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We present a Bayesian probabilistic framework for quantifying and propagating the uncertainties
in the parameters of force fields employed in molecular dynamics (MD) simulations. We propose
a highly parallel implementation of the transitional Markov chain Monte Carlo for populating the
posterior probability distribution of the MD force-field parameters. Efficient scheduling algorithms
are proposed to handle the MD model runs and to distribute the computations in clusters with hetero-
geneous architectures. Furthermore, adaptive surrogate models are proposed in order to reduce the
computational cost associated with the large number of MD model runs. The effectiveness and com-
putational efficiency of the proposed Bayesian framework is demonstrated in MD simulations of liq-
uid and gaseous argon. © 2012 American Institute of Physics. [http://dx.doi.org/10.1063/1.4757266]

I. INTRODUCTION

Molecular dynamics (MD) is a powerful computational
tool for investigating atomistic phenomena in areas ranging
from biology to materials science.1–3 In recent years, several
algorithmic developments and the availability of massively
parallel computer architectures has extended the applicability
and time scales that can be addressed by MD simulations.4

Albeit these extensions, a critical aspect of MD simulations is
that the physics of the system being simulated hinges on the
selected interaction potentials.

The parameters of MD simulation potentials are often ob-
tained through careful validations with experimental works.5

However, when these potentials are implemented for simulat-
ing systems beyond their calibration envelope, the interpreta-
tion and validity of the simulated predictions are questionable.
Examples include the water-carbon interaction potentials, as
quantified by Lennard-Jones (LJ) potentials between carbon
and oxygen atoms. A large number of simulations have em-
ployed different parameters for these interaction potentials,
reporting from strongly hydrophobic to strongly hydrophilic
behavior. The availability of experimental results can help
specify the suitable binding energy,6 but its value can be sen-
sitive to experimental variations. Furthermore, the enhance-
ment of carbon-oxygen interaction models with polarization
effects, leads to other differences such as the filling of car-
bon nanotubes by water molecules.7, 8 In another example, ef-
fective pairwise potentials are often incorporated in the MD
simulations of macromolecules via some mixing or phe-
nomenological rules.9 In coarse grained MD simulations, as
for example in the well established MARTINI force field,10

the choice of cutoff length has been shown to significantly
affect the permeation free energy of gold nanoparticles inter-
acting with a lipid bilayer.11 A number of studies evaluating
the predictive capabilities of popular force fields describe the

a)Electronic mail: panagiotis.angelikopoulos@mavt.ethz.ch.
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c)Electronic mail: petros@ethz.ch.

“forward” problem. That is, given an already calibrated
force field against some quantity, measure the predictive ca-
pabilities of this force field to another quantity. In a no-
table example,5 the authors estimate the goodness of fit for
biomolecular force fields based on neutron magnetic reso-
nance data.

It is important to note that albeit the widespread use of
MD simulations, there have been limited efforts to imple-
ment a systematic Uncertainty Quantification and Propaga-
tion (UQ+P) framework to assess the functional form of po-
tentials, their parameters as well as the effects of computa-
tional parameters in the results of these simulations. The in-
fluence of parametric uncertainty in predictive simulations is
gaining recognition across scientific disciplines.12–15 In the
context of MD simulations Bayesian statistics were first em-
ployed to evaluate interatomic potentials and to assess re-
lated error bars in predictions of atomistic simulations of
molybdenum.16 Cooke and Schmidler17 used full replica ex-
change MD simulations to perform Bayesian calibration of
the internal dielectric value, against experimentally measured
helicity of peptide molecules. A recent work18 has developed
a UQ+P Bayesian framework focused on simplified models
of atomistic systems for which analytic expressions exist that
relate thermodynamic properties with force-field parameters.
The use of these analytic expressions bypasses the expen-
sive runs of the MD simulations, required in Bayesian frame-
works, to compute the uncertainty in the force-field model pa-
rameters. However, in most complex molecular systems, such
analytic expressions are not available and a large number of
computationally demanding simulation runs have to be per-
formed. In Ref. 19, uncertainty quantification has been imple-
mented in a multiscale model of single crystal plasticity with
the uncertainty in the initial conditions and parameters of a
MD model propagated to a coarse grain phase field model.

Bayesian inference approaches involve Monte Carlo sim-
ulations, a versatile approach for stochastic analysis, as
they do not postulate any assumption on the system re-
sponse function. A drawback of these approaches is the high
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computational demand required for the repeated system
runs sampling the parameter space. Alternatively, deter-
ministic techniques with reduced computational cost, such
as perturbation and spectral methods20 and model reduc-
tion schemes,21, 22 notably the polynomial chaos projection
techniques,23 can be applied for assessing the variability of
the response of interest. However, the fluctuations inherent to
quantities measured in MD simulations is not compatible with
the assumptions of the functional approximations of these ap-
proaches.

In this work, we develop a high performance computing
(HPC) implementation to reduce time to solution and overall
computational cost of applying the Bayesian framework24–26

for UQ+P of MD simulations. The present work is based
on the Bayesian probabilistic framework27, 28 established in
structural dynamics for quantifying and calibrating uncer-
tainty models based on measured data, as well as propagat-
ing these modeling uncertainties in simulations to achieve up-
dated or posterior robust predictions of system performance,
reliability, and safety. The proposed Bayesian framework ex-
ploits the available thermodynamic and kinetic experimental
data for a system described by MD simulations, to perform
the following tasks:

� Identify the uncertainties in the parameters of force-
field models and suitable thermodynamic ensembles
representing the behavior of the components of the
system.

� Identify probabilistic models that best account in pre-
dictions for the mismatch between MD based predic-
tions and measurements.

� Propagate uncertainties in MD simulations for robust
predictions that take into account the validated models
and the calibrated uncertainties.

We employ a variant of the transitional Markov chain
Monte Carlo (TMCMC) algorithm with highly parallel per-
formance along with efficient surrogate models to reduce the
number of full MD simulation runs. Theoretical, algorith-
mic, and computational developments are demonstrated, us-
ing available analytical expressions as well as full molecular
simulations for the prediction of thermodynamic and other
quantities of interest (QoI) for noble gases. To the best of
our knowledge, no such systematic Bayesian inference frame-
work has been applied to MD simulations.

The paper is structured as follows: In Sec. II, we out-
line sources of uncertainty in MD simulations, followed by
the background of the Bayesian framework in Sec. III. We
describe Markov chain Monte Carlo (MCMC) and TMCMC
algorithms in Sec. IV, surrogate models in Sec. V, TMCMC
parallel considerations in Sec. VI, and conclude in Sec. VII
with illustrative examples of MD simulations combined with
UQ+P algorithms.

II. UNCERTAINTIES IN MOLECULAR
DYNAMICS SIMULATIONS

Molecular dynamics simulations integrate Newton’s
equation of motion for interacting atoms:

miq̈i = F (q), q(0) = q0, q̇(0) = p0, (1)

where mi, qi(t) denote the mass and locations of i = 1. . . N
atoms, and φ(q) and F(q) = −∇qφ(q) the a priori specified
potential and corresponding force field.

Statistical estimates of various thermodynamic and kine-
matic QoI of the system, such as the temperature T 〈q̇2〉 or the
self-diffusion coefficient D11 = 〈q2(t)〉/6t can be obtained by
processing the particle trajectories. This ensemble averaging,
denoted by 〈 · 〉, is prone to statistical error due to the finite
integration time and number of particles, as well as due to the
numerical quadrature.

At the core of any MD simulation lies the functional form
and parameters of the chosen interaction potentials. These po-
tentials encompass a priori knowledge concerning the nature
of interactions between atoms, obtained for example by quan-
tum mechanics simulations, analytical observation, and vali-
dations with experiments.29

The functional form of the intermolecular potential is of-
ten based on rather empirical considerations. For example in
the commonly used Lennard-Jones potential

φLJ(rij ) = 4εLJ

[(
σLJ

rij

)12

−
(

σLJ

rij

)6
]

, (2)

while the term to the power 6 was chosen to reflect the van
der Waals interactions of monatomic atoms, the power 12
term is chosen simply as a multiple of the power 6 term for
computational efficiency.30 We note that there is no rigorous
justification for the prevalence of the Lennard-Jones (LJ) po-
tential over other suggested pairwise short range interaction
potentials (such as the exp-six potential31 or the Buckingham
potentials32). In the context of the LJ potential the well
depth εLJ and the length parameter σ LJ of the LJ potential
are usually calibrated to re-produce one or more available
experimental measurements of system properties (second
virial coefficient, viscosity, diffusion coefficient, liquid/vapor
equilibrium, enthalpy of vaporization, free energy of mixing,
etc.). In most cases, only a single best value of the model
parameters is used in the simulations, while the uncertainty
in the model parameters is largely ignored.

In this work, we use the force shifted LJ potential and
quantify uncertainties in its parameters and estimate the con-
fidence associated with the predictions obtained by using this
potential in MD simulations. We employ a LJ potential φ(rij),

φ(rij )=
{
φLJ(rij )−φ′

LJ(rcut)(rij −rcut)−φLJ(rcut) rij < rcut

0 rij ≥ rcut,

(3)
where rcut = rc is the cut-off-radius, φ′

LJ(r) = dφLJ(r)/dr ,
rij = rj − ri and ri and rj are the positions of particles i
and j, respectively and rij = ‖rij‖. The cut-off length rc above
which all pairwise interactions are truncated is introduced to
speed up the computations.

