε3
δf

δx
|x=X3

δt2

m

By induction, the error behavior has to be governed by

εn+1 − 2εn + εn−1 = εn
δf

δx
|x=Xn

δt2

m
.

Before continuing, we remind ourselves of the main stability question: does εn

grow more rapidly than the solution? In the case of a non-growing —oscillatory—
solution, does it grow at all? In such a case, we have

d2X

dt2
= −Ω2X and X ∼ eiΩt .

Ω corresponds to the stiffness of a mass/spring problem. In our case, we will find
a maximum stiffness for the maximum negative value of δf

δx

εn+1 − 2εn + εn−1 = −
∣∣∣∣−δfδx

∣∣∣∣
max

δt2

m
εn

If we assume a solution of the form2 ε(n) = λn, we find

(22) λ2 − 2λ+ 1 = −(Ωδt)2λ

where we set Ω2 =
∣∣∣− δfδx ∣∣∣

max
/m. The solutions are

λ± = 1− (Ω δt)2

2
±
(

(Ω δt)2

2

)(
1− 4

(Ω δt)2

)1/2

.

For a time integration scheme to be stable, we need the complex roots λ± to fall
within or on the unit circle, i.e. |λ±| ≤ 1.

5.2. The leapfrog algorithm. Remember the leapfrog scheme

xn+1 − xn = un+1/2δt

un+1/2 − un−1/2 =
Fn

m
δt

Let x = X + εx where X is the exact solution and εx, the error. Let u = U + εu
where U is the exact solution and εu, the error. Assuming ε is small so that F can
be expanded in terms of a Taylor series

εn+1
x − εnx = εn+1/2

u δt

εn+1/2
u − εn−1/2

u =
δFn

δx

δt

m
εnx = −Ω2δtεnx

Now we define the error vector

εn =
[

εnx
ε
n−1/2
u

]
2We do a temporary change of notation: (n) denotes a quantity at step n, while n is a

exponent
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and we can write the previous equations in matrix form as:

εn+1 − εn =
[
0 δt
0 0

]
εn+1 +

[
0 0

−Ω2δt 0

]
εn

Exercise: See how this works. Collecting terms we write:[
1 −δt
0 1

]
εn+1 =

[
1 0

−Ω2δt 1

]
εn ⇒

εn+1 =
[
1− Ω2δt2 δt
−Ω2δt 1

]
εn ⇒

εn+1 = Gεn

where

G =
[
1− Ω2δt δt
−Ω2δt 1

]
.

Note that this is an example of amplification matrix, discussed at the end of Sec-
tion 5.0.1. If E is the matrix of eigenvectors and Λ the diagonal matrix of eigen-
values then we obtain:

E−1εn+1 = (E−1GE)(E−1)εn ⇒ ε′n+1 = Λε′n

A time integration scheme is stable if the eigenvalues of its amplification matrix lie
on or within the unit circle, i.e. | λ |max≤ 1. Quite interestingly, the characteristic
polynomial of A is identical to Eq. 22.

5.3. Remarks. From these few examples, we can already draw some conclu-
sions and remarks

• implicit schemes offer excellent stability but one step can be expensive
due to the solution of a complex system

• a subset of implicit schemes offer unconditional stability[?, ?], implicit
Euler is an example

• explicit schemes have a more stringent conditional stability but one step
is relatively cheap

• we have to keep in mind that the goal is to minimize the time to solution;
an explicit time-step might be cheap, but its relatively poor stability can
also restrict δt to prohibitively small values.

6. Efficiency

Two aspects of efficiency are at play.

6.1. Algorithm optimization. With the advent of new super-computing
paradigms, and in particular the one of massively parallel machines with little
per-processor memory (e.g. less than 1GB on IBM Blue Gene), one has to be even
more careful in the choice of an integration scheme.

Its storage requirements will determine the maximum problem size and for a
given size, its stability will affect the computation time to reach a solution time.

How does one choose a scheme then? The stability will restrict the time step
and from the accuracy point of view, high order schemes can take larger steps...

High-order schemes still have stability limitations however and are expensive
both in terms of storage and function evaluations. As a rule of thumb, we will use
low order time steps with appropriate time-steps, e.g. Leapfrog|Verlet that have as
an extra benefit time symmetry.
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A broadly used family of schemes are the low storage Runge-Kutta schemes.
We consider the classic 4-th order Runge-Kutta scheme [?, ?]

k1 = δt f(xn)

k2 = δt f(xn + 1/2k1)

k3 = δt f(xn + 1/2k2)

k4 = δt f(xn + k3)

xn+1 = xn +
1
6

(k1 + 2k2 + 2k3 + k4) +O(δt4)

If N is the dimension of x, the nominal storage requirement is 4N . This is achieved
through the sequential construction of the ki’s. More explicitly, we have

• N for xn and xn+1

• N for the argument of f() during the computations of the ki’s
• N for the evaluation of f
• N for the storage and accumulation of k1 + 2k2 + 2k3 + k4.

