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THE PREDICTION GAME:  MODELS & DATA

‣How to choose parameters and how much 

‣ How to integrate EXPERIMENTAL 

‣ Computational models involve parameters
‣ Simulations often involve computationally 

intensive models

‣ Probability as the Logic of 
Science



Stochastic System Theory

SYSTEM : any part of the world, natural or man-made, that we want to conceptually isolate to 

study. Inputs and outputs give its connections with the rest of the world

e.g. structural, mechanical, chemical, electrical, biological, economic, and geophysical systems

SYSTEM THEORY : goal is to provide a unified theoretical framework and computational tools 
to study systems

• Usually divided: system modeling, system analysis, system identification, system design 
optimization (including control systems)

• STOCHASTIC SYSTEM THEORY : goal is to quantify the effects of both input and 
modeling uncertainty using probability, leading to both prior (initial) and posterior (updated using 
system data) stochastic predictions of the system output and performance

• Use “stochastic” and “probabilistic” as synonymous.



Definitions
System – The real world (actual thing) to be analyzed

Mathematical Model – A collection of laws and mathematical equations introduced 
to describe the behavior of the actual system (usually based on physical laws or 

observations). It is based on theory and assumptions often used to construct a 
model. 

Examples: algebraic equations, ordinary or partial differential equations (ODEs or 
PDEs), discrete equations

Computational Model – A numerical approximation or discretisation of the 

mathematical model in a form that can be implemented in computers. Most 
mathematical models are too complicated to solve them exactly and numerical 

approximations are most of the time introduced to solve the problem in available 
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Why Uncertainty Quantification?UQ for Decision Making 
Example: hurricane 
forecasting

Image from NOAA



Why Uncertainty Quantification?

UQ for Validation 
Example: measurements of the speed 
of light (1870-1960)

Image from Christie et al., Los Alamos Science, #29, 2005



Why Uncertainty Quantification? UQ for Design/Optimization 

Example: transonic wing shape optimization

..,  Choice of design conditions can dramatically affect 
performance 

..,  Impact of flight conditions uncertainties can lead to unknown/
unexpected consequences

Image from T. Zang, 2003



Sources of Uncertainty
• Modeling (or Structural) Uncertainty

Arise from assumptions used to build a mathematical model for
A. representing the physical system (the real thing) 
B. representing the interactions of the system with the environment
Comes from the lack of knowledge for the underlying true physics, leading to discrepancies 

(model bias) between the predictions from the model and the observations 
(measurements). The model inadequacy is always present and the question is how to 
select the best models over a family of alternative models introduced to model the same 
physical phenomenon. 

• Parametric Uncertainty 
Arise from lack of knowledge of the appropriate values of the parameters of a mathematical 

model. Examples include the material properties of a continuum such as solid or fluid, the 
properties involved in constitutive laws, the boundary conditions, etc. 



• Computational (or Algorithmic) Uncertainty 

 linked to the numerical uncertainty arising from the numerical approximations introduced to 

implement the analysis in a computer. Examples include spatial and temporal discretization of PDEs 

using finite element methods, finite difference methods or particle methods.  

• Measurement uncertainty 

 arises from the variability in the values of the experimental properties due to variability in 

experimental set up, errors in the measuring equipment, and inaccuracies in the data acquisition 

system. 

Sources of Uncertainty



• Modeling (or Structural) Uncertainty
• Selection of linear or nonlinear constitute laws to represent the material behavior (e.g. stress-strain 

relationship)
• Selection of boundary conditions

• Parametric Uncertainty
• Values of the constant parameters involved in the constitutive laws are not completely known (modulus 

of elasticity, Poisson ratio, etc)
• The values of the stiffness in isolated parts of the structure are unknown
• stiffness and damping values of isolation devices are uncertain (dampers, etc)
• For contact problems, friction, restitution coefficients are not completely known  

Computational (or Algorithmic) Uncertainty
• Spatial discretization of the PDEs using finite element methods
• Temporal discretization of the resulting ODEs

• Measurement uncertainty
• Uncertainties in measuring the acceleration, strains, etc, in various locations of the structure due to 

errors in the measuring equipment, and inaccuracies in the data acquisition system.