The sources of uncertainties in MD simulations can be
distinguished as

� Modeling uncertainties: pertain to the functional form
of the force field models used in MD simulations. Such
uncertainties entail also the use of truncation in the cal-
culation of short and long range interactions.33, 34
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� Parametric uncertainties: represent the lack of knowl-
edge for the precise values of the parameters in-
volved in the chosen force-field models. For exam-
ple in LJ potentials these include εLJ and σ LJ. Other
parameters relate to the atomistic simulation proto-
col, such as the biasing force constants in free energy
calculations.

� Computational uncertainties: originate from the par-
ticular computational setup. Examples include the fi-
nite time of sampling, the size of the simulation box,
the number of molecules included in the simulation
box, and the time integrators. These parameters affect
the variability in the predictions of the output QoIs
that are obtained through statistical ensembles. Output
quantities in atomistic simulations are inherently noisy
due to the way of calculating them under assumptions
of statistical thermodynamics. However, since thermo-
dynamic equilibrium only occurs in the limit of infinite
time, the predicted quantities always suffer from finite
sampling and have to be treated probabilistically.

� Measurement uncertainties: refer to experimental or
observational errors, due to variabilities in the exper-
imental setup, errors in the measuring equipment, and
inaccuracies in the data acquisition system.

III. BAYESIAN UNCERTAINTY QUANTIFICATION
AND PROPAGATION

A. Formulation

Consider a parameterized class Mm of molecular models
that are used to predict various output QoI of a molecular
system. Let θm ∈ RNm be a set of parameters (e.g., force-field
parameters, cut-off radius) in this model class to be estimated
using experimental data. Let q(θm|Mm) ∈ RNq be the output
QoI in molecular systems (e.g., virial coefficients, viscosity,
self-diffusion, heat capacities) given the model class Mm and
the value of the parameter set θm. The model parameters
θm are considered to be uncertain and a probability distri-
bution quantifies their plausible values. One may assign an
a priori probability distribution function (PDF) πm(θm|Mm)
to the model parameters incorporating prior information
that is usually subjective based on previous knowledge,
experience, or physical limitations.

In Bayesian inference, the probability distribution of the
model parameters θm is updated based on measurements
available either at molecular component or system level. For
this, let D ≡ ŷ = {ŷr , r = 1, . . . , nŷ} ∈ Rnŷ be a set of ob-
servations (data) available from experiments, where nŷ is the
number of observations. These data may correspond to vari-
ous measured quantities obtained under different states of the
system (e.g., different temperature and pressure conditions).
We wish to:

1. first, estimate the uncertainty in the model parameters
using the available experimental information and

2. subsequently, propagate the calibrated uncertainties
through the MD model to quantify the uncertainty of the
output QoI.

The UQ+P formulation starts by building a probabilistic
model that characterizes the discrepancy between the model
predictions g(θm|Mm) ∈ RNg obtained from a particular value
of the model parameters θm and the corresponding data ŷ,
available from experiments. We assume that the observation
data and the model predictions satisfy the prediction error
equation

ŷ = g (θm|Mm) + e, (4)

where the prediction error specified as

e = ed + ec + em (5)

is composed of three parts, accounting for the measurement
(ed), computational (ec), and modeling (em) uncertainties,
respectively.

To complete the Bayesian formulation, a probabilistic
structure for the prediction error terms is postulated. Let Me

be a family of probability model classes for the prediction
error terms, which depend on a set of prediction error param-
eters θ e to be determined using the experimental data. A prior
probability distribution π e(θ e|Me) is assigned to quantify the
uncertainties of the prediction error parameters θ e based on
subjective information.

The Bayesian approach to model calibration deals with
updating the combined parameter set θ = (θm, θ e). The pa-
rameters θm and θ e can be considered as independent with
prior probability distribution for the combined set given by
π (θ |M) = πm(θm|Mm) · π e(θ e|Me), where M = {Mm, Me}.
The updated distribution f(θ |D, M) of the model parameters
θ , given the data D and the model class M, results from the
Bayes theorem:

f (θ |D,M) = f (D|θ,M) · π (θ |M)

f (D|M)
, (6)

where f(D|θ , M ) is the likelihood of observing the data D from
a model corresponding to a value θ of the model class M and
f(D|M ) is the evidence of the model class M, given by the
multi-dimensional integral

f (D|M) =
∫

�

f (D|θ,M) · π (θ |M) dθ (7)

over the space � of the uncertain model parameters. The con-
stant f(D|M) is selected such that the posterior distribution
f(θ |D, M) of the model parameters integrates to one.

B. Prediction error model classes

The posterior probability distribution of the model pa-
rameters depends on the selection of the prediction error
model classes. A normal distribution, with zero mean, is
a reasonable choice for the prediction error terms involved
in (5), consistent with the maximum entropy principle,35

ed ∼ N(0, �d), ec ∼ N(0, �c), and em ∼ N(0, �m).
For the measurement error, we assume a diagonal covari-

ance matrix �d = diag(ν2
r ŷ

2
r ), where ν2

r is the normalized
variance of the rth observation. Similarly, for the computa-
tional error, the covariance matrix can be assumed to be di-
agonal (�c = diag(σ 2

r ŷ2
r )). The normalized variance param-

eters σ 2
r are measures of the variability in the MD predictions
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for the corresponding measured quantities. The variance pa-
rameters σ 2

r can be assumed as known constants, that can be
controlled by imposing that the MD simulation terminates af-
ter the variance of the response quantity of interest has fallen
below the σ 2

r ŷ2
r value.

Finally, a diagonal covariance matrix can be a reasonable
choice for the modeling error (�m = diag(s2

r ŷ
2
r )), where the

normalized variance parameters s2
r are unknown constants to

be determined by the Bayesian estimation. The homoscedas-
tic case assumes s2

r to be equal for all r. Non-zero mean nor-
mal models for em could also be introduced to account for the
bias, reconciling conflicting model predictions of various re-
sponse quantities. The prediction error parameter set θ e may
include the parameters that are involved in the structure of the
covariance matrices �d, �c, �m of the prediction error terms.

C. Formulation of likelihood

Using the prediction error equation (4) and assuming that
the error term in (5) are independent, the measured quanti-
ties follow the normal distribution ŷ ∼ N (g(θm|D), �(θe)),
where the covariance matrix �(θ e) takes the form �(θ e)
= �d + �c + �m.

Consequently, the likelihood f(D|θ , M) of observing the
data follows the multi-variable normal distribution given by

f (D|θ,M) = |� (θe)|−1/2

(2π )m/2 exp

[
−1

2
J̃ (θ ; ŷ)

]
π (θ |M) , (8)

where

J̃ (θ ; ŷ) = [ŷ − g(θm|M)]T �−1(θe)[ŷ − g(θm|M)] (9)

is the weighted measure of fit between the MD model predic-
tions and the measured data, and |.| denotes a determinant.

For relatively large number of experimental data, the pos-
terior distribution of the model parameters can be asymp-
totically approximated by a Gaussian distribution. This
Gaussian is centered at the most probable value of the model
parameters with covariance equal to the inverse of the Hessian
of the function −ln f(θ |D, M) evaluated at the most probable
value.35 For full MD simulations, analytic, differentiable ex-
pressions for the model predictions g(θm|M) involved in (9)
are not available. Hence, the estimation of the most proba-
ble value requires the use of efficient stochastic optimization
algorithms such as the covariance matrix adaptation.36

For relatively small number of experimental data, the
asymptotic estimate may fail to provide an adequate approx-
imation. Moreover, even for large number of experimental
data, the asymptotic estimate may fail to give a good repre-
sentation of the posterior probability distribution in the cases
of multimodal distributions, multiple global most probable
models, or unidentifiable cases manifested for relatively large
number of model parameters in relation to the information
contained in the experimental data.37

Given these drawbacks of the asymptotic approximation
and the fact that analytical expressions are not readily avail-
able for the prediction of QoI, stochastic simulation algo-
rithms (e.g., variants of MCMC algorithms) represent the only
viable solution algorithms. These algorithms are used to pop-
ulate the important region in the uncertain model parameter

space and propagate the uncertainty in the model parameters
through the MD model in order to compute the uncertainty in
the output QoIs. The algorithms used in this work to generate
samples θ (i), i = 1, . . . , N, from the posterior PDF, will be
discussed in detail in Sec. IV.

D. Propagation of uncertainties for robust
posterior predictions

Robust posterior predictions of an output QoI q are ob-
tained by taking into account the updated (posterior) uncer-
tainties in the model parameters given the measured data
D.38 Functions of q can also be predicted by the following
methodology.

