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We present an algorithm for adaptive mesh refinement applied to mesoscopic stochastic
simulations of spatially evolving reaction–diffusion processes. The transition rates for
the diffusion process are derived on adaptive, locally refined structured meshes. Conver-
gence of the diffusion process is presented and the fluctuations of the stochastic process
are verified. Furthermore, a refinement criterion is proposed for the evolution of the adap-
tive mesh. The method is validated in simulations of reaction–diffusion processes as
described by the Fisher–Kolmogorov and Gray–Scott equations.
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1. Introduction

Simulations of systems that exhibit multiple spatial scales often employ adaptive mesh refinement methods (AMR) [1,2]
for the discretization of the governing partial differential equations (PDEs). However, when the mesh spacing approaches the
molecular scale and thermal fluctuations affect the dynamics of the system, the use of partial differential equations may
become unjustifiable for variables that are inherently random and discrete [3–5]. At the same time simulations of micro-
scopic phenomena may not be efficiently computed using atomistic level modeling as in molecular dynamics (MD). There
is an increased interest [6–14] in formulating methods for mesoscopic simulations in which the computational elements
contain neither so many particles as to be considered in a continuum, nor so few as to warrant MD simulations. Such mes-
oscopic simulations employ variables that are assumed to be governed by the laws of probability theory. The transition prob-
abilities of any discrete-state, continuous-time Markov process must obey the Chapman–Kolmogorov equation, which in turn
is equivalent to the so-called master equation (M-equation) [15]. Since the number of states is large – possibly infinite – for
all but the simplest systems, analytical or direct numerical integration methods for the M-equation are generally impractical.
Being at a loss for a direct solution, numerical realizations of the stochastic process can alternatively be generated. These
numerical realizations, performed via stochastic simulation algorithms [16,17], amount to generating random variates from
the unknown discrete probability density function.

The M-equation frequently appears in chemical kinetics since the time-evolution of chemically-reacting species in a sys-
tem is inherently stochastic owing to Brownian motion [18,19]. The applicability of the M-equation to chemical kinetics rests
on the assumption that the system is in thermal equilibrium, such that any molecule has enough time, on average, to move
throughout the volume before it participates in a reaction. If Brownian motion does not suffice, then the system is inhomo-
geneous and the problem has intrinsically local phenomena. The variables in the system are recast to represent the number
of molecules of a species in a subvolume – or volume element – of space. This description has been previously studied the-
oretically [6–8] and numerically [9] using a uniform discretization in 1-D. Moreover, 2- and 3-D uniform discretizations have
been used for simulating nonlinear reaction–diffusion processes [12]. Since inhomogeneities may arise at various scales
. All rights reserved.
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throughout the domain, the placement of smaller or larger volume elements in certain regions of the domain readily lends
itself to finite volume methods [20]. Non-uniform 1-D discretizations, which have borrowed techniques from finite volume
methods, have been employed for propagating wavefront systems [10,11]. Recently, Engblom et al. [13] and Ferm et al. [21]
have used adaptive and unstructured meshes in simulations of stochastic processes. Additionally, Drawert et al. [22] have
used the Finite State Projection algorithm presented in [23] to simulate reaction–diffusion processes.

This work is concerned with formulating the transition rates, or propensities, for reaction–diffusion processes on adaptive
locally refined structured meshes in the spirit of adaptive mesh refinement (AMR) [1,2,24], and simulating mesoscopic
reaction–diffusion processes using these rates. The convergence of the diffusion process is presented as well as a refinement
criterion for the adaptive mesh. The method is applied to relatively high spatial-resolution simulations of the Fisher–
Kolmogorov [25] and Gray–Scott [26] equations. The results indicate that the method is especially suited for, but not limited
to, wavefront propagation and pattern formation problems.

The paper is organised as follows: Sections 1.1 and 1.2 introduce the master equation and stochastic simulation algo-
rithms, respectively. Section 2 presents a derivation for diffusion propensities on locally refined meshes, and Section 3 reca-
pitulates reaction propensities and their validity with respect to the spatial discretization. Section 4 presents the mesh
refinement criterion and stochastic interpolation method used in this study. Section 5 shows both the validity of the method
and numerical examples, and Section 6 concludes this work.