For NP particles in three dimensions, we have N = 6NP , as

x = (xp,up) =
(
(xip)i=1,2,3, (uip)i=1,2,3

)
.

The Runge-Kutta family of schemes offers some degrees of freedom and it is pos-
sible to derive low-storage schemes. The Williamson schemes[13] are second,third
and fourth-order Runge-Kutta schemes that require only 2N storage.

Example 1.4. Third order Williamson scheme

z(0) ← xn

Substep 1: q(1) = δt f(z(0))

z(1) = z(0) +
1
3
q(1)

Substep 2: q(2) = δt f(z(1))− 5
9
q(1)

z(2) = z(1) +
15
16
δt q(2)

Substep 3: q(3) = δtf(z(2))− 153
128

q(2)

z(3) = z(2) +
8
15
q(3) → xn+1

The z(∗) represent the state of our integrated variable in memory: the exponent
indicates the substep. And similarly, q(∗) refers to the temporary storage required
by this scheme. Additional storage is needed for the result of the evaluation of
f(z(∗)). This means that only 2N additional storage units are needed.

6.2. Right-hand side computation. A second origin for efficiency lies in
the optimization of the right-hand side computation.

Let us consider the case of Newton’s laws where the forces have a short range,
i.e. fij = 0 if rij > rc. The basic method for evaluating Fsr is to go through all
particles j = 1, . . . Np and check whether the separation rij = |xi − xj | is less than
rc and if so compute f sr

ij and add it to Fsr. This scales as O(N2
p ) operations.

There are a few algorithms and data structures which make this procedure
faster. We here give a couple of them.
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6.2.1. Chaining Mesh. We fit a regular lattice of M1 ×M2 ×M3 cells, with
Mi = ceil(Li/rc) over our set of particles. A cell side is taken as h = rc.

The particles j that interact with a particle i will have to be either in the
same cell as i or the 26 neighboring cells (8 in 2D). If the particle coordinates are
sorted into lists for each chaining cell, the computation of the force Fsr

i on particle i
involves 27Nc tests where Nc = NP

M1 M2 M3
= is the average number of particles per

cell. One can further use the symmetry of the interactions and compute the fij only
once and add it to Fi and Fj . This brings the number of tests to 13.5 N2

P

M1 M2 M3
.

6.2.2. Linked Lists. For certain computers (serial) it is computationally more
efficient to sort the coordinate addresses rather than the coordinates themselves.

Let HOC(q) be the head of chain table entry for chaining cell q and LL(i) the
link coordinate for particle i.

(1) Set HOC(q) = 0 for all q.
(2) For all particles i

(a) q = int( x1
HC1

, x2
HC2

, x3
HC3

)
(b) add particle i to head of list for cell q

LL(i) = HOC(q)

HOC(q) = i

Sorting 2|3 operations per particle
Once the HOC andLL tables are filled a zero entry in HOC(q) implies no particles.
A non-zero entry gives the address of the coordinates of the first particle in the list.
The link coordinate of the particle either gives the address of the coordinate of the
next particle in the list or a zero particle to indicate the end of the list.

7. Considerations for Molecular Dynamics

Newton’s equations of motion are time reversible and so should our schemes.
In most algorithms however, reversing momenta and time direction would lead to
different phase spaces. We note that even reversible,a scheme would be hindered
by finite arithmetic.

7.1. Liouville operator formalism and symplectic operators. A class of
many-body integrators can derived in an elegant formalism[12]. These integrators,
called symplectic integrators, display very important properties, such as energy
conservation, time reversibility and phase space area conservation.

Consider a quantity f which is a function of all the coordinates and momenta
of the N particles in a classical many body problem

(23) f(xp(t)|p=1...N , up(t)|p=1...N ) .

The time derivative of f is

(24)
df

dt
= ẋ

∂f

∂x
+ u̇

∂f

∂u
= iLf

where we introduce the Liouville operator

(25) iL = (iLx + iLu)f = ẋ
∂

∂x
+ u̇

∂

∂u
.

The formalism of Eq. 24 allows to integrate f in time

f(x,u) = eiLtf(x(0),u(0)) = e(iLx+iLu)tf(x(0),u(0)) .

We note that
e(iLx+iLu)t 6= eiLxt · eiLut

as the operators iLx and iLu do not commute.
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Let us consider the special case of iL = ẋ(0) ∂
∂x ,

f(x,u) = eiLtf(x(0),u(0)) = eiLxtf(x(0),u(0)) ;

a Taylor series about t = 0 yields

f(x(t),u(t)) = f(x(0),u(0)) + iLxtf(x(0),u(0)) +
(iLxt)2

2
f(x(0),u(0)) + · · ·

=
∞∑
n=0

(ẋ(0)t)n

n!
∂n

∂xn
f(x(0),u(0))

and thus the effect of a shift in position

f(x(t),u(t)) = eiLxtf(x(0),u(0)) = f(x + ẋ(0)t,u(0)) .