Let f(q|θ , M ) be the posterior conditional probability dis-
tribution of q given the model parameters θ and the model
class M. The posterior robust probability distribution f(q|D,
M) of the output quantity q, taking into account the model M
and the data D, is given by

f (q|D,M) =
∫

�

f (q|θ,M)f (θ |D,M)dθ. (10)

This represents an average of the conditional probability dis-
tribution weighted by the posterior probability distribution
f(θ |D, M) of the model parameters. Consistent with the in-
troduction of a Gaussian model for the prediction errors, the
conditional PDF f(q|θ , M) follows a Gaussian distribution
N (μq(θ ; M), σ 2

q (θ ; M)), where μq(θ ; M) and σ 2
q (θ ; M) are,

respectively, the conditional mean and variance of the output
quantity q obtained from the model class M given a particular
value of the model parameters θ . These mean and variance
are computed from the MD simulations for a given θm value.
Using the samples θ (i), i = 1, . . . , N drawn from the posterior
probability distribution f(θ |D, M), the integral (10) is approx-
imated by the sample estimate

f (q|D,M) ≈ 1

N

N∑
i=1

f (q|θ (i),M). (11)

We define G(q) as a function of the output QoI q and its
posterior robust performance measure, given the data D, is
estimated from:38

E[G(q)|D,M] =
∫

E[G(q)|θ,M)]f (θ |D,M)dθ. (12)

Setting G(q) = q and G(q) = (q − E[q|D, M])2 in (12), the fol-
lowing sample estimates are obtained for the posterior robust
mean:

μ̄ ≡ E[q|D,M] ≈ 1

N

N∑
i=1

μq(θ (i); M) (13)

and the posterior robust variance

σ̄ 2
q = E[(q − μ̄)2|D,M]

≈ 1

N

N∑
i=1

σ 2
q (θ (i); M) + 1

N

N∑
i=1

[μq(θ (i); M) − μ̄]2 (14)

of the output quantity of interest q.
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E. Model class selection

The Bayesian framework can be used to select the best
model class among a family of alternative model classes.
Specifically, let M(i), i = 1, . . . , κ , be competitive model
classes, with the ith model class parameterized by the param-
eter set θ (i). Let Pr(M(i)) be the prior probability of the ith
model class. Using the Bayes theorem, the posterior proba-
bility Pr(M(i)|D) of the model class M(i) given the data are
obtained from28, 39

Pr(M (i)|D) = f (D|M (i))Pr(M (i))

f (D)
, (15)

where f(D|M(i)) is the evidence of the model class M(i)

given by (7), and f (D) = ∑κ
i=1 f (D|M (i))Pr(M(i)) is a nor-

malization constant. Assuming that the model classes are
equally probable prior to the use of the data, then the most
probable model class based on the data corresponds to the
model class with the highest evidence. In Sec. VII, al-
ternative model classes for the prediction errors are intro-
duced and compared using the Bayesian model class selection
framework.

IV. MARKOV CHAIN MONTE CARLO
AND PARALLEL COMPUTATION

Markov chain Monte Carlo algorithms are used to effi-
ciently draw samples from the posterior distribution. MCMC
is a framework of algorithms built around the origin Monte
Carlo sampling method by Metropolis40 for creating samples
from complex probability distributions. A standard MCMC
algorithm is the Metropolis-Hastings (MH) Markov chain.

To improve the acceptance rate of trial moves involved in
MCMC algorithms, Green and Mira41 introduced the delayed
rejection MCMC (DR-MCMC) method. Adaptive MCMC
methods42 on the other hand try to change the proposal size on
the fly, based on the past samples covariance. The delayed re-
jection adaptive Metropolis (DRAM) method was proposed
as a combination bridging pure adaptive-MCMC and DR-
MCMC by Haario et al.43

There are two ways to introduce a HPC framework to
accelerate the calibration procedure. One can parallelize the
sampling generation processes (high-level parallelism), or al-
ternatively at the likelihood function by accelerating the in-
dividual model runs (low level parallelism).44 In MD simula-
tions, low level parallelization can be achieved with the use of
Graphical Processing Units (GPUs) and multicore accelerated
MD software.45 Parallelization of the sampling scheme heav-
ily relies on the MCMC method used. Standard MCMC algo-
rithms described above, are generically serial since the next
sample drawn during the MCMC algorithm depends on the
prior one. Parallel MCMC variants exist also such as differ-
ential evolution MC,46 or differential evolution random sub-
sampling MC47 (DREAM). These methods consist of a pop-
ulation of chains that interact by exchanging information but
at the same time preserve the MCMC convergence character-
istics at the individual chain.

A. Transitional Markov chain Monte Carlo

The TMCMC48 has been proposed to address the prob-
lem of choosing the right adaptive proposal PDF in MCMC
methods for accelerating convergence to the posterior PDF.
This can be a serious problem when the support of the pos-
terior PDF in the parameter space has complex geometry
and/or when the posterior PDF is very peaked and isolated
in a small region in the parameter space. Due to a large
number of independent parallel chains involved, TMCMC is
more efficient in terms of parallel efficiency compared to the
DRAM and DREAM algorithms. DRAM is essentially serial
and DREAM based on differential evolution suggests the use
of a few independent parallel chains49 proportional to the pa-
rameter space dimensionality. TMCMC also applies to multi-
modal posterior PDFs as it handles efficiently very peaked or
very flat PDFs along certain directions in the parameter space,
as well as it estimates the evidence f(D|M) which can further
be used for model selection.

The TMCMC is a generalization of the method proposed
by Beck and Au50 extended by notions inherent to simulated
annealing algorithms and as such it can be categorized in the
framework of evolutionary strategy MCMC methods.51 Ac-
cording to the TMCMC algorithm,48 a series of intermediate
probability distributions

fj (θ ) ∼ [f (D|θ,M)]pj · π (θ |M), j = 0, . . . , m

0 = p0 < p1 < . . . < pm = 1
(16)

are constructed iteratively. The process starts by generat-
ing samples from the prior probability distribution f0(θ )
∼ π (θ |M) and continuing with a series of sampling operations
for each intermediate stage j = 1, . . . , m as follows: given
the Nj samples {θ j,k, k = 1, . . . , Nj} from the intermediate
probability distribution fj(θ ) at stage j, generate Nj+1 samples
{θ j+1,k, k = 1, . . . , Nj+1} from the next PDF fj+1(θ ) at stage j
+ 1 based on the plausibility weights of the Nj samples drawn
from fj(θ ) with respect to the probability distribution fj+1(θ ),

w(θj,k) = fj+1(θj,k)

fj (θj,k)
= f (D|θj,k,M)pj+1−pj , (17)

The choice of the exponents pj controls the transi-
tion between adjacent probability distributions which in turn
controls the rate of convergence and effectiveness of TM-
CMC. The coefficient of variation COVw(j ) of the plausi-
bility weights w(θj,k) at stage j is a good indicator of the
smoothness of this transition. The choice of the pj+1 value
is controlled automatically by the TMCMC algorithm so that
the COVw(j ) ≤ tolCOV , where tolCOV is a prescribed
tolerance.

The steps involved in the TMCMC algorithm (Algorithm
I) are summarized next in order to reveal the parallelization
aspects of the algorithm.

In the present work the resampling step is performed as
follows:

1. Choose l = 1, . . . , Nj+1 samples from the {θ j,k, k
= 1, . . . , Nj} sample points, with probability equal to
w̃(θj,k). The same point can be chosen multiple times.
A selected sample is called leader, and is denoted by
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ALGORITHM I.

Algorithm I (TMCMC) Ref. 48.
BEGIN, SET j = 0, p0 = 0

� Generate {θ0,k, k = 1, . . . , N0} from the prior f0(θ ) =
π (θ |M) and compute the likelihood f(D|θ0,k, M) for each sample.

WHILE pj+1 ≤ 1 DO:

� Analyze the samples {θ j,k, k = 1, . . . , Nj} at stage j to estimate the
exponent pj+1, the normalized plausibility weights w̃(θj,k) from
w(θj,k) in (17), the covariance matrix �j based on the available
samples from fj(θ ) and the estimator Sj of E[w(θj,k)], as follows:

(a) Choose the value of the exponent pj+1 so that the co-
variance of the plausibility weights satisfy COVw(j )
= tolCOV . Care must be taken so that the calculated pj+1

satisfies the conditions in (16), i.e., 0 ≤ pj+1 ≤ 1. There-
fore, finding of the root can be translated to a constrained
minimization problem.52

(b) Compute the plausibility weight w(θj,k)
= [f (D|M, θj,k)]pj+1−pj for all the samples {θ j,k,
k = 1, . . . , Nj} in the stage j. Also estimate

Sj = 1

Nj

∑Nj

k=1 w(θj,k) which is an asymptotically

unbiased estimator for E[w(θj,k)].
(c) Estimate the normalized plausibility weights at stage j,

w̃(θj,k) = w(θj,k)/

Nj∑
k=1

w(θj,k) = w(θj,k)/(SjNj ) (18)

for each sample θ j,k and then estimate the interchain co-
variance matrix:

�j = β2
Nj∑
k=1

w̃(θj,k)[θj,k − μj ][θj,k − μj ]T (19)

based on the samples {θ j,k, k = 1, . . . , Nj}, where β2 is

a given scaling parameter and μj = ∑Nj

k=1 w̃(θj,k)θj,k is
the sample mean.