1.1. Master equation

Let G � Rd denote the domain in which stochastic reaction and diffusion processes reside. Following the notation pre-
sented in [27], let G be subdivided into a collection of voxels, or volume elements, labelled by vectors i that belong to an
index set, namely i 2 I . Given S species in G, let the time-dependent random variable UðsÞi ðtÞ denote the number of molecules

(or particles) of species s in volume element i at time t. Furthermore, define Ui , Uð1Þi ; . . . ;UðSÞi

� �
; UðsÞ , UðsÞi

n o
i2I

, and
UðtÞ , fUigi2I .

The reaction–diffusion master equation (RDME) describes the time evolution of a probability density function:
dpðU; tÞ
dt

¼
X
i2I

X
j2I

XS

s¼1

aðsÞi;j UðsÞ þ 1ðsÞi

� �
p Uþ 1ðsÞj � 1ðsÞi ; t
� �

� aðsÞj;i UðsÞ
� �
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n o

þ
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aðmÞi Ui � mðmÞ
� �

p U� mðmÞ1i; t
� �

� aðmÞi ðUiÞpðU; tÞ
n o

; ð1Þ
where the diffusion process has been modeled as the movement of a molecule to a neighboring volume element [6,10];
aðsÞi;j ð�Þ, the so-called propensity function, represents the probability per unit time of the diffusion of a molecule from volume
element j to i; ai

(m)(�) denotes the propensity of reaction m, where m = 1, . . . ,M; m(m) represents the stoichiometric vector of
reaction m; and 1ðsÞi denotes one molecule of species s at index i (i.e. U(t) + 1i

(s) = Ui
(s)(t) + 1).

1.2. Stochastic simulation algorithms

Eq. (1) constitutes a set of ordinary differential equations. Note that the evolution of the probability density function is
determined by the time-dependent propensity functions aðsÞi;j ð�Þ and aðmÞi ð�Þ, which represent the unscaled probabilities per
unit time of their representative reactions. Since the diffusion events are modeled as unimolecular transitions to neighboring
cells, Eq. (1) can be completely characterized by a set of propensities that vary over time. Indeed, stochastic simulations work
by generating random variates from the probability density function p(U, t) at every time-step. Stochastic simulations there-
fore simulate the underlying Markov process, which is defined by the time-dependent propensities.

Given an initial vector of the state space Usim, stochastic simulation algorithms proceed as follows:
HðtÞ , ðâ1ðtÞ; . . . ; âWðtÞÞ; ð2Þ
s � fðHðtÞ; �Þ; ð3Þ

kðwÞ � WðHðtÞ; sÞ; ð4Þ

Usimðt þ sÞ ¼ UsimðtÞ þ
XW
w¼1

kðwÞmðwÞ; ð5Þ
where H(t) represents propensities âwðtÞ only from the current state to all other of the W reachable states, where W is the
sum of the diffusion and reaction events; the vector m(w) denotes the change induced by transformation w; and the distribu-
tions f and W vary depending on the algorithm that is used (see [18] for a review). These algorithms proceed by iterating
through Eqs. (2)–(5) until the predefined final time tf is reached. Ultimately, Ussa(tf) is an approximate random variate from
p(U, tf). Specifically, the relationship between the approximate and exact solution is:
pðU; tf Þ � pðUsimðtf ÞÞ � C1�þ C2N�1=2 þ C3h2
; ð6Þ
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where C1� is the error from the integration over time of the stochastic simulation (� = 0 in the case of exact simulation algo-
rithms [17,28]), C2N�1/2 is the well-known sampling error of Monte Carlo methods, and C3h2 is the error from the spatial-
discretization of the diffusion process.

2. Diffusion

The objective of this derivation is to determine the rates of transitions that represent diffusion for non-uniform volume
elements. Following the work presented in [10], the rates will be derived by virtue of a finite volume method. The well-
known transition rate for uniformly sized volume elements, D/h2, will be derived again for the sake of completeness. It
should be noted that the jump rates will be chosen to reproduce the statistics of random walks (see Section 5.1.2 and
[10]) and to conform to a discretization of the Laplace operator (see Section 5.1.1 and [27]). Specifically, the differential equa-
tions derived in the section – in which differentiation relies upon the continuum limit – will be used to determine (i) the
propensities for a discrete-space, continuous-time random walk on a non-uniform lattice and (ii) the rate at which the equa-
tions converge to the solution of the diffusion equation. In the limit of a large number of molecules, the scaled propensities
ought to converge to the continuum equations [29] and this is satisfied, by construction, in this derivation.