Similarly, we find for a velocity shift

f(x(t),u(t)) = eiLutf(x(0),u(0)) = f(x(0),u(0) + u̇(0)t) .

Let us now combine the effects of these two partial operators. We remember the
Trotter identity

eα+β = lim
P→∞

(eα/2P eβ/P eα/2P )P

and in particular, for a large finite P ,

eα+β = (eα/2P eβ/P eα/2P )P eO(1/P 2)

We apply it to the partial operators by setting ∆t = t/P , α/P = iLut/P =
∆t u̇(0) ∂

∂u and β/P = iLxt/P = δt ẋ(0) ∂
∂x with

e(iLu + iLx)t = (e
iLu t
2P e

iLx t
p e

iLu t
2P )P eO(1/P 2) .

Now we apply this decomposition, starting with the rightmost one,

f1 = e
iLu ∆t

2 f(x(0),u(0)) = f(x(0),u(0) +
∆t
2

u̇(0))

and then, successively,

f2 = e
iLx ∆t
p f1 = f(x(0) + ∆t ẋ(∆t/2),u(0) +

∆t
2

u̇(0)))

f3 = e
iLu ∆t

2 f2 = f(x(0) + ∆t ẋ(∆t/2),u(0) +
∆t
2

u̇(0) +
∆t
2

u̇(∆t)) .

This sequence can be translated into a time integration scheme by considering the
case of a vector f = (x,u)

x(∆t) = x(0) + ∆tu(0) +
∆t2

2
F(x(0))
m

u(∆t) = u(0) +
∆t
2m

(F(x(0)) + F(x(∆t)))

which is the velocity-Verlet algorithm[?]. It is easy to show that the trajectories
obtained with this algorithm are equivalent to the trajectories of the original Verlet
algorithm. It is fourth order accurate for positions, and second order for velocities.

The present formalism allows the design of a whole family of schemes. We
could have considered a reversed order for the decomposition iL = iLx + iLu. This
produces the position-Verlet algorithm

u(∆t) = u(0) + ∆tF
(

x(0) +
∆t
2m

u(0)
)

x(∆t) = x(0) +
∆t
2

(u(0) + u(∆t)) .
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A fourth order variant (both for positions and velocities) is the velocity-corrected
Verlet algorithm

xn+1 = xn + unδt+
f(xn, tn)

2m
δt2 +O(δt4)

un =
un+1/2 + un−1/2

2
+
δt

12
[
f(tn−1, xn−1)

m
− f(tn+1, xn+1)

m
] +O(δt4)

Note that we can compute the velocities only after the next time step.

7.2. Phase-space volume preservation. For a Hamiltonian system, we
have that

dx(t)du(t) = dx(0)du(0)
or that the volume is conserved. Verlet algorithms can be shown to have this
conservation property.

7.3. Lyapunov Instability. Let r(t) be the position of one particle i at time
t. r(t) = f(x(0),u(0); t) where here x(0), u(0) imply the positions and velocities
of all the particles. If we perturb the position of this particle at t = 0 by ε, we will
obtain a different trajectory for the particle r′i(t). The difference between the two
trajectories δ(t) = |r′i(t)− ri(t)| will grow as

δ(t) = ε(0)eλt

where λ is the Lyapunov exponent. So, for a given acceptable error δmax and a
maximum time, the acceptable perturbation decreases exponentially

ε ∼ δmax e
−λtmax .

It is therefore impossible to find an algorithm that predicts the trajectories of all
the particles for long and short times. The trajectory of the phase space is sensitive
to initial conditions. We should expect that any integration error —no matter how
small—will be exponentially increased. This is the Lyapunov instability.

In molecular dynamics however, we are interested in statistical predictions, in
the average behavior of the system but by no means every little detail of the system.
This philosophy is quite different from the prediction of satellite trajectories, where
local error is critical.

Example 1.5. Take 103 particles interaction in 3D via LJ potentials. Take
2 of these particles and change their velocities by 10−10 (in reduced units). Plot∑N
i=1 | ri(t)− r′i(t) |2 as a function of time.



CHAPTER 2

Continuum particle methods

1. Introduction

This chapter covers particle approximations for continuous problems, such as
continuum mechanics. For this class of problem, the physics can be described in
terms of fields. These fields —in general—display some smoothness and can be
differentiated to model diffusive and advective fluxes.

The latter ones are the raison d’être of a particle method. The advection
equation for a scalar reads

(26)
∂φ

∂t
+∇ · (φu) = 0 ;

which corresponds to the conservation of φ in a material volume

(27)
d

dt

∫
Vp(t)

φdV (x) = 0 .

This is the starting point of continuum particle methods: the computational ele-
ments are material volumes which follow the flow map. A more general problem
will be stated as

Dφ
Dt

= L(φ)(28)

dx
dt

= u(29)

2. Particle approximations

2.1. Point particles. In a first step, we consider a function approximation

u(x) =
∑
p

Γpδ(x− xp)

by a set of point particles with weights Γp, p = 1, . . . , N located at positions xp.
Point particles concentrate their function all in one point with a Dirac function.