� Resample based on the samples available in stage j in order
to generate samples for stage j + 1 distributed as pj+1(θ ):

IF pj+1 > 1 BREAK, ELSE j = j + 1

END

θ
i,leader
j,0 , i = 1, . . . , N̂j+1, where N̂j+1 is the number of

unique samples selected, while the number of times the
sample θ

i,leader
j,0 is selected is denoted by nj+1,i. It follows

that
∑N̂j+1

i=1 nj+1,i = Nj+1.
2. Starting from the ith unique leader sample θ

i,leader
j,0 ,

generate a chain by performing nj+1,i Metropolis-
Hastings steps (see supplementary material)53 with can-
didate normal proposal N(θ , �j). Thus for each leader
sample θ

i,leader
j,0 , i = 1, . . . , N̂j+1, a MCMC chain of

length nj+1,i is initiated, generating the samples {θ i
j,l, l

= 1, . . . , nj+1,i}, which constitutes nj+1,i samples at the
stage j + 1, denoted by {θ j+1,k, k ∈ Ii}, where the in-
dex k is in the index set Ii = {ai + 1, . . . , ai + nj+1,i}
with ai = ∑i−1

l=1 nj+1,l and a1 = 0. This computation is
repeated for all N̂j+1 chains to generate as many as Nj+1

samples.

The computation of a sample θ j+1,k in any chain
requires the estimation of the likelihood f(D|θ j+1,k, M)
needed in the intermediate probability distribution fj+1

= [f (D|θj+1,k,M)]pj+1 that is involved in the MH step per-
formed within a chain. The N̂j+1 Markov chains can run
independently in parallel. Efficient parallel implementation
strategies are detailed in Sec. VI. An asymptotically unbiased
estimate of the evidence f(D|M) of the model class M is read-
ily provided from the TMCMC algorithm as

∏m−1
j=0 Sj .48 In

the resampling of the original TMCMC algorithm, the MH
with delayed rejection can be used to estimate the samples in
each chain, improving the acceptance rate and thus the auto-
correlation decay of the generated samples.

V. ADAPTIVE SURROGATE MODELS

The most computationally intensive part of the algorithm
lies in the likelihood function evaluation in the resampling
step, requiring multiple MD model runs. The use of surro-
gate models offers the possibility to drastically reduce the
computational efforts, while still achieving highly accurate
approximations.

Surrogate models are especially well suited for use with
the TMCMC algorithm since at each intermediate stage, a
large number of samples that sufficiently cover the supports
of the intermediate posterior PDFs from the current and pre-
vious stages are available to be used as design points for ap-
proximating the likelihood estimate at a new sample based on
a surrogate technique.

Surrogates are meta-models representing a functional re-
lation between the input parameters and the model output
QoI. Response surfaces have been introduced by Ref. 54 to
represent the relationship between the parameter space and an
output QoI. While there is a plethora of approaches55 the most
commonly used meta-models are based on linear or polyno-
mial regression, on a least-squares formulation or on kriging
and radial basis functions. Here we implement kriging and
the software DACE56 is integrated in the TMCMC algorithm.
Such local interpolation schemes have been shown to be ben-
eficial in related stochastic optimization algorithms,57 gather-
ing information from the region in the parameter space that
is closest to the surrogate point. The computational savings
are highly dependent on the user requirements for accuracy
and the local smoothness of the function to be approximated,
which is not known a priori.

Here a surrogate estimate is performed and accepted if it
simultaneously obeys the following heuristic rules:

1. The design points used for interpolation correspond to
real function evaluations.

2. The surrogate estimate is based on a user-defined
minimum number nneigh of design points {θneigh

i ,

i = 1, . . . , nneigh} that are in the neighbor of the point
θC. This minimum number depends on the dimension of
the uncertain parameter space.

3. The surrogate point must belong to the convex hull of the
design (real) points. In this way only interpolations are
performed, while extrapolations are prohibited by do-
ing a simple neighborhood search around the point to
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be approximated, and ensuring that the point lies in the
n-dimensional convex hull of its basis points.58

4. A local approximation consistent with the proposal
probability distribution at stage j is performed by select-
ing the neighbor design points within the hyper-ellipse
of the TMCMC proposal covariance matrix γ�j+1. If
the number of points within the hyper-ellipse are equal
or greater to nneigh, and θC belongs to the convex hull of
the design points {θC,neigh

i , i = 1, . . . , nneigh}, then we
construct the surrogate approximation. A surrogate esti-
mate is not allowed if γ exceeds a pre-specified number
so that only local estimates are accepted.

5. The surrogate estimate is accepted only when the vari-
ance of error of the surrogate estimate is smaller than a
pre-specified value.

Surrogate models are especially attractive for uncertainty
propagation in MD simulations. When all trajectories asso-
ciated with each individual MD run through the course of
the calibration procedure are stored, one ends up with all the
necessary information around multiple design points. This in-
formation can be subsequently used to generate, even offline
(without any further real model evaluations), data required for
the uncertainty propagation of any output QoI.

VI. PARALLELIZING THE TMCMC

The parallel implementation of the TMCMC is next de-
scribed, taking into account that the most time consuming op-
eration is the evaluation of the likelihood function. This eval-
uation involves nŷ full MD model simulation runs for a given
value of the parameter set, where nŷ is the number of dif-
ferent temperature and pressure conditions under which the
experimental data are available. The nŷ model runs can be
performed concurrently with at most nŷ compute cores.

At the level of the TMCMC algorithm, a parallel imple-
mentation strategy can be activated at every stage j of the al-
gorithm. Specifically, at stage j a number of i = 1, . . . , N̂j+1

chains have to be generated using the leader samples θ
i,leader
j,0 .

Each chain i can be thought as a MH chain starting at the
leader sample θ

i,leader
j,0 and having a fixed length nj+1,i, deter-

mined by the number of times the lead sample is selected. In
particular, for j = 0 the number of chains equals the number of
samples for stage j = 0 (N̂1 = N1), while the number of sam-
ples per chain equals n1, i = 1. The process of generating the
samples {θ i

j,k , k = 1, . . . , nj+1,i} within the chain i, starting

from the leader sample θ i
j,0 = θ

i,leader
j,0 is in general sequen-

tial, as each sample in the chain i depends on the previous.
However, the computations within a chain i are completely
independent from the computations in the rest of the chain so
that their evolution can be performed concurrently.

The length nj+1,i of a chain i specifies the number of indi-
vidual likelihood evaluations, and therefore is a direct indica-
tion of the computational effort required to form the samples.
The length nj+1,i differs for each chain within a stage or across
all stages j = 1, . . . , m − 1. The total computational time for
the TMCMC algorithm, including operations for all stages, is
proportional to the

∑m−1
j=0 n̂j+1.

The proposed parallelized software implementation uses
a master-worker configuration, enabling a multi-host config-
uration of complete heterogeneous workers. It works in the
following way: the master node estimates the distribution
of chains per worker according to the weighted round-robin
scheduling scheme and sends to each worker the parame-
ters of the lead samples θ

i,leader
j,0 , i = 1, . . . , N̂j+1 together

with the information about the length nj+1,i of the respective
chains. The generation of the Markov chains assigned to each
worker is then performed in parallel for all workers. The out-
put of each worker consists of the samples for each chain in
the worker and the function/likelihood evaluations which are
sent back to the master node. After receiving all samples at
the stage j, the master node evaluates the probability weights
needed for the next stage j + 1 based on Algorithm I, and the
resampling step 1 of the TMCMC algorithm. The iteration is
repeated for the next stages j + 1, . . . , m − 1 until samples
of the final stage involving the non-scaled posterior PDF are
generated, i.e., until the exponent pj = 1 for j = m.

The aforementioned scheduling scheme is referred to as a
static scheduling scheme which is computationally efficient as
long as: (a) the computational time for a likelihood evaluation
is independent of the value of the sample θ i

j,k in a chain, which
is usually the case only for a limited class of systems, (b) sur-
rogate modeling is not activated to replace the time consum-
ing operation of the likelihood evaluation by a much faster ap-
proximate surrogate estimate, and (c) delayed rejection is not
activated to increase the computational time involved in the
chain due to the extra likelihood evaluations that may arise
once a sample in the chain is rejected. For the cases where
such conditions do not hold, it is more appropriate to use a
dynamic scheduling scheme for which each worker is peri-
odically interrogated at pre-specified regular time intervals by
the master computer about its availability, and a sample from a
chain or a whole chain is sent to the workers on the first come
first serve basis to perform the likelihood function evaluations
so that the idle time of the workers is minimized during a
TMCMC stage.

VII. RESULTS

We demonstrate the present framework by estimating the
parameters σ LJ, εLJ, and cut-off radius rc of a Lennard-Jones
force field in MD simulations of argon, using experimen-
tally measured self-diffusion coefficients and radial correla-
tion functions. In Sec. VII A, inspired by the work of Cailliez
and Pernot,18 we perform the UQ+P analysis using analyti-
cal functions for the self diffusion coefficient D11, available
for argon based on a model for the kinetic theory of gases.
In Sec. VII B, we apply the UQ+P framework using full MD
simulations.

The self-diffusion data, as taken from Refs. 59–61 for
argon at the gas state, are presented in Table I.