The diffusion process on locally refined meshes will be derived in 2-D in order to alleviate the notation, although the 3-D
derivation is analogous. Let u(s)

, u(s)(x,y, t) be the concentration of species s; �uðsÞi be the average concentration at volume
element i, to wit �uðsÞi , h�2 R

i uðsÞdV , where h is the length of element i, and UðsÞi denotes the number of molecules in a volume
element, videlicet UðsÞi ,

R
i
�uðsÞi dV ¼ �uðsÞi h2. It can be shown that an infinite number of molecules that are subject to Brownian

motion is equivalent to the continuum diffusion equation [5]. The diffusion equation consists of the equations for the con-
servation of mass
@uðsÞ

@t
¼ �r � J; ð7Þ
and Fick’s law for the flux J:
J ¼ �DðsÞruðsÞ; ð8Þ
where D(s) is the macroscopic diffusion coefficient of the species s. It is assumed that D(s) is constant throughout this deri-
vation, although this need not be the case. It has been shown in [30,31] that spatially-dependent diffusion coefficients
can be used with finite volume schemes. Specifically, the harmonic average is used to determine the diffusion coefficient
across interfaces.

Integrating Eq. (7) over a volume element i and applying the divergence theorem on the right-hand-side yields
dUðsÞi

dt
¼ �

I
@i

J � n dS: ð9Þ
Decomposing the surface integral into faces, ca, a = 1, . . . ,4, gives [10]
dUðsÞi

dt
¼ �

X4

a¼1

Z
ca

J � n dS: ð10Þ
2.1. Uniform mesh interfaces

The flux J between neighboring volume elements that have the same length, i.e. not at an interface, is obtained by virtue
of a centered second-order finite-difference scheme (see Fig. 1). For the face c1, the flux is
J x� h
2
; y

� �
¼ �DðsÞ

�uðsÞl � �uðsÞi

h

 !
þOðh2Þ: ð11Þ
Employing a quadrature on the interface and substituting UðsÞi for �uðsÞi yields
dUðsÞi

dt
¼ �

Z
c1

J x� h
2
; y

� �
� n dS ¼ DðsÞ

�uðsÞl � �uðsÞi

h

 !
hþOðh2Þ ¼ DðsÞ

h2 UðsÞl � UðsÞi

� �
þOðh2Þ: ð12Þ
The diffusion propensities are the rates per unit time [10]:
aðsÞi;l ¼
DðsÞ

h2 UðsÞl ; ð13Þ

aðsÞl;i ¼
DðsÞ

h2 UðsÞi ; ð14Þ
where these represent the unscaled probabilities of a molecule that moves from volume element l to i and vice versa,
respectively.



Fig. 1. Stencil for the adaptive multiresolution mesh. Taylor’s series are used to determine the flux across the interface formed by volume elements i, j, and
k. The flux along the y-axis is approximated at the point depicted as � in the triangle.
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2.2. Locally refined mesh interfaces

For coarse–fine interfaces, series expansions will be used to approximate the gradient by fitting a plane through the
known values, e.g. cells i, j and k across the interface c2 in Fig. 1. Three second-order Taylor’s series will be used to approx-
imate J x; yþ 2

3 dy
� �

, namely: �uðsÞi ; �uðsÞj , and �uðsÞk about the point x; yþ 2
3 dy

� �
:

�uðsÞi ¼ uðsÞ x; yþ 2
3

dy
� �

� 2dy
3

@

@y
uðsÞ x; yþ 2

3
dy

� �
þOðh2Þ; ð15Þ

�uðsÞj ¼ uðsÞ x; yþ 2
3

dy
� �

� dx
@

@x
uðsÞ x; yþ 2

3
dy

� �
þ dy

3
@

@y
uðsÞ x; yþ 2

3
dy

� �
þOðh2Þ; ð16Þ

�uðsÞk ¼ uðsÞ x; yþ 2
3

dy
� �

þ dx
@

@x
uðsÞ x; yþ 2

3
dy

� �
þ dy

3
@

@y
uðsÞ x; yþ 2

3
dy

� �
þOðh2Þ; ð17Þ
where dx , h/4 and dy , 3h/4.
Multiplying Eq. (15) by two and subtracting Eqs. (16) and (17) gives
�2dy
@

@y
uðsÞ x; yþ 2

3
dy

� �
¼ 2�uðsÞi � �uðsÞj � �uðsÞk þOðh

2Þ: ð18Þ
Isolating the derivative along the y-axis requires dividing by dy and renders the approximation first-order:
@

@y
uðsÞ x; yþ 2

3
dy

� �
¼ 1

2dy
�uðsÞj þ �uðsÞk � 2�uðsÞi

� �
þOðhÞ: ð19Þ
The flux for the cell averages is therefore
J x; yþ 2
3

dy
� �

¼ �DðsÞ

2dy
�uðsÞj þ �uðsÞk � 2�uðsÞi

� �
þOðhÞ: ð20Þ
Using a quadrature, substituting in h for dy; UðsÞi for �uðsÞi and analogously for �uðsÞj and �uðsÞk , and simplifying yields the following
difference equation across the interface:
dUðsÞi

dt
¼ �

Z
c2

J x; yþ 2
3

dy
� �

� n dS ¼ 4DðsÞ

3h2 2 UðsÞj þ UðsÞk

� �
� UðsÞi

� �
þOðhÞ: ð21Þ
The derivations for the fine volume elements, j and k, use the fluxes
J x� dx; yþ 2
3

dy
� �

¼ J x; yþ 2
3

dy
� �

; ð22Þ
which result in
dUðsÞj

dt
¼ dUðsÞk

dt
¼ 2DðsÞ

3h2 UðsÞi � 2 UðsÞj þ UðsÞk

� �� �
þOðhÞ; ð23Þ
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where the quadratures are performed with an interface length of h/2. Additionally, the following conservative requirement
across the interface is satisfied:
dUðsÞi

dt
¼ �

dUðsÞj

dt
þ dUðsÞk

dt

 !
: ð24Þ
Analogously to the propensities defined in Eqs. (13) and (14), the propensities across the interface are
aðsÞi;j ¼ aðsÞi;k ¼
4DðsÞ

3h2 UðsÞj þ UðsÞk

� �
; ð25Þ

aðsÞj;i ¼ aðsÞk;i ¼
2DðsÞ

3h2 UðsÞi : ð26Þ
3. Reactions and the homogeneity condition

The reaction propensities depend only on the number of each species in each volume element. A reaction m in volume
element i can be written as
X

s

rðsÞUðsÞi !
kþ X

s

gðsÞUðsÞi ; ð27Þ
where k+ is related to the cross-section of a collision of the required molecules [15]; r(s) and g(s) are the numbers of reactants
and products of species s, respectively. The propensity is defined as
aðmÞi ¼ Xikþ
Y

s

UðsÞi

� �� �rðsÞ

XrðsÞ
i

8><>:
9>=>;; ð28Þ
where UðsÞi

� �� �rðsÞ

, UðsÞi UðsÞi � 1
� �

UðsÞi � 2
� �

� � � UðsÞi � rðsÞ þ 1
� �

. The validity of Eq. (28) rests on the assumption that the vol-

ume element i is homogeneous. This condition has been shown to be equivalent to [6]
sR

sD
	 1; ð29Þ
where sR is the mean free time with respect to reactive collisions in a volume element and sD is the mean time during which
a molecule will remain in a volume element. An estimate of this ratio for a bimolecular reaction, irrespective of the dimen-
sionality of the problem, is given by [11]
ŝR

ŝD
¼ D

h2kþ
; ð30Þ
which shows that fine spatial resolutions are necessary to enforce the homogeneity condition. It should be noted that there is
a lower-bound on the size of the volume elements (see [9,27,32]). In this work, however, the refinement procedure is halted
after a predefined number of levels has been reached.