Example 1: Solid Mechanics/
Structural Dynamics



Stochastic system analysis: Predicting system performance under uncertainty

Uncertain response
y1 ( t) , .. . , yM (t)
at M locations

L i n e a r f i l t e r

S p e c t r u m

Structural System

u ( t)
S t o c h a s t ic e x c ita tio n

Gaussian White N o ise Envelope function e (t)

×

Prior analysis: During stochastic design, 
use probability models to predict system 
performance, treating uncertainties in 
input, system modeling and output
Posterior analysis: During operation, use
sensor data to update these probability 
models and their performance predictions

4

Stochastic model 
of seismic ground 

acceleration

model with 
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• Modeling (or Structural) Uncertainty
• Selection of flow model (Filtered Navier Stokes equations + Turbulence model)
• Selection of boundary conditions

• Parametric Uncertainty
• The values of the constant parameters involved in the Turbulence model
• The values of the model are not suitable near boundaries
• For some problems (flow in hydrophobic surfaces) the parameters of the boundary conditions are not 

known.

Computational (or Algorithmic) Uncertainty
• Spatial discretization of the PDEs using numerical methods (grids, particles, etc.)
• Temporal discretization of the resulting ODEs

• Measurement uncertainty
• Uncertainties in measuring  flow quantities such as flow fields and drag coefficients  due to errors in 

the measuring equipment, and inaccuracies in the data acquisition system.

Example 2: Fluid Dynamics



Why blood flow simulations?

8M  Deaths/Year 

90% due to Metastasis

CANCER 



TUMOR INDUCED ANGIOGENESIS

Courtesy:  Novartis



Why interested in blood?

CTC detection High throughput - mL Samples

Isolation of rare circulating tumour cells 
in cancer patients by microchip 

CTC-chip

Isolation of circulating tumor cells using a

HB-

Cell separation based on size and 
deformability using microfluidic funnel 

Funnel ratchets



MODELS AND PARTICLES

m
dup

dt
= Fp

MD, DPD, CGMD,DEM: 
Models

Vortex Methods, SPH:  
Conservation Laws

�p
Dup
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= (� · ⇥)p

dxp
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= up

P. Koumoutsakos, Multiscale flow simulations  
using particles, Ann. Rev. Fluid Mech., 2005





DPD FORCES : N-body Interactions + Stochastics 
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The Red Blood Cell (RBC) model
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DPD FORCES: Red Blood Cells
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 Experiment
 Simulation, one-component DPD model
 Simulation, two-component DPD model
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(Karniadakis Group)



• TIME TO SOLUTION: >45X over State of 
the Art

• SCALING : > 98% Weak and >87% Strong
• PERFORMANCE:  65/34 % of IPC 



COMPLEXITY: 1 to 1 with 

• 1.0 E+13  DPD  particles
• 1.0 E+07  Time Steps
• Timescales :  3.0 E+06
• 0.25 ml Blood - 1.4 Billion 

RBCs
• μFluidic Chips up to 50 

mm3



THE CTC-ICHIP

The CTC iChip - M. Toner Group (Harvard U.)



THE CTC-ICHIP

The CTC iChip - M. Toner Group (Harvard U.)



THE IN SILICO CTC-

The CTC iChip - M. Toner Group (Harvard U.)



The in-silico  
lab-on-a-chip 





Simulation of exact replica of the Pachinko device: Toner, Truskey, Kapur, U.S. Patent No. 
8,304,230, 2012 

μ-Fluidics for CTCs: in silico and in vitro

• Rise of RBCs in higher rows of 
device 

• Increase of separation 
distance

Discrepancy with experiment: 
• asymmetry in RBC distribution between 

posts 
• underestimation of RBC mass flux



Why interested in blood?