A. UQ+P using analytical expressions

Analytical expressions relating the diffusion coeffi-
cient D11 with the LJ parameters σ LJ and εLJ at different
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TABLE I. Data set for kinetic calibration using the self-diffusion coefficient
D11 for various temperature and pressures. The last column νi refers to the
measurement uncertainties reported.

ŷr ≡ D11 × 105(cm2/s) T (K) P(MPa) ν̂r × 105(cm2/s)

0.0619 78.0 0.0212 0.000183
0.1120 85.1 0.1553 0.00066
0.0320 90.0 0.0574 0.00096
0.0484 91.8 0.0382 0.00014
0.0337 94.6 0.0589 0.00011
0.0358 100.7 0.0653 0.00010
0.0456 120.7 0.0735 0.0001
0.08300 194.5 0.1013 0.001
0.1560 273.0 0.1013 0.002
0.1780 295.0 0.1013 0.002
0.2120 326.0 0.1013 0.002
0.2490 353.0 0.1013 0.003

temperatures and pressures,53, 62 can be used to carry out the
likelihood evaluation f(θ |D, M), allowing for rapid evaluation
of a very large number of samples.

We introduce the simplest prediction error model class,
denoted by PEM1, which includes measurement and model
errors. The covariance matrix �d of the measurement error is
assumed to be diagonal with elements the variances ν̂2

r of the
measurements as given in the last column of Table I. A diag-
onal covariance matrix �m = s2diag(ŷ2

r ), is assumed for the
model error, where s is the relative error. Hence the covariance
matrix of the total prediction error is � = diag(ν̂2

r + s2ŷ2
r ).

The standard deviation s is included in the parameter set
θ = (σ LJ, εLJ, s) to be estimated by the Bayesian method-
ology. A second prediction error model class, denoted by
PEM2, is introduced to account for different variances in the
model errors of the predictions for two different tempera-
ture regimes appearing in the experimental data. Specifically,
the variance of the model error for all observations with T
≤ 120 is introduced to be s2

low, while the variance of the model
error for all observations with T > 120 is introduced to be
s2
high. This augments our parameter space dimension to four:

θ = (εLJ, σLJ, slow, shigh). Note that the PEM2 model contains
the PEM1 in the sense that the PEM2 can provide the same
predictions as the PEM1 with an additional degree of free-
dom that gives flexibility to improve the fit in the experimen-
tal data. The selection of the prediction error model PEM2 is
arbitrary, depends on the experimental data set used and it is
not meant to be justified on rational modeling assumptions. It
is introduced as an example to demonstrate the capabilities of
the proposed framework to apply it with alternative prediction
error models for further improving the fit to the experimental
data.

We use the setup for the TMCMC method as shown in
Table II. The prior probability distribution π (θ |D) of the
model parameters is considered to be uniform on the sup-
port [0.2, 0.5] × [50, 350] × [0.001, 1.0] in the three-
dimensional parameter space for PEM1, and on the support
[0.2, 0.5] × [50, 350] × [0.001, 1.0] × [0.001, 1.0] in the four-
dimensional parameter space for PEM2. The units for σ LJ is
nm and for εLJ is K.

TABLE II. TMCMC settings for the estimation of the parameters of the
analytical model.

TMCMC parameter No surrogates Surrogates

tolCov 1 1
β 0.15 0.15
Samples per stage Nj 5000 5000
Nj (last stage) 5000 5000
Number of stages 12 12
Surrogate model . . . Kriging

1. Parameter estimation

The TMCMC samples drawn from the posterior dis-
tribution of the model parameters are presented as a 3×3
plot matrix in Figure 1 for the model class PEM1. In
Figure 1, we present the projections of the samples in the
two-dimensional spaces (σ LJ, εLJ), (σ LJ, s), and (εLJ, s). Re-
sults for the marginal distributions of the LJ model parameters
σLJ, εLJ, and the prediction error parameter s are also shown
in the diagonal of the plot matrix. From the projections in
the (σ LJ, εLJ) space, it is observed that the important region
of high probability volume of the posterior PDF is directed
along preferred elongated directions in the parameter space.
This strong correlation, also reported in Ref. 18, is expected to
affect predictions of uncertainties in the thermodynamic and
other output QoI.

Table III summarizes the results of the parameter esti-
mation obtained for the model classes PEM1 and PEM2 us-
ing the TMCMC algorithm. Results are reported for the most

FIG. 1. Below the diagonal: Projected scatter plots of the sampled posterior
PDF in 2D planes of the parameter space. The points are colored according to
the log-likelihood. Diagonal: Marginal distributions of the model parameters
as estimated with a Gaussian kernel. Dashed curves on the diagonal plots cor-
respond to surrogate estimates. Above the diagonal: Projected densities in 2D
planes of the parameter space as estimated with a 2D Gaussian kernel. Black
dashed contours indicate 50-percent and 95-percent percentiles. Numbered
symbols are values for different calibration quantities and data sets taken in
order from Refs. 18 and 63–66. Results are shown for PEM1.
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TABLE III. Most probable values and standard deviations of the marginal distributions of the model parameters. Values reported are the most probable value
plus/minus (±) a standard deviation of the PDF of the calibrated quantities.

Prediction model σLJ(nm) uσLJ (%) εLJ(K) uεLJ (%) s us (%) Log evidence

PEM1 0.3393 1.61 137.41 7.08 0.0214 19.83 19.02
PEM2 0.3382 0.4 127.81 2.38 [0.0323, 0.0088] [9.33, 12.13] 27.08
PEM1

surrogate 0.3391 1.78 137.10 7.41 0.0218 20.21 18.74
PEM1

Full MD 0.3424 2.92 119.12 12.42 0.046 18.20 19.32
PEM1

Full MD and surrogates 0.3412 2.71 136.32 12.73 0.041 24.31 20.12

probable values and the coefficients of variation, u, defined as
the standard deviation to the mean, of the posterior marginal
distributions of the model parameters. The coefficient of vari-
ation quantifies the level of uncertainties in the model param-
eters. Both model classes predict almost the same optimal
value of the LJ parameter σ LJ. A higher uncertainty for the
σ LJ is predicted by PEM1. Differences exist in the prediction
of the most probable value of the LJ parameter εLJ. However,
significant part of the uncertainty region of the εLJ parameter
predicted by PEM2 is contained within the uncertainty region
predicted by PEM1.

The last column of Table III reports the evidence of the
two model classes, computed by the TMCMC algorithm. It
can be seen that the model class PEM2 is more probable than
the model class PEM1 due to the extra degree of freedom,
allowing for more flexibility in PEM2 to fit the experimental
data in the two different temperature regimes.

Note that Cailliez and Pernot18 report smaller uncer-
tainties for (σ LJ, εLJ). Their data set, however, consisted of
48 viscosity measurements instead of the 12 self-diffusion
measurements used in the present analyses. These differ-
ences illustrate the importance that the choice of experimen-
tal data set has on the uncertainty of the parameters to be
calibrated.

The optimal value of the parameter σ LJ in Table III is
very close to the value σ LJ = 0.33605 reported in Ref. 66
which calibrated the parameters using second virial values.
Moreover, the parameters εLJ = 142.095 and εLJ = 125.7 of
Refs. 65 and 66, which are calibrated using second virial co-
efficients, are contained within the uncertainty regions of εLJ

reported in Table III for PEM1 and PEM2, respectively. For a
more fair comparison that takes into account the correlation
of the uncertainty region in the (σ LJ, εLJ) plane, values from

the literature18, 63–66 are also shown as points in Figure 1 in
the (σ LJ, εLJ) plot. Despite the fact that the model and/or the
experimental data used in this study and the studies reported
in the literature are different, it can be seen that these values
fall close to the correlated uncertainty region estimated by the
Bayesian methodology.

2. Use of surrogate models

The effectiveness of the surrogate models to accurately
quantify and propagate uncertainties is investigated next. The
optimal values of the calibrated parameters and the standard
deviation of the marginal distributions of the model param-
eters, obtained by activating the kriging surrogate approxi-
mations for the model class PEM1, are given in Table III.
The marginal distribution of the model parameters are also
drawn in the diagonal plots of Figure 1. Comparing these re-
sults with the ones obtained without activating surrogate esti-
mates, it can be concluded that the surrogate estimates provide
a very good estimate, making them suitable for using with
the TMCMC algorithm. Discrepancies are manifested mainly
in the standard deviations of the marginal distributions of the
model parameters, which are reported to be slightly higher for
the surrogate approximations. Note that these small discrep-
ancies are attributed to the statistical nature of the TMCMC
algorithm.