4. Adaptivity

4.1. Refinement criterion

At every predefined number of iterations in the simulation algorithm, all of the refined levels are coarsened to the top
level. Since the volume elements represent the number of molecules of a species and the refinement ratio is constant, the
four (2-D) or eight (3-D) values are summed to produce the value at the next coarsest level.

Let a, b, c, and d denote the indices of the neighboring cells of element i. The refinement criterion follows directly from the
homogeneity assumption in that the objective is to minimize the gradients between volume elements. If the system were in
equilibrium, the value of UðsÞa can be approximated by UðsÞa � NðX;XÞ, where the volume element indices for X have been
discarded since the values are on the same level and Nðl;r2Þ denotes the Gaussian distribution with mean l and variance
r2. The values of UðsÞa are expected to be between X� C

ffiffiffiffi
X
p

and Xþ C
ffiffiffiffi
X
p

with probability equal to erfðC=
ffiffiffi
2
p
Þ, which is

�0.997 if C = 3. Therefore,
p UðsÞa R X� C
ffiffiffiffi
X
p

;Xþ C
ffiffiffiffi
X
ph i� �

¼ 1� erfðC=
ffiffiffi
2
p
Þ ¼ erfcðC=

ffiffiffi
2
p
Þ: ð31Þ
To illustrate the method, the one-dimensional case will be considered as shown in Fig. 2. Following Bell et al. [4], a volume
element i is refined if



Fig. 2. Schematic of the refinement criterion. Shown in orange are Gaussian distributions with mean and variance X. The criterion distinguishes between
small gradients arising because of fluctuations and large gradients arising from the physics of the problem (see [4]). The dashed black lines denote the mean
plus/minus the standard deviations. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this
article.)
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UðsÞb � UðsÞa

			 			 > 2C
ffiffiffiffi
X
p

; ð32Þ
which will ensure that there are indeed gradients and not fluctuations. In this work, a specific species was monitored
although this need not be the case. The value of C dictates how sensitive the criterion is to gradients. A low value of C would
result in refinement in many regions, even with small or nonexistent gradients, and thus decrease the overall error of the
diffusion process. Therefore, the value of C is related to the discretization error, where C = 3 has been used throughout this
work. In terms of the errors defined in Eq. (6), C3 � C. In two dimensions, the maximum of the gradients will be used, i.e. a
volume element i is refined if
max UðsÞb � UðsÞa

			 			; UðsÞd � UðsÞc

			 			� �
> 2C

ffiffiffiffi
X
p

: ð33Þ
We note that the gradient is computed on the coarsest mesh level, which provides an implicit filtering operation. We find
that this refinement criterion was adequate in the two numerical examples that are considered in Section 5 considered. This
does not necessarily imply that this is the best possible criterion but perhaps a good first choice. Indeed in certain cases, due
to noisy gradient evaluation, the gradient algorithm led to spurious mesh refinement. However, for the Fisher–Kolmogorov
and Gray–Scott problems considered in this paper, the gradient-based refinement criterion was adequate. It should be noted
that problems in which small scales appear owing to the curvature of the field instead of the gradient, this criterion will fail
to tag the proper volume elements for refinement.

4.2. Stochastic interpolation

The values of the new volume elements that did not exist in the previous iteration are determined by first analyzing the
equilibrium case, which are known to be Poisson distributed random variables. Given that the coarse value is UðsÞi , four (2-D)
or eight (3-D) values, bU ðsÞ1 ; . . ., need to be determined. A multinomial distribution, which enforces that every volume element
is Poisson distributed according to the size of the volume element, can be written as
bU ðsÞi � B UðsÞi �
Xi�1

j¼1

bU ðsÞj ;
p̂i

1�
Pi�1

j¼1p̂j

 !
; ð34Þ
for i = 1, . . . ,4 (2-D), where p̂i are weights that can be determined by interpolation. In equilibrium, the interpolation scheme is
exact, and the weights are 1/4 (2-D) or 1/8 (3-D). In the non-equilibrium case, interpolation was used to determine the
weights. The result is a scheme that is strictly positive and conservative. In terms of the error, the scheme is Oðh2Þ with re-
spect to the first moment of the field. The weights, which are determined by a tensor product of 1-D weights, are
p̂1 ¼ Z�1/1/2; ð35Þ
p̂2 ¼ Z�1/1/4; ð36Þ
p̂3 ¼ Z�1/3/2; ð37Þ
p̂4 ¼ Z�1/3/4; ð38Þ
where Z ¼ 64 UðsÞa þ UðsÞb