Model validation (in-house)
Solvent: Dissipative Particle Dynamics

RBC membrane: DPD-RBC model (Pivkin 2008)

Hiemenz flow:
Velocity profiles near the 

stagnation point
Taylor-Couette 

flow

Stokes flow
around a 
cylinder

The four systems are equilibrated for ca. 15,000 time steps with a time step of 0.01 corresponding to a
non-dimensional equilibration time (TU/D) of !10. At this time the flow has reached a steady state and
we sample the flow for ca. 50,000–60,000 time steps (TU/D ! 50). For the simulation at a Reynolds num-
ber of 40 we extract the radial density profile along the vertical plane intersection the cylinder (Fig. 8).
The profile is clearly uniform cf. Fig. 9a with negligible perturbations at the solid wall. The corresponding
tangential velocity profile (Fig. 9b) is found to satisfy the no-slip condition at the solid wall and to reach
a uniform velocity (ut/U ! 1.14) slightly (14%) above the onset flow speed due to the blockage of the
flow. The velocity fields shown in Figs. 10a and b indicate a separated flow, which is confirmed by
the fluid streamlines cf. Fig. 10c. The flow clearly displays two separation zones downstream of the
cylinder.

The drag coefficient (CD) is computed from the time average of the total wall force distributed onto the near
wall particles and the change in impulse from particles bouncing the wall. The drag coefficient is found in rea-
sonable agreement with previous simulations [29–31] and experiments [32] with maximum deviations less than
7% cf. Table 2. The periodic boundary conditions imposed in the cross stream direction (y) and the resulting
blockage of the flow is expected to be responsible for the high drag values.
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Fig. 9. DPD simulations of the flow past a circular cylinder at Re = 40. The extracted radial density profile (a) is uniform throughout the
system. The corresponding tangential velocity profile (ut/U) is found to satisfy the no-slip condition at the wall and to reach a uniform
velocity ut/U ! 1.14 in the free stream. The error bars in the velocity are obtained from the measured variation in the velocity in the planes
below and above the cylinder cf. Fig. 8.

Fig. 10. DPD simulations of the flow past a circular cylinder at Re = 40. The steady state velocity components: (a) u and (b) v indicate that
the flow is separated, which is confirmed by the streamlines shown in (c). A uniform density field (d) is observed at the solid walls, and with
small variations in flow reflecting the variation in pressure.

1134 A.M. Altenhoff et al. / Journal of Computational Physics 225 (2007) 1125–1136

Flow around a 
cylinder 
(Re=40)

RBC in shear flow: 
Angle of rotation

RBC center of mass

o   DPD-RBC 
—  BEM

RBC in Taylor-Couette flow: 
Comparison with BEM results

Oscillatory 
Stokes flow



DPD validation: Different experiments - different 
model parameters

TEST CASE Solvent 
Model / 

RBCmodel                             

Membrane 
rigidity

Membrane 
viscosity

Maximum 
spring 

extension

Persistence 
length

viscosity-
contrast

stretching (Fedosov et al., 2010)
DPD /  
stress-

free

4.8E-19 
[J]

0.022 
[Pa.s]

1.23 e-6 
[m]

1.99 e-9 
[m] 1

squeeze in micro-channel (Bow et al., 
2011) DPD / 

constant 
spring eq. 

length

7.5 E-19 
[J]

varied to 
study its 

effect

3.17 e-7 
[m]

1.08 e-7 
[m] 1

shear of whole blood (Fedosov et al., 
2011) DPD /  

stress-
free

3.0 E-19 
[J]

0.0144 
[Pa.s]

1.3e-7 
[m]

1.99 e-9 
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DLD device (Henry et al., 2016)
SDPD+a / 

stress-
free

4.8 E-19 
[J]

0.022 
[Pa.s]

1.23 e-6 
[m]

1.99 e-9 
[m] 5

Credit: Suresh et al. 2015
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 Experiment
 Simulation, one-component DPD model
 Simulation, two-component DPD model
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Credit: Quinn et al. 2011
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7Scientific RepoRts | 6:34375 | DOI: 10.1038/srep34375

shear flow, as it leads to a transition from tank-treading to tumbling with increasing viscosity20,21. By altering 
the viscosity contrast, we demonstrate the importance of RBC dynamics within the device when attempting 
to use DLD as a technique for RBC separation. In addition to viscosity contrast C =  5 between the intra- and 
extra-cellular fluids, simulations and experiments were carried out at C =  1 and C =  0.25 for the thick device, and 
C =  2 for the thin device. In the experiments, the viscosity of the outer fluid is increased by adding dextran at var-
ious concentrations. Note that the different choice of C =  1 and C =  2 for the thick and thin devices, respectively, 
is due to pronounced adsorption (or sticking) of RBCs to the upper and lower walls, which occurs in the confined 
environment of the thin device for the higher dextran concentrations required to reach a viscosity contrast less 
than C =  2.