In order to further quantify the discrepancy between the
two obtained posterior distributions f̂ (θ |D,M) and f(θ |D, M)
for the PEM1 model, estimated with and without the use of
surrogates, respectively, we employ the symmetric Kullback-
Leibler (KL) divergence metric.67 This distance is found KL
= 0.0016 which is very small. The number of surrogate eval-
uations in relation to the total number of function evaluations

FIG. 2. Q-Q plots showing the differences between the surrogate-estimated marginal posterior f̂ (θ |D, M) and f(θ |D, M) using the PEM1. The line also with
slope 1 is plotted for reference.
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is 72% which results in a reduction of the computational time
due to surrogate estimation by a factor of three. A similar
strategy evaluation but with relaxed rules regarding the local
surrogate approximation, allowing more than 86% of the to-
tal evaluations to be evaluated by a surrogate, lead to a value
of KL = 0.0121 and a reduction of the computational time
by a factor of six. The Q-Q plots between the posterior dis-
tribution f̂ (θ |D,M) and f(θ |D, M), shown in Figure 2 for the
three model parameters, quantify the discrepancies between
the two distributions. These Q-Q plots suggest that there are
slight differences in the two distributions. In particular, the
steeper trend of the Q-Q plot than the line with slope 1 sug-
gests that the standard deviation of the distributions based on
the surrogate estimates is higher than the standard deviation of
the distribution obtained without activating surrogates. This is
consistent with the results obtained in Table III or shown in
the diagonal plots in Figure 1.

3. Uncertainty propagation

Following the estimation of the posterior distribution of
the model parameters using the PEM1, we propagate the un-
certainty in the parameter estimates through the same model
to compute the uncertainty in output quantities. Figure 3(a)
presents the probability distributions for the self-diffusion co-
efficients D11 for the 12 sets of temperatures and pressures
reported in Table I. The estimation of the posterior probabil-
ity distribution for D11 is done using a Gaussian kernel es-
timate applied on the sample values D11(θ (i)), i = 1, . . . , N,
obtained from the samples θ (i) that are generated at the last
stage of the TMCMC algorithm. The results in Figures 3(a)
are based on both real function evaluations and surrogate eval-
uations, demarcated with different colors. The uncertainties in
the experimental measurements of D11 are also drawn in these
figures. Specifically, the normal distributions corresponding
to the experimental mean and standard deviation reported in
Table I, are drawn in Figure 3 with the green lines. Similar
comparisons for the viscosity predictions for the 12 temper-
ature and pressure sets are shown in Figure 3(b). The values
for the viscosity and their uncertainty are taken from NIST
databases,68, 69 while the analytical expressions used to pre-
dict the viscosity are taken from Ref. 62.

The experimental measurements and their associated un-
certainties of D11 is captured well by the model for almost
all experimental conditions. The uncertainty region (yellow
normal distribution) as was identified experimentally for the
self-diffusion coefficient is, in most cases, contained within
the uncertainty region predicted by the model. It is observed
that the fit is not good for the first two experimental measure-
ments where the experimental uncertainty region fall outside
the uncertainty region predicted by the analytical expressions.
This is due to the model inadequacy to simultaneously fit all
the 12 experimental measurements and uncertainties. The in-
adequacy of the analytical expressions and prediction error
model may be compensated by introducing prediction error
models with more parameters such as PEM2. In general, it
can be stated that the analytical expressions are good predic-
tion models for the D11 of the argon system in the temperature
and pressure regime used for calibration of the model param-

eters. However, the uncertainty in the viscosity predictions,
propagated through the model using the identified uncertain-
ties in the LJ model parameters, do not adequately capture
the significantly higher experimental uncertainty in viscosity.
Analytical expressions for the self-diffusion coefficients and
viscosity can be simultaneously used with the same LJ model
parameters to predict the available data set measurements. Fi-
nally, the results in Figure 3 for the surrogate estimates illus-
trate their effectiveness in accurately modeling and propagat-
ing uncertainty.

B. UQ+P using full molecular dynamics simulations

In the absence of analytical expressions relating various
thermodynamic quantities with model parameters, as is com-
monly the case, full MD simulations are necessary. To demon-
strate the effectiveness of the proposed HPC approach for
Bayesian UQ+P, the uncertainties in the parameter estimates
are next estimated using the MD simulations for argon. The
MD simulations protocol used for predictions can be found in
the Appendix. Unless specified otherwise, all results are ob-
tained using the prediction error model PEM1.

1. Parameter estimation

The results presented in this section were obtained with
the setup for the TMCMC method as shown in Table IV. To
illustrate accuracy issues related with the MD simulation pro-
tocol, the parameter estimation is based on the same measured
self-diffusion data used with the analytical expressions (see
Table I). Results are obtained from the TMCMC algorithm
using the prediction error model PEM1. We remark that the
MD-simulation runs are terminated when the standard devia-
tion in the predictions of the self-diffusion coefficients, com-
puted from the simulation protocol for various temperature
and pressure conditions, fall below the pre-selected values of
σi = 5%. Thus the computational error is expected to be of
the order of 5%. The covariance matrix of the prediction error
is � = diag(ν̂2

r + s2ŷ2
r ), where the normalized variance s2 in

the MD simulation case takes into account both the computa-
tional and model error.

The computational efficiency of the parallel implementa-
tion of the TMCMC algorithm is next demonstrated. Table V
presents the number of independent chains and the maximum
chain length per stage generated. The results indicate that at
least 300 or more independent chains can run in parallel, effi-
ciently exploiting our available computational resources con-
taining 48 nodes of 16 cores each. The computational cost for
the simulation campaign associated with this system, contain-
ing 800 atoms, was 3 CPUhrs per likelihood evaluation, while
the total cost for all the runs was ≈21 600 CPUhrs. Without
the use of surrogate estimates approximately 420 000 CPUhrs
would have been required. More importantly, had we used a
generically serial algorithm like DRAM, the time-to-solution
would then be approximately 3 and 1/2 months for the same
computational resources. Using the proposed parallelization
of TMCMC, the time-to-solution is down to 3 days using
48 nodes of 16 cores each. This shows the superiority of
TMCMC in terms of time-to-solution, making it a key tool
for UQ+P in HPC facilities.
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FIG. 3. Propagation of uncertainty for PEM1: Probability distribution function of (a) the self-diffusion coefficient and (b) the viscosity for the temperatures and
pressures presented in Table I. Solid curves with red filling indicate model prediction uncertainties. Solid curves with yellow filling indicate uncertainties based
on experimental data. Dashed curves with blue filling indicate surrogate estimations.
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TABLE IV. TMCMC settings for the MD-driven calibration.

TMCMC parameter No surrogates Surrogates

tolCov 1 1
β 0.15 0.15
Number of samples Nj 980 3000
Number of stages 11 11
Surrogate model . . . Kriging
Surrogate ratio . . . 61%

The probability distribution of the model parameters are
shown as a 3 × 3 plot matrix in Figure 4. The numbers in
the plots above the diagonal in Figure 4 indicate the Pearson
correlation number for the scatter pairs which give a measure
of correlation between the two parameters. From the projec-
tions in the (σ LJ, εLJ) space, the uncertainties in the LJ pa-
rameters are strongly correlated. This result is consistent with
the one obtained using the analytical expressions. Compar-
ing the marginal distributions of the LJ model parameters in
Figure 4 with the corresponding marginal distribution in Fig-
ure 1, it is noted that the region of uncertainty of the LJ model
parameters estimated from the full MD simulations contains
the region of uncertainty estimated from the analytical expres-
sions. Overall, it can be concluded that estimation of the LJ
parameters based on the full MD simulations and the analyt-
ical expressions are consistent. The 95% confidence interval
for the prediction error parameter s in Figure 4 is approxi-
mately [3.0%, 6.5%] with most probable value equal to 4.6%.
These values are significantly higher than those obtained from
the model based on the analytical expressions (see Figure 1)
due to the fact that the prediction error for full MD simu-
lations includes also the computational error of 5%. As ex-
pected, the most probable value of s is close to the value 5%
of the assumed computational error. The confidence interval
includes values higher than 5%, attributed to the extra model
error involved in the MD model class simulations.

The most probable values and standard deviations of the
marginal posterior probability distribution of each one of the
model parameters are reported in Table III for both the “no
surrogates” and “surrogates” cases. The differences observed
with the ones obtained based on the empirical relations in
Sec. VII A are due to two different sources of the model er-
rors. First, the model error arising from the use of full MD
model is qualitatively different from the model error arising
from the use of the available analytical expressions for pre-
dicting the self-diffusion coefficient. The model error associ-
ated with the MD simulations arises from several factors, in-
cluding the selection of the size of the reference finite volume,
the number of particle used within the volume for predictions,

TABLE V. TMCMC-parallel performance for full, no surrogates, MD runs,
showing the number of independent chains and the maximal chain length per
stage.

TMCMC-stage j 1 2 3 4 5 6 7 8 9 10 11

N̂max
j+1 980 817 712 713 701 502 427 421 412 316 309

n̂j+1 1 4 5 4 5 5 7 12 15 17 20

the potential cut-off value used and the finite time sampling
of the diffusion coefficient. Second, the full MD model runs
contain an extra computational error due to the variability in
the estimate of the self-diffusion coefficient provided by the
MD simulation. Such model errors and variabilities are not
relevant in the case of analytical expressions.