� �
UðsÞc þ UðsÞd

� �
; /1 ¼ 5UðsÞa þ 3UðsÞb

� �
; /2 ¼ 5UðsÞc þ 3UðsÞd

� �
; /3 ¼ 3UðsÞa þ 5UðsÞb

� �
; /4 ¼ 3UðsÞc þ 5UðsÞd

� �
,

and UðsÞa ; . . . ;UðsÞd are the neighboring volume elements as shown in Fig. 3.
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5. Numerical results

5.1. Validation

The numerical method is validated by verifying that (i) Eqs. (12), (21) and (23) converge to the solution of the heat equa-
tion and (ii) the propensities defined in Eqs. (13), (14), (25) and (26) – by virtue of Eqs. (12), (21) and (23) – reproduce the
distributions associated with a random walk.

5.1.1. Convergence
Eqs. 12, 21 and 23 govern the stochastic diffusion process, and can be integrated using the aforementioned stochastic sim-

ulation algorithms (Eqs. (2)–(5)). In the limit of an infinite number of molecules, it can be shown that stochastic simulation
algorithms tend to the deterministic reaction rate equations [15,29]. Invoking this limit will facilitate the analysis of conver-
gence with respect to Eqs. (12), (21) and (23).

A convergence analysis of Eqs. (12), (21) and (23) was performed using the following function for the initial condition:
uinitial(x,y) = sin(px)sin(py), x,y 2 [0,1] 
 [0,1] for a uniform mesh and a composite mesh that included a refined region in
the center of the domain, i.e. in [0.3,0.7] 
 [0.3,0.7]. Simulations were performed with the explicit Euler method in
t 2 [0,5 � 10�2] using homogeneous Dirichlet boundary conditions such that 60% of the initial function decayed. The time-
step was chosen in accordance with the stability restriction of the explicit Euler method, namely
Fig. 3.
the new
positive

Fig. 4.
contain
Dt ¼ F oC3h2
min

maxsðDðsÞÞ
ð39Þ
where C3 < 1, D(s) = 1 here, and F o ¼ 1=ð2dÞ is the so-called Fourier number, where d is the dimension of the problem. Fig. 4
reveals that the composite mesh had a lower relative L2 error, and, although the local errors of Eqs. (21) and (23) are formally
Stochastic interpolation for refined volume elements: the shaded region represents the volume element that is tagged for refinement. The values for
volume elements, bU ðsÞ1 ; . . . ; bU ðsÞ4 , are sampled from a multinomial distribution. The weights for the distribution are determined from a strictly

and conservative interpolation using the four neighboring values.

Relative L2 error versus the maximum volume element length for simulations of the diffusion equation. Uniform mesh, –�–, and a composite mesh that
ed a coarse and fine mesh, –•–.
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first-order, global second-order convergence is achieved. This phenomenon is indicative of supraconvergence, which is an in-
crease in the rate of convergence of finite volume approximations based on conservation laws [10,33].

5.1.2. Fluctuations in equilibrium
The values UðsÞi in equilibrium are, theoretically, Poisson distributed, videlicet [6]: UðsÞi � PðXiÞ, where Xi , Q dVi such that

Q is a constant that represents the total number of molecules in a volume element at the coarsest level and dVi is the relative
size of the volume element i. Stochastic diffusion was simulated in equilibrium with Q = 960 using a 3-level composite mesh
that consisted of one mesh per level. Shown in Fig. 5 are discrete probability density functions for three cells that were lo-
cated in the bulk, at the interface, and at a corner of each of the two refined meshes. A slight departure from the correct dis-
tribution can be seen for the cells that lie on the interface between two different sized meshes as suggested by the
aforementioned error analysis.