2.1.1. The Dirac delta function.
Definition. The Dirac delta is not a proper function. An informal but intuitive

description is the following: it is an infinitely narrow Gaussian function

(30) δ(x) = lim
ε→0

ηε(x) =
1

(2πε2)d/2
e−

|x|2

2ε2 ,

with its maximum value tending to infinity.
The Dirac can be rigorously defined in terms of a distribution (or generalized

function) and we will rather use its defining characteristic

(31)
∫ ∞
−∞

f(x) δ(x) dx = f(0)

19
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Properties. The following properties follow directly from its definition∫ ∞
−∞

δ(x) dx = 1(32) ∫ ∞
−∞

f(x− a) δ(x) dx = f(a)(33)

As an immediate consequence, the Fourier transform of the Dirac is constant,

(34) f̂(k) =
∫

e−ikx δ(x) dx = 1 ,

thereby confirming its status of very unsmooth function1. δ(x) can be expressed as
the limit of several functions, not only the Gaussian of Eq. 30,

δ(x) = lim
ε→0

1
π

ε

x2 + ε2
(35)

= lim
ε→0

ε | x |ε−1(36)

2.1.2. Discretization. Let us now use the property of Eq. 33 to build the point
particle approximation. The integral

(37) u(x) =
∫
u(y)δ(x− y)dy

is exact and can be decomposed into subvolumes Vk and

(38) u(x) =
∑
k

∫
Vk

u(y)δ(x− y)dy .

In Rd, we choose the subvolumes Vk as aligned on a lattice and switch to a vector
index k ∈ Zd as

Vk = {x ∈ Rd|(ki −
1
2

)h < xi < (ki +
1
2

)h, i = 1, . . . , d}.

We can approximate the integrals of Eq. ?? with a mid-point rule

(39)
∫
Vk

g(x)dx ∼ wkg(xk) .

where wk is the measure of Vk (hd, in this case). This yields

(40) u(x) ' uh(x) =
∑
k

wku(xk)δ(x− xk) .

The order of this approximation can be evaluated in the context of Sobolev
spaces Wm,p[?]. We will skip the details as they pertain more to a functional anal-
ysis class and just mention the fundamental results.
The accuracy of the point particle approximation is actually governed by the accu-
racy of the mid-point rule

E(g) =
∑
k

Ek(g) =
∑
k

∫
Vk

g(x) dx− wk g(xk) .

Lemma 1. There is a constant C > 0 independent of h, such that for every
function g ∈Wm,1(Rd) and with m ≥ d

| E(g) ≤ Chm | g |m,1

1If f(x) is n times differentiable, its transform f̂(k) decays at infinity as |k|n+2
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We will thus have

(41) ||u(x)− uh(x)|| ≤ O(hm)

However, this is only valid for a domain where u and all its derivatives vanish at
the boundary or decay fast enough at infinity; the mid-point rule breaks down to
second order accuracy for bounded domain where u does not vanish.

2.2. Smoothed particles. A dirac function is not the most convenient object
to handle in computations. It is for this reason that regularized or smoothed versions
of the point particle methods were developed.

2.2.1. Smoothing. Let us now consider the field u and apply a filtering operation

uε(x) =
∫
u(y)ζε(x− y) dy

where ε denotes the width or length scale of the filter.
This smoothing function tends toward the Dirac function as we decrease the

filtering width
ζε(x)→ δ(x) for ε→ 0

and thus
uε(x)→ u(x) for ε→ 0 .

Let us study this convergence. First we define

ζε(x) =
1
εd
ζ(
| x |
ε

) .

Theorem 2. If we have the following moment properties for the smoothing
function ζ ∫

xαζ(x) dx = 0 for 1 ≤ |α| ≤ r − 1(42) ∫
| x |r ζ(x) dx ≤ ∞(43) ∫
ζ(x) dx = 1(44)

we have that || u− uε ||= O(εr)

Proof. We need to bound the difference

u− uε = u(x)−
∫
u(y)ζε(x− y)dy

By the moment condition of Eq. 44, we can write

u− uε =
∫
u(x) ζε(x− y)dy −

∫
u(y) ζε(x− y) dy

=
∫

(u(x)− u(y)) ζε(x− y) dy

A Taylor series of u yields

u(x)− u(y) =
r−1∑
|α|=1

1
|α|!

∂|α|u (x− y)α +
1

(r − 1)!

∫
. . .

Substituting we obtain that

u− uε =
∫ r−1∑
|α|=1

1
|α|!

∂|α|u (x− y)α ζε(x− y) dy + O(εr) .