The log evidence of the full MD model is also evaluated
from the TMCMC algorithm and reported in Table III. The
log evidence of the model class based on full MD simulations
is 19.32 which is slightly higher than the log evidence 19.02
of the model class based on the analytical expressions. These
small differences indicate that the two model classes are al-
most equally probable with the model class based on full MD
simulations to have slightly higher preference than the model
class based on the analytical expressions. These results also
demonstrate the adequacy of the analytical expressions to pro-
vide predictions of the diffusion coefficient that are almost as
good as the ones provided by the full MD simulations. The log
evidence value predicted by activating the surrogates is suffi-
ciently close to the log evidence value predicted without the
surrogates, demonstrating the high accuracy of the surrogate
estimates. In contrast, the most probable value of the param-
eter set predicted for the surrogate case, compared to the one
predicted by the no surrogate case, might not be a good indica-
tor of the accuracy of the surrogate estimates to approximate
the posterior PDF since a surrogate sample may involve large
error that can cause a shift in the location of the optimum of
the posterior PDF. This explains the discrepancy of the opti-
mal value of εLJ observed in Table III for the surrogate and no
surrogate cases.

2. Uncertainty propagation

The uncertainty in the model parameters is propagated
through the full MD model to predict the posterior uncer-
tainty in the following properties: Density ρ, thermal ex-
pansion coefficient α, isothermal compressibility β, enthalpy
(�H) as well as the viscocity η. The results are presented in
Table VI for “no surrogate” runs. The confidence intervals of
these properties, quantified by the mean plus/minus one stan-
dard deviation, are shown in Table VI for two (T ,P) pairs.
Note that the information required for the calculation of these
properties is readily available during the calibration process,
so essentially they can be computed at negligible extra cost.
The experimentally observed values along with their uncer-
tainties for the two (T ,P) pairs as determined from NIST
databases68, 69 or other works70 are also reported in Table VI.

Highly accurate robust predictions of the density ρ and
the enthalpy �H are provided that are very close to the corre-
sponding experimental measurements. Large uncertainty are
associated with the predictions of the thermal expansion co-
efficient α, isothermal compressibility β and the viscocity η.
The high level of uncertainties in relation to the uncertainties
observed in the experimental quantities is partly due to the
large fluctuation of these properties arising from short time
intervals used in MD simulations. The uncertainties in the ex-
perimental measurements is within the uncertainties predicted
by the Bayesian formulation for most properties in Table VI.
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FIG. 4. Above the diagonal: Projected scatter plots of the sampled posterior PDF in 2D planes of the parameter space. Numbers indicate Pearson’s correlation
coefficient. Diagonal: Marginal distributions of the model parameters. Below the diagonal: Projected densities in 2D planes of the parameter space as estimated
with a 2D Gaussian kernel. Results are shown for PEM1, using full MD runs.

The uncertainties in the predictions can be reduced by using
longer time intervals in MD simulations as seen in Ref. 18
and/or using better MD model classes involving a larger sys-
tem size, higher order integration schemes, etc.

Figure 5(a) presents the probability distributions for the
self-diffusion coefficients D11 for the 12 sets of temperatures
and pressures reported in Table I. The results in Figure 5(a)
are based on both real function evaluations and surrogate eval-
uations. The uncertainties in the experimental measurements
of D11 are also drawn in these figures with green lines. Similar
comparisons for the viscosity predictions for the 12 tempera-
ture and pressure sets are shown in Figure 5(b).

The experimental measurements and their associated un-
certainties of D11 are well captured by the model for almost

all experimental temperatures and pressures. The uncertainty
region (yellow normal distribution) as was identified exper-
imentally for the self-diffusion coefficient is contained well
within the uncertainty region predicted by the model. This im-
plies that the full MD simulations are good prediction models
for the D11 property of the argon system in the temperature
and pressure regime used for calibration of the model pa-
rameters. The uncertainty in the viscosity predictions, prop-
agated through the full MD model using the identified un-
certainties in the LJ model parameters, also capture well the
experimental viscosity and its uncertainty. Comparing the re-
sults in Figure 5(b) with those obtained in Figure 3(b) based
on the analytical expressions, it can be concluded that the full
MD model is an adequate model for providing reliable robust

TABLE VI. Uncertainty propagation for various QoI based on the kinetic calibration. Values reported are the most probable value plus/minus (±) a standard
deviation of the PDF of the output quantities.

T (K) P(MPa) ρ(kg/m3) α(1/K) × 102 β(1/kPa) × 102 �H(J/mol K) η(cP) × 10−2

Expt. 91.8 0.0382 2.0210 ± 0.0100 1.124 ± 0.034 2.647 ± 0.79 1852.91 ± 21.985 0.752 ± 0.0700
MD 91.8 0.0382 2.0357 ± 0.0160 2.714 ± 1.2515 6.211 ± 2.92 1875 ± 21.8 0.65 ± 0.13
Expt. 353.0 0.1013 1.3791 ± 0.0069 0.2838 ± 0.0085 0.987 ± 0.030 7331.73 ± 36.5 2.60 ± 0.26
MD 353.0 0.1013 1.3823 ± 0.0014 0.1832 ± 0.0297 0.662 ± 0.1051 7322 ± 33 2.23 ± 0.421
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FIG. 5. Propagation of uncertainty for PEM1: Probability distribution function of (a) the self-diffusion coefficient and (b) the viscosity for the temperatures
and pressures presented in Table I. Solid curves with red filling indicate model prediction uncertainties. Solid curves with yellow filling indicate experimental
measurements with their associated uncertainty. Dashed curves with blue filling indicate surrogate estimations.
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FIG. 6. Argon radial distribution at T = 85.1 K and 1 atm. Red points: Data taken from Ref. 71. Black lines: g(r) as measured from the most probable model
θopt . Blue shade: Model predicted uncertainty (using Eq. (14)) within one standard deviation from the most probable value. Note that points before r = 0.2 nm
are regarded as zero.

predictions for the viscosity, while the analytical expressions
fail to provide reliable predictions consistent with uncertain-
ties identified from experimental data. The results in Figure 5
suggest that surrogate models are quite effective in modeling
and propagating uncertainty in MD.

3. Structural calibration

The parameter estimation in this section is based on
the experimentally measured radial distribution function g(r)
from x-ray scattering experiments, shown by red dots in
Figure 6 (a total of 338 experimental observations).

This example demonstrates the Bayesian parameter es-
timation for a molecular simulation force field based on
medium-scale simulations. There are multiple formulation
linking the LJ potential parameters via an integral equation
to the liquid state radial distribution function, via Meyer
function expansions.72, 73 These formulations treat the parti-
cle interactions as short range, whereas the structural behav-
ior changes when they allow for long range interactions. In
order to mimic this behavior in the MD model, in addition to
the σ LJ, εLJ, an extra free parameter is introduced by letting
the potential cut-off value rc to lie within 0.8 nm and 1.5 nm.
This introduces one more degree of freedom to the MD model
since rc is another parameter for the potential of model M, us-
ing the force-shifted LJ potential.74

The Bayesian estimation is performed by setting the
TMCMC parameters to tolCov = 1, β = 0.15, and Nj = 560,
resulting in 8 TMCMC stages. Surrogate estimates are not ac-
tivated. The computational cost associated with this model is
significantly higher, since the system contains 51 200 atoms
and an extra variable, the cut-off distance rc. The variation in
the cut-off distance rc led also to a non-fixed turn-around time
of each likelihood evaluation, varying between approximately
1 h until 8 h depending on the conditions and the cut-off simu-
lated. The nature of the problem was thus ideally suited for the
use of the dynamic scheduling, as well as the use of hetero-
geneous resources based on availability. The total campaign
costed ≈100 000 CPUhrs, not including the use of the GPUs,
while the turn around time using 2520 cores was 1 and 1/2
days. These times illustrate the excessive computational de-
mands and the drastic reductions that can be achieved using
the proposed TMCMC parallel capabilities.

Since the radial distribution function indicates the three-
dimensional layering around a particle, the values in close
spatial proximity are expected to be correlated. The predic-
tion errors are thus expected to have a certain degree of corre-
lation along the direction r. An exponential correlation for the
prediction error along the direction r is postulated by select-
ing the covariance function of the Gaussian prediction error
model to be of the form �i, j = s2e−dist(i, j)/λ, where λ is the
correlation length, and dist(i,j) is the distance between the ith

Downloaded 10 Oct 2012 to 129.132.210.57. Redistribution subject to AIP license or copyright; see http://jcp.aip.org/about/rights_and_permissions



144103-16 Angelikopoulos, Papadimitriou, and Koumoutsakos J. Chem. Phys. 137, 144103 (2012)

TABLE VII. Most probable values and coefficients of variation of the marginal distributions of the model parameters.

Prediction model σLJ(nm) uσLJ εLJ(K) uεLJ rc(nm) urc s us λ(nm) uλ Log evidence

PEM3 0.3388 0.04% 138.98 0.2% 1.29 9.54% 0.0185 10.03% 0.264 24.7% 959.42

and jth experimental measurements of the g(r). This predic-
tion error model is denoted as PEM3 and is a generalization
of PEM1 to include correlation along the distance r. The pa-
rameters s and λ are left as unknowns to be determined from
the Bayesian estimation procedure, i.e., the parameter set is
θ = (σ LJ, εLJ, rc, s, λ).