The lateral displacement per post l of the trajectories under these additional viscosity contrast conditions are 
shown in Figs 3(b) and 4(b). Simulations were first used to predict which sections display interesting behavior, 
and these sections were then investigated experimentally in order to validate results. For both C =  1 and C =  0.25 
in sections 1–4 of the thick device, the change in viscosity contrast completely inhibits lane-swapping events. 
This substantial shift away from behavior in the physiological case of C =  5 may be attributed to a change in RBC 
dynamics which will be discussed later. In subsequent sections, there is a transition to almost neutral zig-zag 
modes, with a gradually increasing tendency to adopt an average negative lateral displacement towards the later 
sections of the device. In the sections following the transition, the zig-zag modes at C =  0.25 are slightly more 
positive than those for the C =  1, but the l values for both cases converge in the last two sections of the device. This 
suggests a small difference in dynamic behavior which is only relevant in deciding the lane swapping frequency in 
the middle sections of the device. Generally, we see good agreement between experimental and simulated results, 
the main differences occur in the later sections of the device which we attribute to a distortion of the flow field 
when in close proximity to the device outlet. The difference between the trajectories in the early sections at viscos-
ity contrast C =  5 compared with those at C =  1 and C =  0.25 demonstrates the importance of viscosity contrast 
for RBC sorting since it may dramatically alter the transit modes.

Figure 4(b) shows that the viscosity contrast also plays an important role in the transit of RBCs through 
the thin device. For a viscosity contrast of C =  1, the simulated RBC trajectories undergo a transition from the 
displacement mode to zig-zag mode only at section 10, while for C =  5 the transition occurs earlier, at section 8. 
Additionally, for the intermediate viscosity contrast of C =  2, the transition to zig-zag modes occurs in the same 
section as for C =  5. Well-defined zig-zag modes follow the transition, with a region of positive zig-zag modes 
in sections 8–10. The l values in sections 8–10 are more positive than for the physiological contrast C =  5, and 
represent a behavior intermediate between the C =  5 and simulated C =  1 values. Generally, we see good agree-
ment between simulated and experimental results, as again we have to consider the potential effects of RBC-size 
variations which we already presented in Fig. 5.

There are also differences in the average lateral displacement per post encounter for the viscosity contrasts 
C =  1 and C = 2–5 in later sections of the device, which are especially pronounced in section 11. These results 
suggest that changes in RBC dynamics and deformation are still relevant in the thin device and that their effects 
are most pronounced on well-established zig-zag modes. As a conclusion, our results suggest that the viscosity 
contrast could be used as a targeted separation parameter by itself without other changes in RBC properties.

RBC dynamics in DLDs. The dependence of the transit modes of RBCs traveling through DLD obstacle 
arrays on viscosity contrast has revealed the importance of RBC dynamics. Single RBCs in shear flow have been 
shown experimentally to tumble at low shear rates and tank-tread at high shear rates18,19,22,23. Note that all these 
experiments have been performed under the conditions where the viscosity of suspending media was larger than 
that of the RBC cytosol. However, recent experiments20 and simulations21 indicate that the physiological viscosity 
contrast of η η= =C / 5i o  suppresses the tank-treading motion of RBCs, leading to the preference for RBC tum-
bling. In case of 1 –C 2 3, RBC membrane tank-treading is possible and the transition between tumbling and 
tank-treading for an increasing shear rate is attributed to the existence of a RBC minimum energy state, related to 
the weakly anisotropic shape of the spectrin network, such that the RBC has to exceed a certain energy barrier in 

Figure 6. Stroboscopic images of RBCs in section 2, taken from simulations and experiments. (a) RBC lane 
swapping is promoted by tumbling when η η= =C / 5i o . (b) Tank-treading type dynamics occurs at C =  1 and 
the RBC favors the displacement mode.