The moment properties of Eq. 42 then ensure that

||u− uε|| ≤ O(εr)
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�

Here are some typical mollifiers for particle methods

Gaussian: ζ(ρ) =
1

(2π)d/2
e−ρ

2/2, r = 2

Algebraic: ζ(ρ) =
2(2− ρ2)

π(1 + ρ2)4, r = 3

High order Gaussian ζ(ρ) =


d = 1 1

(2π)1/2 (3− ρ2) e−ρ
2/2

d = 2 1
(4π) (4− ρ2) e−ρ

2/2

d = 3 1
2(2π)3/2 (5− ρ2) e−ρ

2/2

, r = 4

We note that an order r ≥ 3 can only be achieved with a non-positive ζ.
Exercise: Recover the coefficent a and b in the formula ζ(ρ) = (aρ2 + b)e−ρ

2/2

if we want ζ to be fourth order accurate.
2.2.2. Discretization. We have so far introduced two operations on the field u:

discretization (Section 2.1.2) and smoothing (Section 2.2.1). Let us consider now
their combination to obtain a smoothed particle approximation. More precisely, we
apply the filtering operation ζε to Eq. 39. This replaces the Dirac functions with a
smoothing function.

Theorem 3. The smoothed particle approximation

(45) uhε (x) =
∑
k

wku(xk)ζε(x− xk)

introduces an error

(46) ||u(x)− uhε (x)|| ≤ C1ε
r + C2

(
h

ε

)m
ε

where C1 and C2 are constants.

Proof. We use a triangular inequality to evaluate the accuracy

||u(x)− uhε (x)|| = ||u(x)− uε(x) + uε(x)− uhε (x)||(47)

≤ ||u(x)− uε(x)||+ ||uε(x)− uhε (x)||(48)

The first term is the error due to the smoothing operation and can be bounded by
C1ε

r. The second one corresponds to the discretization error of this smoothed field
and can be shown to be O

((
h
ε

)m
ε
)

[?, 2, ?, 3]. �

2.3. The overlap issue. The bound of Eq. 45 hints at a central issue in
particle methods and calls for a few remarks

(1) In continuum particle methods the field is recovered at every location of
the domain when one considers the collective behavior of all computational
elements.

(2) The finest length scales are characterized by the particle core size ε rather
than the inter-particle distance h.

(3) The essence of particle methods is the communication of information be-
tween the particles.

The second term measures the overlap between particles. More explicitly, this term
indicates whether there are enough particles to represent the length scales allowed
by the filter.

This accuracy break-down has some important practical consequences. Indeed,
a particle set that undergoes large distortions will need to regularized to recover
convergence.
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2.3.1. Regularization of particle strengths. This method is known as Beale’s
method[2]; it considers two sets of particles, an old one

ũ(xp) =
∑
q

Γ̃qζε(xp − x̃q)

where x̃ and Γ̃q denote the old distorted particle locations and strengths, and a
new one

u(xp) =
∑
q

Γqζε(xp − xq)

which we have to find the weights wq of. Beale’s method considers that the new
particle locations are fixed and seeks to enforce explicitly ũ(xp) = u(xp). A linear
system has thus to be solved. If we define γp = wpu(xp) and [Apq] = Vpζε(xp−xq),
the system can be written as

ApqΓq = γp .

Because of its size, this system will typically be solved with an iterative solver

w(n+1)
p = w(n)

p + γp −
∑
q

wpΓ(n)
q ζε(xp − xq) .

This operation has several problems: it is expensive, ill-posed and does not explicitly
conserve global diagnostics like

∫
u dx.

2.3.2. Regularization of particle locations —Remeshing. This technique resolves
most of the drawbacks of Beale’s method by moving away from its collocation ap-
proach.

We introduce a mesh with mesh nodes being the candidate regularized posi-
tions. Let x̃p denote the old distorted positions and xp = (ih, jh, kh) the new
regularized positions.

Remeshing proceeds by directly interpolating the particle weights

(49) Γp =
∑
q

Γ̃qW (
xp − x̃q

h
) .

W is the interpolation kernel whose properties determine the type and accuracy of
the interpolation. The discrepancy between the old and new sets reads

E =
∑
p

Γ̃pδ(x− x̃p)−
∑
p

Γpδ(x− xp) .

If we now take the convolution of our particle set with any kernel φ (mollifying
function, Green’s function), we have

Eφ =
∑
p

Γ̃pφ(x− x̃p)−
∑
p

Γpφ(x− xp)

=
∑
p

Γ̃pφ(x− x̃p)−
∑
p

∑
q

Γ̃qW
(

xp − x̃q
h

)
φ(x− xp)

=
∑
q

Γ̃q

[
φ(x− x̃q)−

∑
p

W

(
xp − x̃q

h

)
φ(x− xp)

]
.(50)

We isolate the factor in the square brackets of Eq. 50 and enforce a mass conserva-
tion for W

(51)
∑
p

W (
x− xp
h

) = 1 ∀x ∈ Rd and xp = kh, k ∈ Z .