5.2. Numerical examples

5.2.1. Fisher–Kolmogorov model
The Fisher–Kolmogorov equation, which was proposed as a model for the spatial propagation of an advantageous gene in

a population, is [25]
Fig. 5.
using a
distribu
@uð1Þ

@t
� Dð1ÞDuð1Þ ¼ kuð1Þuð2Þ; ð40Þ

¼ kuð1Þð1� uð1ÞÞ; ð41Þ
where u(s) = u(s)(x, t). In Eq. (41), the conservation relation u(1) + u(2) = 1 has been used to eliminate u(2). An analytical solution
can be derived in 1-dimension [34]:
uð1ÞðzÞ ¼ 1

ð1þ aebzÞ2
; ð42Þ
where z ¼ x� ct; a ¼
ffiffiffi
2
p
� 1; b ¼ 80

ffiffiffiffiffiffiffiffi
2=3

p
, and the wavespeed c ¼ 5ffiffi

6
p

ffiffiffiffiffiffiffiffiffiffiffi
Dð1Þk

p
¼ 1=ð32

ffiffiffi
6
p
Þ. The discrete model takes the form
Uð1Þi þ Uð2Þi !
k

2Uð1Þi ; ð43Þ
where Uð1Þi and Uð2Þi are both diffusive species with the same diffusion coefficient D(1). This system was simulated stochasti-
cally using the s-Leaping [35] algorithm in a unit square using the present adaptive multiresoltuion method with D(1) =
1/1602, k = 1, hmin = 1/800, hmax = 1/100, C = 3, and ŝR=ŝD ¼ 25 using the following initial condition:
Uð1Þi ¼
Xi

1þ aebðkxi�ck�rÞð Þ2

" #
; ð44Þ
where xi is the center of volume element i, c = (1/2,1/2)T, r = 1/5, [�] denotes the rounding operator, Q = 960, and again
Xi , Qd Vi, which means that the number of molecules at the finest level is on the order of 15. Uð2Þi is defined as the com-
plement of Uð1Þi such that Uð1Þi þ Uð2Þi ¼ Xi. A simulation was performed in t 2 [0,20], the results of which are shown in Figs.
6 and 7. On the right panel in Fig. 6, a disk is shown that expands with a speed of c per unit time. The numerical wavespeed
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Fig. 6. Stochastic simulation of the Fisher–Kolmogorov propagating front at various times. The left panel shows the concentration of Uð1Þi 2 ½0:45; 0:55�
as , and the right panel depicts the adaptive multiresolution mesh and a radial projection the 1-D solution for reference (white circle).

B. Bayati et al. / Journal of Computational Physics 230 (2011) 13–26 21
for the 2-D problem is 0.9436c as shown in Fig. 8(a). Additionally, the position of the front with respect to the angle at time
t = 6 is shown in Fig. 8(b). The contour value 1/5 was used for both panels of Fig. 8.
5.2.2. Gray–Scott model
The Gray–Scott model is an example of self-organization in non-equilibrium, chemically reacting systems [26]. The partial

differential equations for this model are
@uð1Þ

@t
� Dð1ÞDuð1Þ ¼ �quð1Þuð2Þ

2 þ Fð1� uð1ÞÞ; ð45Þ

@uð2Þ

@t
� Dð2ÞDuð2Þ ¼ quð1Þuð2Þ

2 � ðF þ jÞuð2Þ: ð46Þ
The following chemical reactions represent the discrete model:



Fig. 7. Enlargement of a region of the domain for the concentration of Uð1Þi at time t = 6.0 for a stochastic simulation of the Fisher–Kolmogorov front.