Importance of viscosity ratio, R=ηin/ηout

Confirmed by other authors

Fedodov’s Group: Henry E. et al., Scientific 

www.nature.com/scientificreports/
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to use DLD as a technique for RBC separation. In addition to viscosity contrast C =  5 between the intra- and 
extra-cellular fluids, simulations and experiments were carried out at C =  1 and C =  0.25 for the thick device, and 
C =  2 for the thin device. In the experiments, the viscosity of the outer fluid is increased by adding dextran at var-
ious concentrations. Note that the different choice of C =  1 and C =  2 for the thick and thin devices, respectively, 
is due to pronounced adsorption (or sticking) of RBCs to the upper and lower walls, which occurs in the confined 
environment of the thin device for the higher dextran concentrations required to reach a viscosity contrast less 
than C =  2.

The lateral displacement per post l of the trajectories under these additional viscosity contrast conditions are 
shown in Figs 3(b) and 4(b). Simulations were first used to predict which sections display interesting behavior, 
and these sections were then investigated experimentally in order to validate results. For both C =  1 and C =  0.25 
in sections 1–4 of the thick device, the change in viscosity contrast completely inhibits lane-swapping events. 
This substantial shift away from behavior in the physiological case of C =  5 may be attributed to a change in RBC 
dynamics which will be discussed later. In subsequent sections, there is a transition to almost neutral zig-zag 
modes, with a gradually increasing tendency to adopt an average negative lateral displacement towards the later 
sections of the device. In the sections following the transition, the zig-zag modes at C =  0.25 are slightly more 
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suggests a small difference in dynamic behavior which is only relevant in deciding the lane swapping frequency in 
the middle sections of the device. Generally, we see good agreement between experimental and simulated results, 
the main differences occur in the later sections of the device which we attribute to a distortion of the flow field 
when in close proximity to the device outlet. The difference between the trajectories in the early sections at viscos-
ity contrast C =  5 compared with those at C =  1 and C =  0.25 demonstrates the importance of viscosity contrast 
for RBC sorting since it may dramatically alter the transit modes.

Figure 4(b) shows that the viscosity contrast also plays an important role in the transit of RBCs through 
the thin device. For a viscosity contrast of C =  1, the simulated RBC trajectories undergo a transition from the 
displacement mode to zig-zag mode only at section 10, while for C =  5 the transition occurs earlier, at section 8. 
Additionally, for the intermediate viscosity contrast of C =  2, the transition to zig-zag modes occurs in the same 
section as for C =  5. Well-defined zig-zag modes follow the transition, with a region of positive zig-zag modes 
in sections 8–10. The l values in sections 8–10 are more positive than for the physiological contrast C =  5, and 
represent a behavior intermediate between the C =  5 and simulated C =  1 values. Generally, we see good agree-
ment between simulated and experimental results, as again we have to consider the potential effects of RBC-size 
variations which we already presented in Fig. 5.

There are also differences in the average lateral displacement per post encounter for the viscosity contrasts 
C =  1 and C = 2–5 in later sections of the device, which are especially pronounced in section 11. These results 
suggest that changes in RBC dynamics and deformation are still relevant in the thin device and that their effects 
are most pronounced on well-established zig-zag modes. As a conclusion, our results suggest that the viscosity 
contrast could be used as a targeted separation parameter by itself without other changes in RBC properties.

RBC dynamics in DLDs. The dependence of the transit modes of RBCs traveling through DLD obstacle 
arrays on viscosity contrast has revealed the importance of RBC dynamics. Single RBCs in shear flow have been 
shown experimentally to tumble at low shear rates and tank-tread at high shear rates18,19,22,23. Note that all these 
experiments have been performed under the conditions where the viscosity of suspending media was larger than 
that of the RBC cytosol. However, recent experiments20 and simulations21 indicate that the physiological viscosity 
contrast of η η= =C / 5i o  suppresses the tank-treading motion of RBCs, leading to the preference for RBC tum-
bling. In case of 1 –C 2 3, RBC membrane tank-treading is possible and the transition between tumbling and 
tank-treading for an increasing shear rate is attributed to the existence of a RBC minimum energy state, related to 
the weakly anisotropic shape of the spectrin network, such that the RBC has to exceed a certain energy barrier in 

Figure 6. Stroboscopic images of RBCs in section 2, taken from simulations and experiments. (a) RBC lane 
swapping is promoted by tumbling when η η= =C / 5i o . (b) Tank-treading type dynamics occurs at C =  1 and 
the RBC favors the displacement mode.Deviation of trajectory  

from front/back  
symmetry around the cylinder

for Stokes Flow (Re=0.1)
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Interpretation of probability

• The axioms of probability are well-established but after three centuries, there is 
still disagreement about the meaning of probability

• The interpretation of probability is important in applications to real systems and 
phenomenon – it governs:
• perceived domain of its applicability; e.g. is the probability of a model meaningful?