The error factor then becomes

εφ =
∑
p

(φ(x− x̃q)− φ(x− xp))W
(

xp − x̃q
h

)
.
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If we assume that φ is differentiable, a Taylor expansion of φ about x− xp yields

εφ =
∑
p

∑
α

(xp − x̃q)α ∂
|α|φ

∂xα
W (xp − x̃q)

From this result we can see that the remeshing accuracy is governed by moment
conditions (as for smoothing, Eq. 42); the error will be O(hm) if and only if condi-
tion 51 holds and∑

q

(x− xq)αW (
x− xq
h

) = 0 for 1 ≤ |α| ≤ m− 1 ,

or equivalently ∑
q

xαqW (
x− xq
h

) = xα for 0 ≤ |α| ≤ m− 1 .

We shall now derive a few example of interpolation functions.How do we derive
these interpolation functions

m = 1: this is the Nearest Grid Point interpolation (NGP)

(52) W (u) =

{
1 if u < 0.5
0 otherwise

m = 2: In this case, we need to use two mesh points. Their strengths will
satisfy

W (
x− x1

h
) +W (

x− x2

h
) = 1

(x− x1)W (
x− x1

h
) + (x− x2)W (

x− x2

h
) = 0 .

The interpolation weights must then be

W1(x) = 1− (x− x1)
h

W2(x) = 1 +
(x− x2)

h

or following the notation used for the NGP

(53) W (u) =

{
1− |u| if u < 1
0 otherwise

This is also known as the witch-hat function.
m = 3: The conservation of the first three moments on three mesh points

leads to the following scheme

(54) W (u) =


(u2+3u+2)

2 if −3
2 ≤ u <

1
2

1− u2 if −1
2 ≤ u <

1
2

(u2−3u+2)
2 if 1

2 ≤ u <
3
2

This scheme presents discontinuities, which can in turn generate oscilla-
tions over time. Other schemes with m = 3 have been developed to offer
smoothness and high order at the cost of a wider stencil, e.g. M ′4 with
four points[9].
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3. Differential operators

A particle method handles the advective part of a problem in a natural way
but in most cases still needs to treat whatever operator lies on the right-hand side
of the conservation equation

(55)
Dφ
Dt

= L(φ) .

This could be for example the diffusive flux D∆φ in an advection-diffusion equation.
We now look at the existing methodologies to carry out these differentiations

on particles.

3.1. Smoothed particle derivatives. We begin with arguably the most
straightforward interpretation of derivatives on particles. This technique was mainly
developed in the framework of Smoothed Particle Hydrodynamics (SPH)[5, 10, 11].
This method was originally developed for astrophysical compressible flows and
needs to compute the divergence of the stress tensor

(56)
D(ρu)
Dt

= ∇ · τ .

If we have a filtered field

cε(x) =
∫
c(y)ζε(x− y) dy ,

the following holds for its derivative

∂cε(x)
∂x

=
∫
c(y)

∂ζε
∂x

(x− y) dy(57)

=
∫
−c(y)

∂ζε
∂y

(x− y) dy

= −
∫
S

c(y) ζ(x− y) ndS +
∫

∂c

∂y
(y)ζε(x− y) dy

If we consider a field which decays fast enough at the boundaries, we recover the
differentiation properties of convolution

∂cε
∂x

(x) =
∂c

∂x
∗ ζε

=
∂

∂x
(c ∗ ζε)

which essentially says that the derivative of a filtered field is equal to the filtered
derivative.

An additional useful property concerns radially symmetric kernels

ζε(xi − xj) =
1
εd
ζ(
||xi − xj ||

ε
) ;

by the chain rule, we have

∇iζε(xi − xj) = −∇jζε(xi − xj) .

This symmetry property plays an important role in the conservation properties of
SPH.

Let us now derive a smoothed derivative. We have∫
∂ζε
∂x

(x− y)dy =
∂

∂x

∫
ζε(x− y)dy =

∂1
∂x

= 0 ,
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which allows to add a null term to Eq. 57

∂cε
∂x

=
∫
c(y)

∂ζε
∂x

(x− y) dy − c(x)
∫
∂ζε
∂x

(x− y)dy

=
∫

(c(y)− c(x))
∂ζε
∂x

(x− y) dy(58)

In discretized form, this gives us

(59) ∇chε (xi) =
∑
j

wj (cj − ci)∇ζε(xi − xj) .

We now see that the addition of the null term makes this expression vanish for a
constant field.

Finally, we note that the loss of overlap is even worse for the field derivative
since derivation adds a h−1 factor to the discretization error bound, making it
O(h−1(h/ε)m).

3.2. Particle strength exchange. An alternative way to compute deriva-
tives requires certain properties for the mollifying kernels. The method of Particle
Strength Exchange (PSE)[?] takes a different approach and reverts to the particles
initial role, which is quadrature. The PSE indeed builds an approximation of a
differential operator as an integral.

On a historical note, the PSE method introduced a deterministic formalism at
a time where people were doing random walk in order to model diffusion

∂c

∂t
= ν∇2c .

For the particle discretization cε =
∑
i Γiζε(x− xi(t)), we have

xi(t+ ∆t) = xi(t) +N (0, ν∆t)

where N (µ, σ2) is a normal random variable of mean µ and variance σ2. While sim-
ple and easy to implement, random walk has some drawbacks, the most important
being its slow convergence: O(N−1/2).