Using the TMCMC algorithm for Bayesian estimation,
results for the optimal model parameters are presented in
Table VII, while results for the posterior distribution of the
model parameters are shown in Fig. 7. Very small uncertainty
(less than 0.2%) is estimated for the LJ parameters σ LJ and
εLJ. A relative large uncertainty, of the order of 9.5% is ob-
served for the cut-off radius rc. The most probable value of
the cut-off radius is approximately 1.29 nm with 95% con-
fidence interval contained within the [1.16, 1.42] nm, slightly
higher than the usually preferred cut-off radius of 0.9–1.2 nm.
The higher uncertainty in rc indicates that MD predictions of

the distribution function g(r) are less sensitive to the rc within
the confidence interval. Relatively large uncertainty is esti-
mated for the standard deviation s and correlation length λ of
the prediction error parameters. From the projection in (s, λ)
space shown in Figure 7, these two parameters are shown to
be highly correlated along certain elongated directions in the
five-dimensional parameter space.

We remark that the estimated cut-off radii are smaller
than the highest value of 1.5 nm allowed in the simulations.
This is due to the model and computational errors arising from
the selection of the force-field potential, the finite size of the
simulation box, etc. Specifically for a force-field model that
accurately represents reality, it is expected (neglecting com-
putational errors) that the estimated, most probable value of
the cutoff, would be infinite or the highest value allowed in
the simulations. The present LJ model is an approximation
to reality. Hence, the smaller than expected optimal cutoff

FIG. 7. Above the diagonal: Projected scatter plots of the sampled posterior PDF in 2D planes of the parameter space. Diagonal: Marginal distributions of the
model parameters. Numbers indicate correlation between pairs of variables and a loess fit through the points is shown. Below the diagonal: Projected densities
in 2D planes of the parameter space as estimated with a 2D Gaussian kernel. Results are based on full MD runs.
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TABLE VIII. Uncertainty propagation for the structural calibration based on the radial distribution function. Values reported are the most probable value
plus/minus (±) a standard deviation of the PDF of the output quantities. The standard deviation is estimated using (14).

T (K) P(MPa) ρ(kg/m3) α(1/K) β(1/kPa) �H(J/mol K) Cp(J K mol)

Expt. 85.1 0.101 1409.0 ± 7 0.00434 ± 0.00013 (1.996 ± 0.06) × 10−6 6493 ± 6.69 44.6 ± 1.3
MD 85.1 0.101 1426.58 ± 18.2 0.0245 ± 0.006 (3.54 ± 0.96) × 10−6 6568 ± 16.24 50.8 ± 5.1

estimated by the Bayesian methodology, compensate for the
LJ model inadequacy to represent accurately the realistic be-
havior of the analyzed system.

Figure 6 presents the radial distribution function g(r) pre-
dicted by the MD simulations for the most probable model
parameters, as well as its uncertainty (depicted as a blue fill)
propagated through the model, along with the experimentally
measured radial distribution function. The calibration proce-
dure yields an accurate capture of the distribution function,
with the experimental data to be contained within the uncer-
tainty region predicted by the proposed Bayesian methodol-
ogy. The unrealistic negative values of the distribution func-
tion predicted by the MD model for r ∈ [0, 0.3] in Figure 6
are due to the fact that the standard deviation s of the covari-
ance of the model prediction error was assumed to be constant
over the whole range of r (from r = 0.2 to r = 2.5) in the cal-
ibration process. This choice is not appropriate for the region
of r for which the distribution function is very close to zero.
However, such modeling does not affect the Bayesian calibra-
tion results due to the very small values of g(r) in the range
r ∈ [0.2, 0.3]. It only affects the predictions of the uncertainty
of g(r) at the range r ∈ [0, 0.3] obtained from Eq. (14). Such
predictions are influenced by the relative high standard devia-
tion s for the range r ∈ [0, 0.3], giving unrealistic, albeit small,
negative values of uncertainty for the distribution function.

We note that the errors between the experimental and
the predicted g(r), change sign at approximately the posi-
tion of the atomic layers. This is an indication that the pre-
diction errors are correlated along the distance r, justifying
the use of a spatially correlated function for describing the
prediction error along r. The correlation length λ is quite
uncertain as observed by the mean and standard deviation
reported in Table VII. The mean value of λ indicates a cor-
relation distance very close to the characteristic length of the
layering.

The uncertainties in the parameter estimates are propa-
gated through the MD model to obtain the uncertainties and
compare with experimental measurements for various proper-
ties of the argon that are not used for parameter calibration.
The results are reported in Table VIII. The propagated uncer-
tainties show that the model can capture relatively well the
properties of liquid argon. The uncertainties in the MD pre-
dictions are significantly higher than the uncertainties in the
experimental data for these properties. With the exemption of
�H, the experimental measurements (and their uncertainties)
of all other properties reported in Table VIII are within the
95% confidence intervals predicted by the proposed method-
ology. However, the predictions based only on the optimal LJ
model parameters and ignoring uncertainties, differ signifi-
cantly from the experimental measurements. This emphasizes
the importance of using the Bayesian framework to account

for the uncertainties in the parameters and their propagation
when in need of robust predictions consistent with experimen-
tal data. Instead, using only single optimal values, inadequate
predictions are made that do not contain information about
confidence intervals and in several cases deviate from experi-
mental measurements.

VIII. CONCLUSIONS

A Bayesian framework for uncertainty quantification and
propagation in MD simulations was presented and integrated
with efficient parallel algorithms to reduce the large compu-
tational demands associated with the MD simulations. The
present framework exploits available measurements to iden-
tify the uncertainties in the parameters of the potentials used
for the intermolecular interactions, as well as to propagate
these uncertainties for the prediction of confidence intervals
of various thermodynamic quantities of interest. The TM-
CMC algorithm is chosen among a number of stochastic sim-
ulation algorithms as it is shown to be highly parallelized.
Static and dynamic scheduling schemes efficiently distribute
the computations involved in the TMCMC algorithm to avail-
able heterogeneous GPUs and multi-core CPUs. An adap-
tive surrogate technique based on the kriging algorithm was
demonstrated to be sufficiently accurate and well suited to
substitute for the computational demanding full MD runs
within the TMCMC stochastic simulation algorithm. The ef-
fectiveness of the Bayesian framework, in terms of accuracy
and computational efficiency, was demonstrated by applying
it to a model of argon. Through the use of surrogates com-
putational savings of several orders of magnitude are possi-
ble. Results obtained for argon using the available predictive
analytical expressions and the full MD simulation protocols,
elucidate the importance of incorporating uncertainties in pre-
dictions as well as the limitations of available molecular dy-
namics models, force fields and simulation protocols.

The proposed framework is general and can be useful in
order to perform UQ+P for a wide range of MD and coarse
grained simulations. Current work involves the extension of
the present framework to other particle based methods75 for
simulations of multiscale phenomena in areas ranging from
nanotechnology to biology.

APPENDIX: SYSTEM AND SIMULATION PROTOCOL

The first system regarded calibration with dynamical
properties data, that is self-diffusion coefficients of argon
gas at various pressures and temperatures as seen in Table I.
Each system contains 800 argon molecules. At each different
parameter evaluation, each simulation was run for 15 ns with
a time-step �t = 2 fs. The initial 7.5 ns were discarded as they
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allowed the system to be equilibrated into the reference ther-
modynamic state. Each thermodynamic state had 25 differ-
ent pre-equilibrated initial configurations with the Lennard-
Jones parameters spanning a rectangular grid inside the
initial parameter domain (5 different values for each pa-
rameter). Then, when every new sample was chosen, the
initial configuration corresponding to the closest grid point
was taken as an initial point with a different random seed
for the velocity generation. This point was then further re-
equilibrated using a random velocity rescaling algorithm76

and a Berendsen barostat as to provide rapid driving towards
the reference (T ,P). Subsequent refinement of the pres-
sure and temperature (T ,P) state variables during the sam-
pling period was done using with a Nose-Hoover thermostat
with a coupling constant of 0.1 ps and the Parrinello-Rahman
barostat77 with a coupling constant of 0.1 ps. The cutoff was
set at 1.2 nm with a shift function forcing it to decay smoothly
to zero starting at rs = 1.0 nm. Normal periodic boundary
conditions were used throughout. Self-diffusion coefficients
were measured via the mean squared displacement of the un-
wrapped trajectories and the Einstein-stokes equation. Some
of the properties such as (α, β) were extracted from MD simu-
lations as fluctuations dependent properties, e.g., see Ref. 78,
whereas η was calculated using Einstein’s formula.

The second MD system used with calibration of the ra-
dial distribution function of liquid argon, with the data tab-
ulated from experiments given in Ref. 71. The system con-
tained 51 200 argon atoms pre-equilibrated at T = 85.1 K and
P = 1 atm. Each parameter set evaluation consisted again of
two parts. An initial 500 ps equilibration period, followed by
a 500 ps sampling period every 500 fs of the radial distribu-
tion function. The algorithms used to equilibrate and control
the system are the same as in system 1. The radial distribution
function was computed using the GPU implementation of Vi-
sual Molecular Dynamics (VMD)79 with a radial binning of
0.001 nm. The exact evaluation of the computed g(r) at the
experimentally controlled points was done using cubic inter-
polation. A multi-threaded version of GROMACS 4.6 was used
throughout.
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