Fig. 8. Analysis of simulation of the Fisher–Kolmogorov propagating front. The left panel (a) shows the concentration of mean radius of the propagating
front over time, r(t), where –•– is the numerical value averaged over all angles h and the black line is the 1-D analytically-derived wavespeed. The right panel
(b) depicts values with respect to h at time t = 6 as , where the black line is the mean value.
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The initial conditions for the two species are
Uð1Þi ¼
Xi

1
2þ n � 10�2
� �h i

if xi 2 Gint

Xið1þ n � 10�2Þ
h i

otherwise

8><>:
9>=>;; ð51Þ

Uð2Þi ¼
Xi

1
4þ n � 10�2
� �h i

if xi 2 Gint

Xiðn � 10�2Þ
h i

otherwise

8><>:
9>=>;; ð52Þ
where n � Uð0;1Þ and Gint ¼ ½1=4;3=4� 
 ½1=4;3=4�. Fig. 9 shows the concentration of Uð1Þi along with mesh at various times
for a simulation using the s-Leaping [35] algorithm in a unit square domain, where t 2 [0,1000], q = 1, F = 2.8 � 10�2,



Fig. 9. Stochastic simulation of the Gray–Scott model at various times with the adaptive mesh (left to right, top to bottom): t = 0,75, 115, 255, 435, 700, 870,
1000.
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j = 6.1 � 10�2, D(1) = 12.5 � 10�5, D(2) = 6.25 � 10�5, C = 3, and Q = 104, which results in 625 molecules at the finest level if the
concentration is 1. The species Uð1Þi was used to monitor the gradient in Eq. (33). The resolution of the simulation was
hmin = 1/400 and hmax = 1/100. Although the stochastic simulation of the Gray-Scott equations was qualitatively similar to
a deterministic simulation, the symmetry is not necessarily preserved as shown in Fig. 10.

5.2.3. Implementation
The code has been written in C++ and made use of the AMR methods and data-structures in the Overture library [36,37].

The time-integration method that was used was s-Leaping [35] in order to have explicit control over the time-step. Specif-
ically, the time-step is chosen such that it obeys the stability condition imposed by the diffusion process, namely Eq. (39).
This was done since the error control parameter, �, does not necessarily enforce stability. Additionally, since the diffusion
propensities should be larger than the reactions propensities due to local homogeneity (see Section 3), it is reasonable to
impose a bound on the diffusion process. It should be noted that the methods developed here are independent of the
time-integration scheme and therefore can be combined with other stochastic simulation algorithms [18].

The running time for a d dimensional spatially-dependent simulation isOðLÞ, where L = h�d, h = 1/Ne, and Ne is the number
of elements per dimension. In other words, L is the total number of volume elements in the simulation. The objective of using
adaptive mesh refinement can be seen as either (i) reducing the error of a simulation by effectively introducing more volume
elements into regions of the domain where the error is expected to be the largest (e.g. regions where the gradients are large)
whilst keeping the running time essentially constant or (ii) minimizing the number of volume elements so as to reduce the



Fig. 10. Comparison of stochastic (left column) and deterministic (right column) multiresolution simulations of the Gray–Scott equations. Time from top to
bottom: t = 250, 500, 750.
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running time of the simulation whilst keeping the error essentially constant. Assuming that the objective is (ii), a computa-
tional efficiency variable can be defined as
EðtÞ ¼ LamrðtÞ
Lhmin

; ð53Þ
where Lamr(t) is the number of volume elements in the simulation at time t and Lhmin
is the number of volume elements under

the assumption that hmin is used throughout the domain. The values of Lhmin
are 8002 and 4002 for the Fisher–Kolmogorov

(Section 5.2.1) and Gray–Scott (Section 5.2.2) problems, respectively. A value of E(t) = 1 describes the situation in which
all of the volume elements are refined to the finest level. Fig. 11 shows the efficiency of the two model problems considered
in this work.
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Fig. 11. Efficiency of Fisher–Kolmogorov and Gray–Scott simulations. The value E(t0), which is a measure of computational efficiency, is shown for the
Fisher–Kolmogorov –•– and Gray–Scott problems –�–. The time axis has been rescaled to be in the interval t0 2 [0, 1] for both problems.
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6. Conclusion

A spatially adaptive simulation method for the reaction–diffusion master equation has been presented. The diffusion rates
on locally refined meshes have been derived and validated. Furthermore, refinement and coarsening criteria and a stochastic
interpolation scheme have been proposed for stochastic simulations based on adaptive mesh refinement. The method was
shown to be useful for problems that exhibit a localization of spatial scales such as in wave propagation and pattern forma-
tion processes.

The proposed method should be profitable in intracellular biochemical modeling since cells often have a low copy num-
ber of reactive molecules that undergo diffusion.
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