• understanding of the results of uncertainty analysis; 

• e.g. what does the failure probability mean? (Is it an inherent property of the system OR a 
property of what we know about the system and its future excitation?)



Two prevailing interpretations of probability: FREQUENTIST  & BAYESIAN

• FREQUENTIST: Probability of an 
“inherently random”event is the relative 
frequency of occurrence of the event in 
the “long run”:

• Probability distributions are inherent 
properties of “random” phenomena

• Limited scope, e.g. no meaning for the 
probability of a model

• “Inherent randomness” is assumed but 
cannot be proved

• The definition is not an operational one -- it 
is impossible to establish directly a 
complex probability distribution by applying 
the definition

• BAYESIAN: Probability is a measure of 
the plausibility of a statement conditional 
on specified information:

• Probability distributions represent states of 
plausible knowledge about systems and 
phenomena, not inherent properties of them

•  Probability of a model is a measure of its 
plausibility relative to other models in a set

• Pragmatically quantifies uncertainty due to 
missing information without any claim that 
this is due to nature’s “inherent randomness”

• Need procedures for constructing initial 
probability distributions



Frequentist vs Bayesian

• Is it “inherent randomness ” or does it just “look random”?

(a) Data-stream from a random number generator “looks random” but it is deterministic if the algorithm and initial 
condition (“seed”) are known;

(b) The outcome of coin tosses “looks random” but it is a deterministic mechanics problem if the initial conditions are known

• Philosophical question

• Is uncertainty when predicting any phenomenon because of:
(a)an inherent “randomness” property of the phenomenon (described as aleatory/aleatoric uncertainty), or

E.T. Jaynes’ answer (2003): (a) is an example of the Mind-
Projection Fallacy:

Our models of reality are confused with reality,
or its more specific application here:

Our uncertainty is projected onto nature as its inherent 
property



Scientific Reasoning  
The Bayesian Approach

Thomas Bayes  (1702 - 
1761)

“Theories have  to be judged in terms 
of their probabilities in light of the 

evidence.”



Models and Data

P (A|B) =
P (B|A)P (A)

P (B)

A ! Hypothesis/Model

B ! DATA

posterior likelihood
prior

“Theories 
must  be 
judged in 
terms of their 
probabilities 
in light of the 
evidence.”

Bayes/Laplace+ 300 Years of Advances in 
Computers and Data



Pierre-Simon de Laplace (1749-1827)

“The theory of probabilities is at bottom 
nothing but common sense  reduced to 
calculus;  

it enables us  to appreciate with exactness that 
which accurate minds feel with a  sort of 
instinct for which ofttimes they are unable to 
account.”

“Life’s  most important questions are, for the 
most part, nothing but probability problems.”

“What we  know is not much. What we  do not 
know is immense.”



Immanuel Kant (1724 – 1804)

“Philosophy needs a  science to determine 
the possibility, the principle, and the scope of 
our whole prior knowledge.”



The Path to Truth . . .

If error is corrected 
whenever it is recognized 
a s  such, 

the path to error is the 
path of truth. 

Hans Reichenbach (1891- 1953) The Rise of Scientific Philosophy, 1951.



Sir Arthur Eddington (1882 – 1944)

“Experimentalists will be surprised to learn that we  
will not accept any experimental evidence that is not 
confirmed by theory.”

Werner Heissenberg (1901-1976) 

“What we observe is not nature itself, 
but nature exposed to our method of questioning.”



Frequentist vs Bayesian: SUMMARY

• Frequentist assumes that there are inherently random events that are 
controlled by (unknown) probability distributions.

• Bayesian focuses on quantifying uncertainty about propositions due to 
• For further discussion:

• D.S. Sivia & J. Skilling, 2005 
[Chapter 1 - 3) 

• E.T. Jaynes 1984 [Link at Course 
Webpage]

• T.J. Loredo 1990 [Link at Course 
Webpage: see Sections 1,2 ]