Theorem 4. Let η be a kernel satisfying the following moment properties∫
xi xj η(x) dx = 2δij for i, j = 1, . . . , d∫
xα η(x) dx = 0 if |α| = 1 or 3 ≤ |α| ≤ r∫
|x|r+2η(x) dx <∞ .

The integral operator

(60) ∆εc(x) =
1
ε2

∫
[c(y)− c(x)]ηε(x− y)dy

is an approximation of the Laplace operator with the following error behavior

(61) ||∆εc−∆c|| ≤ C εr ||c||

Proof. We begin with the Taylor expansion of c(x)

c(y) =c(x) + (y − x)∇c(x) + . . .+
1

(r + 1)!
(y − x)r+1∇r+1c(x)

+ O(||y − x||r+2 || w ||r+2,∞
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If we substitute c(y) by its expansion in the right-hand side of Eq. 60 and carry
out the integration, all the terms corresponding to |α| = 1, 3, . . . r vanish and the
ones with the second moment remain

∆εc(x) =
1

2ε2

d∑
i=1

∂2c

∂x2
i

(x)
∫

(yi − xi)2 ηε(x− y) dy

+
1
ε2
||c||r+2,∞O

(∫
|y − x |r+2 ηε(x− y)dy

)
The error bound then follows directly from the first and last moment conditions. �

A PSE variant for the diffusion problem will then be given by

Γn+1
p = Γnp +

νδt

ε2

∑
q

(wp Γnq − wq Γnp )ηε(xnq − xnp ) .

One quickly notices that this scheme is conservative, i.e. d/dt
∑
p Γp = 0. An

alternative approach, in line with the smoothed particle ones, is to use the identity
that ∇2

ε = w ∗ ∇2ζε. This does not result in a conservative approximation though.
Finally, we shall mention that the PSE formalism has been extended to any

type of derivative and bounded domains(one-sided integrals)[4].

3.3. Hybrid approaches. In smoothed particle methods, or in the PSE, the
cost of computing the diffusion at the particle locations scales linearly with the
number of particles. The cost per particle is large though; e.g. using a gaussian in
3D, it requires finding about 53 = 125 neighbors and then evaluate 125 times the
kernel or its derivative.

On a mesh, the same computation would have involved O(10) operations within
a Finite Difference stencil. A very efficient approach for remeshed particle methods
will then consist in the combination of the particles and the mesh. Particles solely
handle the advection part of the problem. If there are differential operators other
than advection, particles quantities are interpolated onto the mesh, finite differences
are used and the derivative is interpolated back to the particles. This scheme
results in simple loops over the particles or the mesh nodes, thus avoiding expensive
neighbor searches.

4. Field equations

The simulation of many physical problems involves solving a global problem
at every time step. More explicitly, the evaluation of the right-hand side (L(φ))
or the velocity field (D/Dt) will involve the solution of an elliptic problem, a Pois-
son equation in most cases, e.g. the pressure in incompressible flows, the electric
potential in electrostatics, ...

∆ψ = f

There are essentially two paths to the solution of

Lelliptu = f .

In a first one, one first proceed with the discretization of the problem and the
operator then carries out the inversion.

Lu = f
discretization−−−−−−−−→ Lhuh = fh

↓ inversion
uh =

(
Lh
)−1

fh
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In a second approach, the operator is inverted then the problem is discretized.

Lu = f
↓ inversion

u = L−1f
discretization−−−−−−−−→ uh =

(
L−1

)h
fh

Both approaches do not yield the same solution, as the inversion and discretization
of L do not commute (

Lh
)−1 6=

(
L−1

)h
.

Furthermore, the first path will involve consistency errors which originate in the
discretization of a differential operator.

4.1. Green’s functions. In the case of a linear operator, the second path
leads to finding the Green’s function of the operator

(62) LG(x,x′) = δ(x− x′) ;

a general solution is then found by the convolution

(63) u(x) = G ∗ f(x) .

As an example, we consider the Helmholtz equation

∆u+ k2u = f .

Let us find G. We set f = δ(x− x′) and take the Fourier transform

(− i k)2Ĝ(k) + a2Ĝ(k) = 1

Ĝ(k) =
1

a2 − k2

The Green’s function is then of the form

G(x,x′) =
e± i a|x−x′|

4π|x− x′|
.

The convolution of Eq. 63 makes this approach quite well suited for particle
methods as particles are precisely quadrature points. The evaluation at all the
particle locations however makes it a O(N2) summation. The convolution will thus
need to be carried out with fast summation algorithms such as the Fast Multipole
Method (FMM)[1, 6].

4.2. Discrete solvers. We distinguish mesh relaxation methods, matrix meth-
ods and rapid elliptic solvers. We briefly look at the first family.

Consider the elliptic equation

d2Φ
dx2

= −q

Φi−1 − 2Φi + Φi+1

δx2
= qi →

¯̄AΦ̄ = q̄

where ¯̄A is an M ×M matrix and Φ̄, q̄ 1 ×M vectors. Mesh relaxation methods
rely on the splitting of the matrix into two parts A = B + R where B is easily
invertible

(B +R)Φ = q

BΦ = −RΦ + q = −(A−B)Φ + q .

For mesh relaxation we start with an initial guess Φ0 and generate a series of iterates
according to

BΦn+1 = −(A−B)Φn + q
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Now as B is easily invertible we can write

Φn+1 = MΦn +B−1q

where M = −B−1A+I is the iteration matrix. We define the error of each iteration
to be

εn = Φn − Φ

εn+1 = Mεn

εn = Mnε(0)

The behavior of the error is governed by the largest eigenvalue of M since

||εn||
||ε0||

≤ ||Mn|| ≤ ||M ||n ≤ ρn

where ρ = |λ|max. The problem of mesh relaxation techniques is that the matrix
M has eigenvalues less than or very close to unity.

Jacobi Method: B = diag(A) and ρ = 1− 1
2
π2

n2 .
Gauss-Seidel: B = L(A) = lower triangular matrix of A and ρ = 1− π2

n2

We note that as n→∞, ρ→ 1. Hence a slower and slower convergence. Multigrid
methods have been introduced this reason, they work on a coarser mesh (smaller
n) to accelerate the decay of low order modes[?].

We close this section with a few comments and examples. The choice among
methods available for the solution of the field equations will depend on the charac-
teristics of the equations and the boundary conditions.

Equations:
• linearity
• dimensionality
• separability
• variation of coefficients

Boundary conditions:
• region rectangular or arbitrary
• mixed or simple condition
• is it isolated?

4.3. Examples.
4.3.1. Vortex methods.

∇× (
∂u
∂t

+ u · ∇u =
−1
ρ
∇p+ ν∇2u)

∂ω

∂t
+ u · ∇ω = ν∇2ω

Dω

Dt
= ν∇2ω

dx

dt
= u

The velocity field is obtained from a Poisson equation

ω = ∇× u and ∇u = 0 (incompressible flow)

∇× ω = ∇(∇ · u)−∇2u

∇2u = −∇× ω
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4.3.2. Molecular dynamics. Even though molecular dynamics is a discrete par-
ticle method, it can involve field equations when one considers non-local interactions
such as electrostatics

dx
dt

= u

du
dt

=
F
m

where F derives from the electrostatic potential Φ

F = ∇Φ and∇2Φ = −q .



Bibliography

[1] J. Barnes and P. Hut. A hierarchical O(N log N) force-calculation algorithm. Nature,
324(4):446–449, 1986. 28

[2] J. T. Beale and A. Majda. Vortex methods. II: Higher order accuracy in two and three

dimensions. Math. Comput., 39(159):29–52, 1982. 22, 23
[3] G.-H. Cottet and P. Koumoutsakos. Vortex Methods – Theory and Practice. Cambridge Uni-

versity Press, New York, 2000. 22

[4] J. D. Eldredge, A. Leonard, and T. Colonius. A general determistic treatment of derivatives
in particle methods. J. Comput. Phys., 180(2):686–709, 2002. 27

[5] R. A. Gingold and J. J. Monaghan. Smoothed particle hydrodynamics: theory and application

to non-spherical stars. Month Notices Roy. Astron. Soc., 181:375–389, 1977. 25
[6] L. Greengard and V. Rokhlin. A fast algorithm for particle simulations. J. Comput. Phys.,

73:325–348, 1987. 28

[7] J. Koplik and J. R. Banavar. Corner flow in the sliding plate problem. Phys. Fluids,
7(12):3118–3125, 1995. 6

[8] A. Leonard. Computing three-dimensional incompressible flows with vortex elements. Annu.
Rev. Fluid Mech., 17:523–559, 1985. 6

[9] J. J. Monaghan. Particle methods for hydrodynamics. Comput. Phys. Rep., 3:71–123, 1985.

24
[10] J. J. Monaghan. Smoothed particle hydrodynamics. Annu. Rev. Astron. Astrophys., 30:543–

574, 1992. 25

[11] J. J. Monaghan. Smoothed particle hydrodynamics. J. Comput. Phys., 68(8):1703–1759, 2005.
25

[12] M. Tuckerman, B. J. Berne, and G. J. Martyna. Reversible multiple time scale molecular

dynamics. J. Chem. Phys., 97(3):1990–2001, 1992. 16
[13] J. H. Williamson. Low-storage Runge-Kutta schemes. J. Comput. Phys., 35:48–56, 1980. 15

31


	Introduction
	Chapter 1. Time integration for particle methods
	1. Introduction
	2. Properties of time integration schemes
	3. Consistency
	4. Accuracy
	5. Stability
	6. Efficiency
	7. Considerations for Molecular Dynamics

	Chapter 2. Continuum particle methods
	1. Introduction
	2. Particle approximations
	3. Differential operators
	4. Field equations

	Bibliography

